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The control limits of an exponentially weighted moving average (EWMA) control chart should vary

with time, approaching asymptotic limits as time increases. However, previous analyses of EWMA charts
consider only asymptotic control limits. In this article, the run length properties of EWMA charts with time-
varying control limits are approximated using non-homogeneous Markov chains. Comparing the average
run lengths (ARL’s) of EWMA charts with time-varying control limits and results previously obtained for

asymptotic EWMA charts shows that using time-varying control limits is akin to the fast initial response
(FIR) feature suggested for cumulative sum charts. The ARL of the EWMA scheme with time-varying
limits is substantially more sensitive to early process shifts, especially when the EWMA weight is small. An
additional improvement in FIR performance can be achieved by further narrowing the control limits for the
first twenty observations. The methodology is illustrated assuming a normal process with known standard
deviation where we wish to detect shifts in the mean.

Introduction

EXPONENTIALLYweighted movingaverage (EWMA)

control charts and other sequential approaches,
like cumulative sum (CUSUM) charts, are an alter-
native to Shewhart control charts and are especially
effective in detecting small persistent process shifts
(Montgomery (1991)). First introduced by Roberts
(1959), EWMA charts have a fairly long history, but
only recently have been evaluated analytically (Crow-
der (1987) and Lucas and Saccucci (1990)). The
EWMA chart also is known to have optimal prop-
erties in some forecasting and control applications
(Box, Jenkins, and MacGregor (1974)). In this arti-
cle, we focus on the quality monitoring applications.
For monitoring the process mean, the EWMA control
chart consists of plotting

Zt:)\ft-{-(l—)\)zt_], 0<Aa<l1 (1)

versus time, ¢, where X is a constant and the starting
value, zg, is set equal to an estimate of the process
mean, often given as = and calculated from previous
data. In this definition, z; is the sample mean from
time period t, z; is the plotted test statistic, and
A is the weight assigned to the current observation.
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The definition of the EWMA test statistic given in
Equation (1) can be adapted to monitor any process
parameter of interest.

By writing out the recursion in Equation (1), the
EWMA test statistic is shown to be an exponen-
tially weighted average of all previous observations.
In quality monitoring applications, typical values for
A are between 0.05 and 0.25, although larger val-
ues may be used in forecasting and control applica-
tions. In the limiting case of A=1, the EWMA chart
is the same as a Shewhart X control chart. Using an
EWMA chart, the process is considered out of con-
trol whenever 2z; falls outside the range of the control
limits. EWMA control limits are discussed in detail
in the next section.

As shown in Montgomery (1991), the control lim-
its for EWMA charts should be time-varying since
the variance of z; depends on ¢t and because the ef-
fect of the starting comstant, zy, decreases as t in-
creases. However, all past studies of the properties
of the EWMA chart have used fixed (asymptotic)
control limits to make analysis easier. This article
presents a methodology for determining the expected
value and standard deviation of the run length of the
EWMA chart with time-varying control limits. Nu-
merical results are given for monitoring the mean of
a normal distribution. EWMA control charts with
time-varying control limits are useful because pro-
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cesses are likely different from the target value when
a control scheme is initiated due to start-up problems
or because of ineffective control action after the pre-
vious out-of-control signal. In addition, after a pro-
cess change or adjustment we often wish to quickly
confirm that the change had the desired effect.

Using time-varying control limits has an effect
similar to the fast initial response (FIR) feature rec-
ommended by Lucas and Crosier (1982) for CUSUM
charts, since it helps detect problems with the start-
up quality. For CUSUM’s, the FIR feature substan-
tially decreases the ARL for an out-of-control pro-
cess, while only slightly decreasing the ARL of an in-
control process. For EWMA charts, Lucas and Sac-
cucci (1990) suggested the simultaneous use of two
one-sided EWMA charts with initial states different
than zero as an implementation of the FIR feature.
One EWMA chart monitors for increases in the pro-
cess parameter, while the other chart monitors for
decreases. Rhoads, Montgomery, and Mastrangelo
(1996) adapt the Lucas and Saccucci approach by
allowing the one-sided EWMA chart to have time-
varying control limits as given by Equation (2) and
discussed in the second section of this paper. Rhoads,
Montgomery, and Mastrangelo (1996) compare the
run length properties determined through simula-
tion. Both these implementations of FIR-EWMA
charts require the use of two EWMA charts to mon-
itor a process for two-sided shifts.

This article shows that the use of time-varying
control limits makes an EWMA chart more sensi-
tive to start-up quality problems than the traditional
asymptotic limits. If additional protection to start-
up quality problems is desired, then the further nar-
rowing of the time-varying control limits according
to an exponential weighting scheme mimics the FIR
feature. The derivation of time-varying control lim-
its for an EWMA chart is presented in the second
section, and the effect of time-varying control lim-
its is illustrated for a simple example. The third
section uses numerical results to contrast and com-
pare EWMA charts with time-varying control lim-
its and EWMA charts with asymptotic limits. The
fourth section introduces a FIR feature for two-sided
EWMA charts and shows that this approach is su-
perior to methods suggested previously by Lucas
and Saccucci (1990) and Rhoads, Montgomery, and
Mastrangelo (1996). The Appendix shows that the
run length properties of an EWMA chart with time-
varying control limits can be approximated using a
non-homogenous Markov chain.
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EWMA Control Charts with
Time-Varying Control Limits

The mean value and variance of z, are easily de-
rived from Equation (1) (Montgomery (1991)). As-
suming the z;’s are independent random variables
with mean, p., and variance, 02/n, where n is the
sample size used at each time interval to calculate z;,
we obtain

Pz = pz  and

2
2 _ Oz L (1 a2t
th_n(Zﬁ)\)[l =N, @

Notice that the variance of z; is a function of time.
This should be expected since the number of obser-
vations used to derive z; varies with time and the
influence of the initial fixed value zy slowly decreases.

Control limits for an EWMA control chart are typ-
ically derived based on +L sigma limits, where L is
usually equal to 3, as in the design of Shewhart con-
trol chart limits. Thus, the time-varying upper and
lower EWMA control limits, UCL(t) and LCL(t),
respectively, are given by

UCL(t) = psz + Lo, Wﬂ and
1010) = s - Lo AL

where, in applications, u, and o, are typically esti-
mated from preliminary data as the sample mean
and sample standard deviation. As t increases,
UCL(t) and LCL(t) converge to the asymptotic
control limits, UCL and LCL, which are given by
ty £ Log/A/ (2 — A)n. The rate of convergence to
the asymptotic values depends critically on A, with
the convergence being much slower for small A.

To illustrate the effect of time-varying limits,
consider the following example used by Lucas and
Crosier {1982) to show the effect of the FIR feature
on a CUSUM chart. For the example we shall as-
sume p, = 0, 0, = 1, and L = 3. The raw data
are given by z; in Table 1 and represents an initial
out-of-control situation. Table 1 also gives z; derived
from Equation (1) and the time-varying control lim-
its derived from Equation (3), with A = 0.1.

Figure 1 shows the resulting EWMA charts for
different values of A\. The time-varying upper control
limit UCL(t) is shown as a solid line, whereas the
asymptotic control limit UCL is shown as a dashed
line. Figure 1 shows only the upper control limits
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TABLE 1. Simple EWMA Example with A = 0.1

Sample

Number Tt 2t UCL(t)
0 — 0.00 0.00
1 0.8 0.08 0.30
2 1.9 0.26 0.40
3 14 0.38 0.47
4 2.0 0.54 0.52
5 1.1 0.59 0.56
6 0.7 0.61 0.58
7 2.6 0.80 0.60
8 0.5 0.77 0.62
9 1.2 0.82 0.63

to aid display; normally both upper and lower con-
trol limits are shown. The number of observations
needed to generate an out-of-control signal depends
on both the value of A and whether time-varying con-
trol limits are used. When A equals .05, .1, or .25,
an EWMA chart with time-varying control limits sig-
nals after only four observations, whereas an EWMA
chart with asymptotic limits will not generate a sig-
nal until observation seven for A = .1 and .25 or
until observation nine for A = .05. When X = 0.5,
the time-varying control limit quickly converges to
the asymptotic value (and thus has little effect) and
a signal occurs after seven observations using either
UCL(t) or UCL as the control limit,.

A =.05

0.5 =]

2

As can be seen in Figure 1, using asymptotic con-
trol limits rather than time-varying limits makes the
EWMA chart much less sensitive to process shifts in
the first few observations. This could be a signifi-
cant problem if a large shift occurs early or if the
process is not properly reset after an out-of-control
condition.

Run Length Properties of EWMA
Charts with Time-varying
Control Limits

In this section, the run length properties of
EWMA charts with time-varying control limits, such
as the ARL, are compared with the run length prop-
erties of EWMA charts with asymptotic control lim-
its. As will be shown, while the process is in-
control, the ARL’s of EWMA control charts with
time-varying control limits are nearly identical to the
ARL’s of traditional EWMA charts with asymptotic
control limits. However, when the initial process
level is out of control, the ARL of the two charts
may differ substantially depending on the value of A.

It is important to quantify the effect of using time-
varying control limits since EWMA control charts are
usually designed to have given ARL’s under certain
operating conditions. For an EWMA chart, the de-
sign parameters include A and L. However, since the

0 2 4 ¢ 6 8 10

FIGURE 1. Plot of EWMA Control Charts with Time-Varying Control Limits. Dashed Lines Show the Asymptotic Control
Limits, Solid Lines Show the Time-Varying Control Limits Generated by Equation (3), and Circles Represent the EWMA

Values.
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TABLE 2. ARL's for Two-Sided EWMA Charts

Zero States, L = 3.0

Asymptotic Control Limits

Time-Varying Control Limits

puz/o;  A=0.50 A=023 AX=010 A=005 A=050 A=025 A=010 A=0.05
0.00 398.0 503.0 842.0 1379.0 382.0 500.0 828.0 1353.0
0.25 209.0 171.0 145.0 135.0 207.0 170.0 140.0 127.0
0.50 75.4 48.5 374 37.4 74.5 47.6 34.5 32.5
0.75 31.5 20.2 17.9 20.0 30.8 19.5 15.3 15.6
1.00 15.7 11.2 114 13.5 15.2 10.2 9.1 9.0
1.50 6.1 5.5 6.6 .3 5.7 4.7 4.5 4.5
2.00 3.5 3.6 4.7 .0 3.2 2.9 2.8 2.8
2.50 24 2.8 3.7 8 2.2 2.1 2.0 2.0
3.00 1.9 2.3 3.1 .0 1.6 1.6 1.6 1.6
3.50 1.5 2.0 2.6 4 1.3 1.3 1.3 1.3
4.00 1.3 1.7 2.3 0 1.2 1.2 1.2 1.1

time-varying control limits converge to the constant
asymptotic values as time increases, for process shifts
that occur later in time the two charts will have sim-
ilar run length properties. As a result, EWMA con-
trol charts with time-varying control limits can be
designed in the same manner as EWMA charts with
asymptotic limits. See Crowder (1987) for guidelines.

The run length properties of EWMA control
charts with asymptotic control limits were deter-
mined by Crowder (1987) using an integral equation
approach. Unfortunately, this integral equation so-
lution approach is not applicable for EWMA charts
with time-varying control limits. However, the run
length properties of the EWMA chart with time-
varying control limits can be approximated using a
non-homogeneous discrete Markov chain. Using a
Markov chain, the feasible state space is approxi-
mated by dividing it into distinct, discrete states,
and the probability of moving from any one state to
any other state for each time period is determined.
By using a greater number of distinct states, the ap-
proximation of the run length properties can be made
more precise. A detailed explanation of the solution
procedure is given in the Appendix.

The effect of time-varying control limits on the
ARL is illustrated in Table 2 and Figure 2. The
results were derived using L = 3.0 as the control
limit constant and, without loss of generality, as-
suming an in-control mean of zero and a standard
deviation of unity. Table 2 reports process shifts in
units of p,/c-. The Appendix outlines how these
values were obtained. In Figure 2, the horizontal axis
gives the initial true process mean in ¢ units, the
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standard deviation of the sample mean. The results
are given ouly for positive shifts, but since the prob-
lem is symmetric the same pattern is observed for
negative shifts. ARL values for the asymptotic case
are taken from Crowder (1987), while ARL results
for EWMA charts with time-varying control limits
are determined using the methodology presented in
the Appendix. Figure 2 shows that the effect of us-
ing time-varying control limits on the ARL of the
EWMA chart is substantial when the process is not
initially in control, especially when X is small. Fig-
ure 2 uses log{ARL) to improve the visual compari-
son.

For example, assume that the initial process mean
value is 2.00; units greater than the in-control value

10 A =05 10 i=10
10° 10°
3 102 time-varying control limits g 10 time-varying control limits
10’ 10'
| asymptotic limits 10" asympfotic limits
© 0 ! A procgss mean3 4 ’ ! A proczss mean3 4
10* A=.25 10° A =50
10° 10°
g 10% time-varying control limits g 10% time-varying control limits
10° 10°
1 00 asymptotic fimits 100 1symptolic limits

0 1 2 3 4 J 1§ 2 3 4
A process mean A process mean

FIGURE 2. Plot of the ARL's for EWMA Charts with
Time-Varying and Asymptotic Control Limits.
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TABLE 3. Standard Deviation of the Run Length for Two-Sided EWMA Charts

Zero States, L = 3.0

Asymptotic Control Limits

Time-Varying Control Limits

pz/o:  A=0.50 A=025 A=010 Xx=005 AX=050 X=025 A=010 X2=005
0.00 396.0 499.0 833.0 1363.0 396.0 499.0 834.0 1364.0
0.25 207.0 167.0 133.0 113.0 207.0 167.0 133.0 113.0
0.50 73.2 43. 27.6 22.0 73.2 43.8 28.0 23.0
0.75 29.3 15.9 10.2 8.8 29.2 16.0 10.6 9.7
1.00 13.6 7.5 5.3 4.9 13.6 74 5.7 5.5
1.50 4.3 2.7 2.3 2.3 4.2 2.8 2.5 2.6
2.00 1.9 1.4 1.3 14 1.9 1.5 1.5 1.5
2.50 1.1 0.9 0.9 1.0 1.1 1.0 1.0 1.0
3.00 0.8 0.6 0.7 0.8 0.8 0.7 0.7 0.7
3.50 0.6 0.5 0.6 0.6 0.5 0.5 0.5 0.5
4.00 0.5 0.5 0.5 0.5 0.4 0.4 0.4 0.4

used to set up the EWMA chart. Then using A = .05,
the ARL of the EWMA chart with time-varying con-
trol limits is 2.8 which is much shorter than the ARL
of 6.0 required for an EWMA chart using asymptotic
control limits. The effect of the time-varying control
limits, however, has very little influence on the in-
control run length as shown in Figure 2 and by the
te/o; = 0.0 row in Table 2. Time-varying control
limits are recommended for all EWMA charts, since
their performance will be substantially better than
asymptotic limit EWMA charts when the process is
fairly likely to start out of control.

Standard deviation values for the asymptotic
EWMA control charts are also given in Crowder
(1987). Table 3 reproduces the Crowder results and
gives the standard deviation values for the time-
varying case also calculated using the time non-
homogenous Markov chain methodology presented
in the Appendix. Table 3 points out that Crow-
der’s value for p, /o and A = .05 is incorrectly given
as 1,623.50 when the true value is 1,363.0. Table 3
shows that the standard deviation of the run lengths
are nearly identical for the asymptotic EWMA con-
trol chart and the EWMA control chart with time-
varying control limits.

It is also of interest to examine how the dis-
tribution of the run length of an EWMA control
chart changes when time-varying control limits are
adopted. The run length distribution can be deter-
mined using Equation (A1) given in the Appendix.
Figures 3 and 4 show the run length distributions for
EWMA charts with time-varying control limits and
asymptotic control limits when the initial process is
in control and shifted one o unit.
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Figure 3 shows an initial spike in the run length
probability density for the EWMA chart with time-
varying control limits, with the two probability den-
sities nearly converging for long run lengths. This
greater probability of a short run length is unde-
sirable since the initial process state is in control
and since we would like the run length to be very
long. However, since the probabilities involved are
still very small, this spike has a corresponding small
influence on the ARL. The size of this initial spike in
the run length probability density function depends
on L, with smaller L leading to larger spikes. In
Figure 4, by contrast, the bulk of the probability
density for the two cases is quite different, and the
ARL under the time-varying control limits will be
substantially shorter. Of course, given an initial out-
of-control state, a short ARL is desirable.

0.012 T T T T T

0.01

Asymptotic Limits

Probability Density
o o
o o
(=) [=
~ [«

0.002 Time-varying Limits

) 5 70 15 20 585 30
Run Length

FIGURE 3. In-Control Run Length Distribution of
EWMA Charts with Time-Varying and Asymptotic Control
Limits with A = 0.05 and L = 2.587.
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FIGURE 4. Qut-of-Control Run Length Distributions of
EWMA Charts with Time-Varying and Asymptotic Control
Limits with A = 0.05, L = 2.587, and Initial Mean Shift
of One Standard Deviation Unit.

Comparing the run length distribution plots
shown in Figures 3 and 4 with similar plots for
CUSUM and FIR-CUSUM in Lucas and Crosier
(1982) and for FIR-EWMA charts in Lucas and Sac-
cuccl {1990) suggests that the effect of the time-
varying limits is similar to that achieved with the
FIR feature. The effect of the time-varying limits ap-
pears less pronounced than the FIR-CUSUM, which
suggests that an additional narrowing of the time-
varying control limits for small values of ¢t may be
appropriate to make the EWMA chart even more
sensitive to start-up quality problems.
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EWMA Control Charts with FIR

EWMA charts with time-varying control limits
were shown in the previous section to have proper-
ties similar to the FIR feature when compared with
asymptotic EWMA charts. However, using time-
varying control limits is not the same as the FIR
feature for CUSUM charts since the adjustment of
the control limits only corrects the control limits to
take into account the time-dependent nature of the
EWMA statistic given by Equation (1).

A few authors have suggested adaptations to the
EWMA scheme to build in a true FIR feature. As
discussed in the introduction, Lucas and Saccucci
(1990) suggested the use of two one-sidled EWMA
charts with initial states different than zero to cre-
ate a two-sided EWMA chart that reacts quickly.
Rhoads, Montgomery, and Mastrangelo (1996) adapt
the Lucas and Saccucci (1990) approach by allow-
ing each one-sided chart to have time-varying control
limits. Both these methods have the desired effect of
making the chart more sensitive to start-up quality
problems, but are rather awkward since they require
the simultaneous use of two EWMA charts to ac-
complish the task previously achieved with just one
chart.

Here, we suggest an approach that retains the sim-
plicity of a single control chart. To give EWMA

A=1

1 T
0.8¢
0.6} ——

z, ="
0.4} -
4’J‘J

o2r/,

0

0 2 4 6 8 10

FIGURE 5. EWMA Charts with Time-Varying Control Limits. Dashed Lines Show the FIR Time-Varying Contrel Limits
From Equation (4), Solid Lines Show the Time-Varying Control Limits Generated by Equation (3}, and Circles Represent the

EWMA Values.
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TABLE 4. ARL Results for Different FIR Proportions

A=0.25L=3

fin]/0= F=04 f=05 =06 f=07 f=08 f=1
0.00 349.4 368.0 429.8 464.5 480.7 500.5
0.25 111.7 118.4 139.7 153.1 159.7 169.8
0.50 26.8 29.0 35.0 39.8 42.3 47.6
0.75 9.2 10.1 5 14.8 16.1 19.5
1.00 4.4 4.8 1 7.5 8.2 10.6
1.50 2.0 2.1 7 3.2 3.7 5.0
2.00 14 1.4 7 2.0 2.3 3.1
3.00 1.1 1.1 1 1.2 1.4 1.7
4.00 1.0 1.0 0 1.0 1.1 1.2

A=0.10, L =

fha )0 F=04 f=05 f=06 F=07 f=08 f=1
0.00 515.6 613.8 737.2 795.0 805.9 832.1
0.25 83.1 99.2 120.8 132.1 133.7 141.1
0.50 185 22.1 27.6 31.2 31.6 35.2
0.75 7.3 8.8 11.2 13.3 13.6 16.0
1.00 3.8 4.6 6.1 75 7.8 9.6
1.50 1.7 2.1 2.7 3.4 3.8 4.8
2.00 1.3 1.4 1.8 2.1 2.4 3.0
3.00 1.0 1.0 1.2 1.3 1.4 1.7
4.00 1.0 1.0 1.0 1.1 1.1 1.2

charts with time-varying control limits a FIR fea-
ture, the control limits are narrowed further for the
first few sample points. This approach is easily im-
plemented since the control limits are already time-
varying. Since the time-varying control limits expo-
nentially approach the asymptotic limits, it is reason-
able to use an exponentially decreasing adjustment
to further narrow the limits. Let

FIRqg =1—(1— f)trel=b. (4)

With this setup, the FIR. adjustment makes the con-
trol limits for the first sample point {¢ = 1) a pro-
portion, f, of the original distance from the starting
value. The effect of the FIR adjustment decreases
with time to ensure that the long-term run length
properties of the EWMA chart will be virtually un-
changed. A reasonable setup would be to set the
adjustment parameter, a, so that the FIR adjust-
ment has very little effect after observation 20, say,
FIRyq4; at observation 20 is .99. This should be suf-
ficient to allow the detection of quality problems in
the start-up. This idea implies that we should set
a=(-2/log(l—f)—1)/19.

For example, using f = 0.5 yields a = 0.3. Using
this adjustment factor and Equation (3), the FIR-

Vol. 31, No. 1, January 1999

EWMA control limits are

AL = (1= X%]

po Lo (1= (1= 0D | J2om e

(5)

The control limits given by Equation (5) are time-
varying; thus, the run length properties of the pro-
posed FIR-EWMA chart can also be determined us-
ing the non-homogeneous Markov chain methodology
presented in the Appendix.

Figure 5 shows the effect of using the limits in
Equation (5) with f = 0.5 and ¢ = 0.3 in the ex-
ample initially discussed in the second section of this
paper and illustrated in Figure 1. In Figure 5, the
advantage of the additional narrowing of the con-
trol limits in detecting start-up quality problems is
clearly demonstrated. For all the different values of
A, the FIR-EWMA control chart signals in just two
observations. This is a substantial improvement over
the run lengths obtained with only the time-varying
control limits, especially for large values of A.

To explore the effect of different levels of FIR, Ta-
ble 4 gives ARL results for different levels of f. From
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TABLE 5. ARL Comparison of EWMA Charts with FIR

A=0.25 A=0.10
Hz/0 5 LFIR RFIR FIR LFIR RFIR FIR

L =281 L =3.00 L =3.07 L =281 L =3.00 L=291
0.0 483.0 452.0 468.0 463.0 466.0 459.0
0.5 42.1 39. 33.5 24.2 22.2 19.6
1.0 8.5 7.6 5.2 6.9 5.4 4.5
1.5 3.9 3.2 2.3 3.7 2.4 2.1
2.0 2.5 1.9 1.5 2.7 1.6 1.4
3.0 1.5 1.1 1.1 1.8 1.1 1.1
4.0 1.1 1.0 1.0 1.3 1.0 1.0

A=0.05 A=0.03
Yz LFIR RFIR FIR LFIR RFIR FIR

L =262 L =272 L =269 L =244 L =254 L =255
0.0 421.0 417.0 419.0 383.0 384.0 391.0
0.5 19.7 17.0 16.5 18.6 14.9 13.8
1.0 7.0 4.4 4.2 7.4 3.9 3.6
1.5 4.1 2.2 2.0 4.6 2.0 1.8
2.0 3.1 1.5 1.4 34 1.4 1.3
3.0 2.1 1.1 1.1 24 1.1 1.0
4.0 1.7 1.0 1.0 1.9 1.0 1.0

these results it is clear that to derive a substantial
benefit from the FIR feature, the narrowing of the
control limits should also be substantial, say, corre-
sponding to f = 0.5. Using f = 0.5 corresponds to
adjusting the time-varying limits by a factor of one-
half for the first time period, as shown in Figure 5,
and is an attractive choice because it mimics the
50% head start typically suggested for FIR-CUSUM
charts.

Table 5 compares the ARL’s of the Lucas and Sac-
cucci (1990) FIR-EWMA chart, denoted LFIR; the
Rhoads, Montgomery, and Mastrangelo (1996) FIR-
EWMA chart, denoted RFIR; and a FIR-EWMA
chart with adjusted time-varying control limits given
by Equation (4). The results for the LFIR and the
RFIR are taken from simulation results published
in Rhoads, Montgomery, and Mastrangelo (1996).
The run length results for the proposed FIR-EWMA
chart were approximated using the methodology de-
scribed in the Appendix. For all the FIR-EWMA
charts, L has been adjusted so that, in control, all
methods have approximately the same ARL.

The results in Table 5 suggest that the proposed
FIR-EWMA chart is superior to the previous ap-
proaches. For example, with A = 0.1 and a mean
shift of one standard deviation unit, the proposed
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FIR-EWMA chart requires on average only 4.5 obser-
vations to signal, while the LFIR-EWMA chart and
the RFIR-EWMA chart require 6.9 and 5.4 observa-
tions, respectively. The reduction in out-of-control
ARL’s appears to be greatest when A is not small.
In addition to the benefit of better run length prop-
erties, the EWMA charts with time-varying control
limits also provide two-sided protection from start-up
quality problems through only a single control chart.
This is a major advantage from an implementation
perspective. It should be noted that the FIR-EWMA
chart requires larger values of L than the traditional
EWMA chart. As a result, if the process shift does
not occur near start-up, the FIR-EWMA chart will
actually have a slightly longer ARL than the tradi-
tional EWMA chart.

Summary

This article derives the run length properties for
EWMA control charts with time-varying control lim-
its. Since the variance of the EWMA test statistic
is a function of time, time-varying control limits re-
sult in improved process shift detection capabilities
if the process is initially out of control or if it goes
out of control quickly. The magnitude of the benefit
of using time-varying control limits over traditional
asymptotic limits depends on the EWMA constant
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A and the size of the initial process shift. Results are
presented that quantify the difference for an EWMA
chart designed to monitor the process mean. In gen-
eral, time-varying control limits are useful if X is
small, say, less than 0.3.

Not surprisingly, the results show that EWMA
charts with time-varying control limits have shorter
ARL’s than EWMA charts with asymptotic control
limits for start-up quality problems. The effect for
out-of-control mean values is more pronounced than
for the in-control case, especially for large process
shifts. As a result, EWMA control charts with time-
varying control limits are appropriate in all situations
where the initial quality level is suspect.

In situations where at the start of process mon-
itoring there is a good chance the process is out of
control, further narrowing of the time-varying control
limits is shown to provide an additional FIR benefit.
Adjusting the control limits to start at half the regu-
lar value and then exponentially approach the regu-
lar time-varying limits for 20 observations is shown to
be a better approach to creating a FIR-EWMA chart
than previously suggested approaches. The proposed
approach has the additional benefit of retaining the
EWMA chart’s ability to allow two-sided detection
of problems with a single chart.

Appendix

In this Appendix, approximations for the distribu-
tion, expected value, and variance of the run length
of EWMA charts with time-varying control limits
are derived. The solution procedure utilizes a non-
homogenous Markov chain with g distinct states. In
the solution, the state space between the control lim-
its is divided into g — 1 distinct discrete states, and
the out-of-control condition corresponds to the g*h
state. The different states are defined as

s = (81,82,...,8¢-1)
= (LCL +w, LCL + 2w,
..., UCL = 2w,UCL —w) ,

where w = (UCL — LCL)/g and UCL and LCL are
the asymptotic control limits as given by setting ¢t =
oo in Equation (3). As g increases the approximation
improves.

Assume that the transition probability matrix for
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time period t is given by

[¢P11 tP1z - tP1g
P21 tDag
P,=| . . : .
‘tpgl e . .« tpgg
. [R, (I-Ry)1
o | 0 1 !

where I is the g x g identity matrix, 1 is a ¢ x 1
column vector of ones, and ;p;; equals the transition
probability from state s; to state s; for time period ¢.
The last row and column correspond to the absorbing
state that represents an out-of-control signal. The R;
matrix equals the transition probability matrix with
the row and column that correspond to the absorbing
(out-of-control) state deleted. R, will be used to de-
rive the run length properties of the EWMA control
chart with time-varying control limits.

Since the time-varying control limits in Equa-
tion (3) asymptotically approach constant values, the
¢Pi;'s converge to op;;’s, and R; converges to the in-
finite time transition matrix, R, as t — co. The
values for o.p;; can be determined by making some
process assumptions. Assuming a normal model with
X; ~ N (ps,02) and given the current EWMA value,
the distribution of the future EWMA value z;4 is
Nz + (1 — Nz, A202). Thus, the infinite time
transition probabilities are

w w
OopijZPr(Sj—§<Z<8]’+5)
forj=1,2,...,9—1 and
w
OopigzPr(z>sgv1+5)~|—Pr(z<51—%),

where z ~ N(Ap+(1—\)s;, A%0?). These values can
be easily calculated to determine Py, and R..

The time-dependent transition matrices R; can
be determined from R, by changing the transition
probabilities that lead to an earlier signal. For both
R; and R, the rows represent the starting values
and the columns represent the ending values for each
transition probability. For each value of ¢, the appro-
priate rows and columns are identified by comparing
the time-varying control limits with the states in the
state space. In other words, to determine R, the
first fi{t) and last fo(t) rows and columns of R
are set to zero vectors, where f;(t) equals the largest
integer for which s, —w/2 < LCL(t) and where f5(t)
is the smallest integer for which sy, +w/2 > UCL (t).
In an attempt to consistently yield run length values
less than the true value, any state whose transition
probability is at all affected by the changing control
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limit is set to zero. A state s; is affected if the time-
varying control limit is either closer to zero than s;
or within w/2 of s;. Using this procedure, estimates
for R, Rs, ... are obtained.

Determining the expected run length and the vari-
ance of the run length can now proceed using the
matrices R;. Letting RL equal the run length of the
EWMA chart conditional on the starting state, s;,
we have

t
Pr(RL<t|s;) = (I— HRz) 1 and
i=1

t—1 t
Pr(RL=t]s;) = (HRZ» —HRZ) 1fort>1.
i=1 i=1
(A1)
Thus,

E(RL | s;) ZtPr (RL =1) :Z(ﬁRJ) :

t=1 t=1
(A2)

Similarly, the variance of the run length is

@1 (flelﬂ |

(A3)

Var(RL |s;)) =1+ Z

t=1

Equations (A2) and (A3) yield g x 1 vectors that cor-
respond to the ARL and variance, respectively, from
initial state, s;. The values that correspond to the

starting value with zy =X are easily found. Assum-

ing that the control limits are symmetric about X,
the corresponding state is s /5.

Equations (A2) and (A3) give the moments of the
run length in terms of infinite sums that converge
for large t. These expressions can be simplified in
this case since the control limits converge asymptot-
ically; thus, the transition probability matrices Ry
also converge to R, as ¢ increases. Replacing all
R, matrices for large ¢ values with R, the infinite
sums in Equations (A2) and (A3) can be written as

tmax — 1 t
E(RL}s)= ) <H R51>

t=1 s=1

and
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tmax
Var(RL | s;) = Z

@1 (H Rslﬂ

+ (2tmax + 1) (tlm—[ RS> (I—R,)™'1
+2(ﬁR> (I—Ro) 2

(A5)

where tg.. equals the number of time periods for
which different transition probability matrices are
used. For the computations, tnax was chosen based
on A and ¢ so that the matrix R, __ is indistin-
guishable from R,. In this way, increasing ., fur-
ther will have no influence on the solution accuracy.
The minimum value for t,,,, is derived by realizing
that if the time-varying control limits at time #,,,x
differ from the asymptotic limits by less than w/2,
then the matrix R, . is the same as R,,. Solving
UCL —UCL(t) < w/2 and LCL — LCL(t) < w/2
for the minimum ¢ value yields ty,.x as the smallest
integer larger than

log (12nw(2 ~ Na/An2 =) - w)

360>
2log(l — M)

For computational efficiency and accuracy,
E(RL | s;) and Var(RL | s;) are determined using
Gaussian elimination rather than by finding the ma-
trix inverse directly as suggested by Equations (A4)
and (A5).

In general, as g increases the E(RL | s;)
and Var(RL | s;) values obtained through Equa-
tions (A4) and (A5) increase and more closely ap-
proximate the true values. The values increase be-
cause the procedure always underestimates the true
run length. The run lengths are underestimated for
two reasons: first, the absorbing boundaries for R,
are narrower than the control limits since they are set
at LCL 4+ w/2 and UCL — w/2; and second, for R,
the absorbing probabilities are conservatively calcu-
lated since all states even marginally affected by the
control limit are assumed to lead to absorption.

The advantage of consistently underestimating
the run lengths of the EWMA chart are that we can
use the rate of increase to estimate the true values.
The values shown in the Tables 2, 3, and Al were
derived by estimating the true value E(RL | 8;)g=co
based on fitting the model E(RL | s;) = E(RL |
8i)g=oco + B/g + C/g* derived using the results gen-
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TABLE Al. ARL's for Time-Varying Control Limits for EWMA Charts

Zero States

L =3.50 L =325
Ue/o;  A=0.50 A=025 A=010 X=005 XA=050 A=0.25 A=010 A=0.05
0.00 2226.0 2638.0 4101.0 6442.0 910.6 1112.0 1789.0 2852.0
0.25 950.3 624.5 382.3 270.7 431.0 315.3 225.9 180.6
0.50 266.9 122.6 62.8 48.8 137.0 74.3 46.5 39.4
0.75 88.3 38.1 23.7 21.3 50.9 26.8 19.4 17.9
1.00 35.6 17.2 13.2 2.3 22.9 13.4 11.3 10.6
1.50 10.0 6.8 6.3 6.0 7.6 5.8 5.5 5.2
2.00 4.7 4.0 3.9 3.5 3.9 3.5 3.4 3.0
3.00 2.1 2.1 2.0 1.6 1.9 1.9 1.8 1.5
4.00 1.4 1.4 1.3 1.1 1.3 1.3 1.2 1.1

L =3.00 L=275
pz/o;  A=0.50 A=025 A=010 XA=005 A=050 A=0.25 A=010 X=0.05
0.00 396.6 500.5 832.1 1341.0 184.0 240.0 410.0 664.0
0.25 208.0 169.8 141.1 125.0 107.0 96.9 92.3 88.7
0.50 75.0 47.6 35.2 31.8 43.6 32.0 27.1 25.6
0.75 31.1 19.5 16.0 1 20.1 14.7 13.2 12.6
1.00 15.5 10.6 9.6 1 10.9 8.5 8.1 7.7
1.50 5.9 5.0 4.8 5 4.7 4.3 4.2 3.8
2.00 3.3 3.1 3.0 .6 2.8 2.7 2.6 2.3
3.00 1.7 1.7 1.7 4 1.5 1.5 1.5 1.3
4.00 1.2 1.2 1.2 .0 1.1 1.1 1.1 1.0

L =2.50 L =225
pe/oz A =0.50 A=025 A=010 Xx=005 A=050 A=0.25 A=010 XA=0.05
.00 90.5 122.0 213.0 343.0 47.2 65.2 115.2 182.1
.25 57.8 58.2 62.3 63.7 33.0 36.4 42.6 45.8
.50 26.8 22.4 11 20.5 17.3 16.1 16.4 16.2
75 13.7 11.3 10.8 4 9.7 8.8 8.8 8.5
1.00 8.0 6.9 6.8 4 6.1 5.6 5.7 5.3
1.50 3.9 3.6 3.6 2 3.2 3.1 3.1 2.7
2.00 2.4 24 2.3 .0 2.1 2.1 2.0 1.7
3.00 1.4 1.4 1.4 2 1.3 1.3 1.3 1.1
4.00 1.1 1.1 1.1 0 1.1 1.1 1.0 1.0

erated with g = 50, 100, and 150. Verification of
this approach using simulation suggests that our re-
sults differ from the true value by less than 1%, ex-
cept for very large process shifts when the ARL is
near unity. For very large shifts, the values in R,
become smaller, and calculations required to derive
E(RL | s;) become more prone to rounding error.
As a result, for large shifts the E(RL | s;} estimate
may not increase as g increases. If this occurs, we
use the largest obtained E(RL | s;) as an estimate
of the true E(RL | $;)g=00, Noting that the estimate
may be off by as much as 10%. A similar problem is
also reported in Lucas and Crosier (1982). However,
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in our case, for comparison purposes, the results are
adequate.

To provide more details, Table Al gives the ARL
values for EWMA charts with time-varying control
limits for some different values of L. Results are de-
rived for the two-sided case, but the methodology can
be easily adapted for one-sided case EWMA charts
defined as z; = max(\ 7; +(1 — A)z:—1, 20). In addi-
tion, the examples provided assume the distribution
of the observed process parameter is normal. How-
ever, similar results are easily derived for other un-
derlying distributions.
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