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treatment effects across various real-world settings. This paper introduces
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two-sample pseudo-empirical likelihood (PEL) approach. The first proce-
dure uses estimated propensity scores for the formulation of the PEL func-
tion, yielding a maximum PEL estimator equivalent to the inverse proba-
bility weighted estimator. Our focus in this scenario is on the PEL ratio
statistic and establishing its theoretical properties. The second procedure
incorporates outcome regression models for doubly robust PEL inference.
We establish the asymptotic distribution of the PEL ratio statistic and also
propose a bootstrap method for constructing confidence intervals to bypass
a scaling constant involved in the asymptotic distribution of the PEL ratio
statistic that is very difficult to calculate. Simulation studies and an real
data application illustrate the performance of our proposed methods with
comparisons to existing ones.
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1. Introduction

It is straightforward to establish causal results when treatment assignments
are completely randomized. It is known to the research community, however,
that causal inferences with observational studies are a challenging task due
to the non-randomized treatment assignments that are influenced by the co-
variates associated with outcomes. In such cases, the difference in outcomes
between the treatment and the control groups is due to not only the differ-
ent treatment exposures but also the different characteristics of units in the
two groups as reflected by the covariates’ imbalances. These covariates, often
referred to as “confounders”, make the naive mean causal effect estimators in-
valid.

The propensity score, defined as the probability of being in the treatment
group given the covariates, plays an essential role in causal inference for bal-
ancing covariates and valid statistical procedures, as highlighted in the semi-
nal paper of Rosenbaum and Rubin (1983). Many statistical methods are pro-
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posed based on propensity scores to obtain consistent estimators for the average
treatment effect (ATE) under the so-called strongly ignorable assumption, such
as matching (Rosenbaum and Rubin, 1985; Abadie and Imbens, 2006), post-
stratification (Rosenbaum and Rubin, 1984; Rosenbaum, 1987), and weighting
(Robins et al., 2000; Hirano et al., 2003).

A practical issue of the aforementioned methods is that the propensity scores
are usually unknown and must be estimated. Misspecification of the propen-
sity score model leads to invalid inverse probability weighted (IPW) estimators.
One way to mitigate this issue is to construct estimators that combine inverse
probability weighting with outcome regression modelling, known as the aug-
mented inverse probability weighted (AIPW) estimators (Robins et al., 1994).
The AIPW estimators are doubly robust in the sense that the consistency
of such estimators only requires the correct specification of one of the two
sets of models: the set of propensity score model and the set of outcome re-
gression models (Scharfstein et al., 1999). The asymptotic variances of the
ATPW estimators can be obtained based on their influence functions (Tsiatis,
2006).

Propensity score-based weighting methods can balance covariates in a large
sample but may fail to do so in finite samples. Additionally, applied researchers
often engage in a cyclical process of propensity score modelling and covariate
balance checking until they achieve satisfactory results, which has been criti-
cized as the “propensity score tautology” (Imai et al., 2008). To address these
issues, Hainmueller (2012) introduced entropy balancing to estimate the average
treatment effect of the treated. Entropy balancing exactly balances the sample
moments of the covariates between the treatment and the control groups by
maximizing the entropy of the weights subject to some calibration constraints
that ensure the equivalence of the moments from the two groups. Zhao and Per-
cival (2017) demonstrated that entropy balancing is doubly robust with respect
to linear outcome regression and logistic propensity score regression, though
there is no modelling in its original form. However, this approach may require
a considerable number of constraints.

In this paper, we propose two procedures for the estimation and inference
of the ATE through a two-sample pseudo-empirical likelihood (PEL) approach.
Two point estimators are constructed. One corresponds to the IPW estimator
through the explicit use of estimated propensity scores in forming the PEL
function, and the other achieves double robustness through the inclusion of ad-
ditional model-calibration constraints based on the outcome regression models.
Moreover, for each procedure, we establish the asymptotic properties of the PEL
ratio statistic, enabling the construction of confidence intervals and tests of hy-
potheses. The methods we developed have attractive features shared by general
empirical likelihood based approaches, which include (1) range-respecting and
transformation-invariant properties of the PEL ratio confidence intervals; and
(2) problem formulations through a constrained optimization procedure, which
enables incorporations of suitable auxiliary information through additional con-
straints for more efficient or robust estimators (Hall and Scala, 1990; Owen,
2001). These features of our proposed methods are demonstrated through sim-



90 J. Huang et al.

ulation studies reported in Section 5 and a real data analysis in Section 6, with
additional remarks provided in Section 7.

The remainder of this paper is structured as follows. Section 2 introduces
fundamental concepts of causal inference, alongside commonly used causal in-
ference methods. In Section 3, we present the formulation of the two-sample
PEL approach to causal inference and develop the point estimator and the as-
sociated PEL ratio confidence intervals for the ATE. In Section 4, we examine
doubly robust inference under the proposed PEL framework through the in-
clusion of the model-calibration constraints. Results from simulation studies on
finite sample performances of proposed methods with comparisons to existing
ones are reported in Section 5. We also conducted a real data analysis to in-
vestigate the ATE of maternal smoking during pregnancy on birth weights in
Section 6. Some additional remarks are given in Section 7. Regularity conditions,
proofs and technical details are presented in Section 8.

2. Causal inference
2.1. Basic setting and propensity scores

We follow the commonly used setup of causal inference with the potential out-
come framework. Let T be a binary variable denoting the treatment assign-
ment, with 7' = 1 indicating treatment and 7" = 0 for control. The potential
outcome variable under the treatment or the control is represented by Y7 or Yy,
respectively. The parameter of interest is the average treatment effect (ATE),
0 = p1 — po, where 1 = E(Y7) and po = E(Y)) are the expectations of the
potential outcome variables. As each individual can only be assigned to one of
the two groups, only one of the potential outcomes can be observed for each
individual, and the observed outcome is denoted as Y = TY; + (1 — T')Yp.

Let T}, Y1; and Yp; be respectively the values of T, Y7 and Y[ associated
with subject j. Let Y; = T;Y1; + (1 — T;)Y};. Consider a random sample S
of size n from an infinite target population. The sample data are represented
by {(x;,Y;,T;),j € S}, where x; denotes the value of the vector of auxiliary
variables for subject j, j =1,...,n. We define $; = {j | T; =1 and j € S} and
So={j|T; =0and j € S} as the sub-samples of subjects receiving treatment
and control, respectively. The available sample data can be partitioned into two
subsets: {(x;,Y1;,7; =1),j € S1} and {(x;,Y0;,7; = 0),j € Sp}. Denote the
sizes of §1 and Sy respectively by ny and ng. We have n = ny + ny.

Balancing the distributions of confounders, covariates that are simultaneously
associated with the treatment and potential response variables, in the two treat-
ment groups is essential for investigating causal effects in observational studies.
The propensity scores are a widely used tool for this purpose. The propensity
score (PS) is defined as the conditional probability of receiving the treatment
given the covariates, denoted as P(T =1 | @). The properties and the essential
role of propensity scores in causal inference are elaborated in the seminal paper
by Rosenbaum and Rubin (1983). However, it is important to note that certain
critical assumptions must be met in order to obtain consistent estimators of
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causal effects through propensity score adjustments. Two key assumptions are
given below.

A1l. Strongly Ignorable Treatment Assignment (SITA). The treatment indicator
(T') and the potential response variables (Y7, Yy) are independent given
the set of covariates (z).

A2. Positivity Assumption. The propensity scores are strictly in the range of
(0,1),ie.,0< P(T'=1]x) <1 for all possible values of .

The SITA assumption A1 implies that there are no unmeasured confounders and
treatment assignments depend only on the observed covariates. The positivity
assumption A2 guarantees that there is no restriction preventing individuals
from being assigned to either the treatment or the control group.

Propensity scores are typically unknown and require to be estimated in prac-
tice. Under a parametric model, we have the propensity score 7; = P(T; =1 |
x;j) = 7(x;; o), where 7(+;-) has a known form and « is the vector of unknown
parameters. The maximum likelihood estimator & of a can be obtained by max-
imizing the likelihood function L(a) = [[j_,{r(z;; @)} {1 = 7(xj;e)}' ™"
using the observed dataset {(z;,T}),j € S}, which yields estimated propensity
scores 7; = 7(x;;&), j = 1,...,n. In practice, logistic regression models are
commonly employed for the propensity scores, leading to the following closed-
form expressions for the estimated propensity scores,

A

7 = 7(m;; &) = expit (&,

where &; = (1, :c;r)T The discussions in the rest of this paper assume a logistic
regression model for propensity scores.

2.2. Inverse probability weighted estimators

The method of inverse probability weighting was originally introduced by Horvitz
and Thompson (1952) for estimating a finite population total using a probability
survey sample, where the weighting is done through the inverses of the known
sample inclusion probabilities. The resulting weighted estimator is called the
Horvitz-Thompson (HT) estimator, which is one of the backbones for design-
based inference in survey sampling. The concept was successfully adapted to
causal inference and missing data analysis based on estimated propensity scores.

The inverse probability weighted (IPW) estimators, also referred to as the
propensity score-adjusted estimators, play a crucial role in causal inference. The
IPW estimators of 1 and pg are given by

LT IV LT L Yy
P =33 ZE=p 2 3 ad dema =03 =0 T
JES J JEST 7 JES J JESO J

The corresponding IPW estimator of the ATE is defined as Opw, = f1pw: —

Horpwi -
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Note that E(};cs, ) = EQX s Tir; ') = n. Replacing n by its consis-
tent estimator Zlesl 7A'f1 in flipw: yields the Héjek-type (Hajek, 1971) IPW
estimator for uq,

A1

7
f1pwe = Z Ziylj = Z a’ljylj ) (21)
leS, l

JESI JESI

where a;; = 7, /ZZGS #1and > jes, 1 = 1. Similarly, the Hijek-type IPW
estimator for uo takes the form

1
l&’OIPWQ = Z —)Y()] = Z aOJY0]7 (22)

)
J€So ZleSo j€So

where do; = (1 —7)7"/ Y s, (1 = 71) 7" The resulting estimator for the ATE
is then given by Oipw, = /ZLIIPW2 - ﬂOAIPWT

The IPW estimators 0;pw, and 0;pw. of the ATE are consistent under the
assumed propensity score model and certain regularity conditions. This can
be shown by recognizing that they belong to the so-called m-estimators and
following the technical arguments presented in Section 3.2 of Tsiatis (2006).
Furthermore, the variance of the IPW estimators can be estimated by the sand-
wich variance estimator. Details are presented in Section 8.2. The Hajek-type
IPW estimator élpwz is typically more efficient than the IPW estimator éIPWl
for finite samples (Sarndal et al., 1992).

2.3. Augmented IPW estimators

The IPW estimators can be biased when the propensity score model is misspec-
ified. The biases can sometimes be mitigated through the incorporation of an
outcome regression model. Robins et al. (1994) proposed a class of augmented
IPW estimators under the two-model framework, which usually exhibits greater
efficiency than the IPW estimators when both models are correct. Scharfstein
et al. (1999) later found that the consistency of these estimators only requires
one of the two models to be correctly specified. Hence, such estimators are also
termed as doubly robust.

Under the potential outcome framework, consider two outcome regression
models: E(Y1 | ) = my(x; 8,) and E(Yy | ) = mo(x; By). Given the SITA
assumption A1, i.e., T 1L {Y7,Yo} | @, we have

E(Yi |z)=E(Yi |T=1,2) and E(Yy|z)=EY,|T =0,z).

It follows that the model parameters 8; and B, can be estimated by fitting the
corresponding model using observed datasets {(x;,Y1;),7 € S1} and {(x;, Yo;),
j € So}, respectively. Let mmq; = ml(mj;,f‘i’l) and my; = mo(acj;BO), for all
j €S, where Bl and Bo are the corresponding estimators of 8, and 3.
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Following Robins et al. (1994), the augmented IPW estimators for 1 and pq
are constructed as

~ o Yl] ml]
Hiarpw1 =  — — m1j7

J€S1
n
~ o YO] mOj 1 A
Hoarpw1 = 1— 7 E moj ,
JESo J j=1

and the augmented IPW estimator for the ATE is given by émpm = Q1apw1 —
,ELOAIPWI'

Each of the two augmented IPW estimators, fi1apw: and fgaipw:, contains
an IPW estimator based on the “residuals” Y7; — 7i1; or Yp; — 1;, and each
IPW estimator can be replaced by a Hajek-type IPW estimator, leading to

,ELIAIPWZ = § dlj (Ylj - mlj) + 7y and ﬂOAIPWz = § dOj (ng - mOj) +T/fL0,
JEST 7J€SO

where iy = YUy /n, o = iy fo;/n, @i and Gg; are defined in
(2.1) and (2.2). The corresponding estimator for the ATE is given by O, pw. =

Hiapwz — HoatPwa2-

Remark 1. The estimators éA,pWJ and éA,pWQ are doubly robust in the sense
that they are consistent estimators of 0 if one of the two sets of models, the
propensity score model T(x; ) or the set of outcome regression models m1(x; B1)
and mo(x; By), is correctly specified. This is clearly an attractive property that
offers some protection against misspecification of one set of models.

Doubly robust variance estimation based on a doubly robust point estimator
is an active research topic pursued by several authors. In the context of missing
data, Cao et al. (2009) briefly mentioned that the variance of some augmented
IPW estimators for the population mean can be estimated by the usual empirical
sandwich technique (Stefanski and Boos, 2002) if the point estimators are ob-
tained by solving a set of m-estimating equations jointly. The resulting variance
estimator is robust against misspecifications of one or both of the propensity
score and outcome regression models. In the current setting, the sandwich vari-
ance estimators for the two augmented IPW estimators, 0 r 10w and 9AIPW2, are
consistent for the true variance even if one or both of the two sets of models are
incorrectly specified. The sandwich variance estimators for the augmented IPW
estimators are constructed in the same manner as those for the IPW estimators,
where the additional estimating equations for the outcome regression models are
included. We formally state this result in the following proposition. Proof of the
result is presented in Section 8.3, where we also present the detailed formulation
of the sandwich variance estimator for the augmented IPW estimator.

Proposition 1. Under certain regularity conditions, the variance of the aug-
mented IPW estimator 0AIPW1 or GA,pW, can be estimated by the sandwich vari-
ance estimator regardless of the correctness of the propensity score model or the
outcome regression models.
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The required regularity conditions for Proposition 1 as well as other major
results presented in the paper are given in Section 8.1. When both sets of mod-
els are misspecified, the point estimators become invalid, and the corresponding
variance estimators are not practically useful. We mainly focus on the doubly
robust property of the sandwich variance estimators for the augmented IPW es-
timators. We also demonstrate that a version of bootstrap variance estimators
is doubly robust and can provide valid standard errors when either the outcome
regression models or the propensity score model is mlsspe(nﬁed through simu-
lation studies in Section 5. Let 9DR denote 9A1pw1 or 9A1pwz The algorithm for
obtaining the bootstrap variance estimator is described as follows:

Step 1. Select a bootstrap sample S of size n from the original sample S
using simple random sampling with replacement.

Step 2. Calculate the bootstrap version of the doubly robust estimator, de-
noted as ég}]{, based on the bootstrap sample S/

Step 3. Repeat Steps 1 and 2 a large number B times, independently, to obtain
0% b=1,2,---,B.

Step 4. Compute the bootstrap variance estimator of Opr as

var (0o = Z( 00’
where 0 br = B! Zszl oY

3. The PEL approach to causal inference
3.1. Pseudo-empirical likelihood

Empirical likelihood methods, first proposed by Owen (1988), are a powerful
nonparametric tool for statistical inference under the likelihood principle anal-
ogous to parametric likelihood methods. Maximum empirical likelihood esti-
mators are obtained through constrained maximization of the empirical likeli-
hood function, and confidence intervals and hypothesis tests can be constructed
through the empirical likelihood ratio function. Owen (1988) first established
the empirical likelihood theorem, a nonparametric version of the Wilks’ Theo-
rem (Wilks, 1938), and generalized the result to multivariate functionals (Owen,
1990) and to linear regression models (Owen, 1991). Chen and Qin (1993) ap-
plied the empirical likelihood methods to finite population parameters under
simple random sampling for more efficient estimation through the inclusion of
additional constraints using auxiliary information. Qin and Lawless (1994) pro-
vided a general framework by combining empirical likelihood methods with un-
biased estimating equations.

Chen and Sitter (1999) proposed the pseudo-empirical likelihood (PEL) ap-
proach to complex survey data, with the survey weights incorporated into the
formulation of the empirical likelihood, to provide design-consistent point es-
timators for finite population parameters. Wu and Rao (2006) developed an
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alternative form of the PEL function for complex survey data to construct PEL
ratio confidence intervals that retain all the attractive features of the empiri-
cal likelihood methods. The PEL function of Wu and Rao (2006) serves as the
starting point of our proposed methods for causal inference. In this section, we
focus on PEL methods for the ATE under an assumed propensity score model.
A doubly robust PEL approach to causal inference is discussed in Section 4.

3.2. PEL estimation of the ATE

The pseudo-empirical likelihood function presented in Wu and Rao (2006) in the
context of survey sampling can be adapted for causal inference problems. We
first replace the sampling weights by suitable replacements using the estimated
propensity scores for subjects in S1 and Sy, and then construct the PEL function
using a two-sample empirical likelihood formulation as in Wu and Yan (2012).
Our proposed joint PEL function for the two samples, §; and Sy, is given by

loer, (P1,Po) =1 Q wi Y drglog (pry) +wo Y dojlog (poy) ¢ o (3.1)
JES1 JESo

where p; = (pi1,--* ,Pin,)! i a set of discrete probability measure imposed
over §; for i = 0,1, w1 = wy = 1/2, and the normalized weights d;; and do;
are defined in Section 2.2 using the estimated propensity scores. The use of
wy; = wg = 1/2 in the PEL function fpg;, (p1,Py) is to mimic the PEL function
of Wu and Rao (2006) for stratified sampling where the two potential outcome
variables Y7 and Y} are defined over the same target population and hence with
equal “stratum weights” which are also used by Wu and Yan (2012) for two-
sample empirical likelihood. The formulation leads to the adaptation of simple
computational procedures as described in Wu (2004, 2005). Our theoretical de-
velopment, however, can be carried out with any choices of w; > 0 and wg > 0
such that wi; + wy = 1. It becomes an interesting question for future research
on whether other choices of (w1, wp) can lead to more efficient inference. Maxi-
mizing lpg, (P, Py) in (3.1) subject to the normalization constraints

Z plj = 1 and Z pOj = 1 (Cl)

JEST JjE€So

yields p; = (pi1, - - ,ﬁmi)—r7 where p;; = a;; for j € S;, 7 = 1,0. The maximum
PEL estimator of pu; is computed as

fve, = Y PiiYij = Y i

JES;: JjES;

for ¢ = 1 and 0, which is identical to the Hajek-type IPW estimators of u;
given in (2.1) and (2.2). The maximum PEL estimator of the ATE is given by

Orer, = f1psL — fopsL, Which is also the same as the Hajek-type IPW estimator

P

GIPW2 .
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3.3. PEL ratio confidence intervals

One major advantage of the PEL approach is that we can construct the PEL ra-
tio statistic for the parameter of interest, the ATE, as well as other parameters.
Studying the asymptotic properties of the PEL ratio statistic enables the con-
struction of confidence intervals and hypothesis tests. The “global” maximum
of the PEL function fpg;,(py,py) under the normalization constraints (C1) is
achieved at p; = (i1, - - -, Pin,) |, Where Dij = a5 for j € §;, i =1,0, as shown in
Section 3.2. Let p,(6) = (p11(6), -+ P1n, (0)) " and py(6) =(Po1(6), -, Pone (0)) "
be the “restricted” maximizer of fpyg (p;,Py) under the normalization con-
straints (C1) and the following constraint (C2) induced by the parameter of
interest, 8 = 1 — po,

Z p1 Y15 — Z PojYo; = 0 (C2)

JES1 7J€So

for a given . The profile PEL function for € is then given by

Coen (P1(60), Do (0)) =n S wi > aylog(pr;(0)) +wo Y | do; log(po; (6)) ¢ - (3:2)
JES1 Jj€So

The maximum PEL estimator of the ATE 6 can be alternatively defined as
the maximizer of the profile PEL function lpg., (P4 (), Do(#)) with respect to 6.
This alternative definition is equivalent to épEL = [l1ppL — flopeL Presented in
Section 3.2.

Lemma 1. The maximum PEL estimator ém = [l1pp, — flop, Mazimizes the
profile PEL function €pg,(D1(0),Dy(0)) given in (3.2) with respect to 0.

We now present our first major result on the PEL ratio statistic for the ATE,
6. For clarity of presentation, we let ud and pf denote the true values of the
population means j; and g, and 0° = 49 — 9 be the true value of the ATE.
The PEL ratio function for 6 is defined as

TpeL(0) = lopn (P1(0), Po(0)) — lren (P15 Do) » (3.3)

where (P, Py) and (p;(0), D (0)) are the “global” maximizer and the “restricted”
maximizer of the PEL function fp, (py,py) for a given 6, respectively. Let x?
denote a chi-squared distribution with one degree of freedom. The following
theorem states the limiting distribution of the PEL ratio statistic rpg.,(6) at
0 =0°.

Theorem 1. Under certain regularity conditions and a correctly specified propen-
sity score model, the scaled PEL ratio function —2r,;,(0)/¢ at § = 0° converges
in distribution to a x? distributed random variable as n — oo, where the adjust-
ing factor ¢ is given in (3.4).
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The scaling constant can be theoretically defined at the population level as
c. In applications, it suffices to use a consistent estimator ¢ of ¢, which is given
by

-1

e=nd2 |3 au¥E+ 3 @Y - Miews — M var (elpwz) . (3.4)
JES1 J€So
where var(éIpWZ)) is the variance estimator of the Hajek-type IPW estimator
élpw2. The explicit expression of var(éIPWQ) is given in Section 8.2. Proof of
Theorem 1 is presented in Section 8.4.
Using the result of Theorem 1, we can construct a 100(1 — «)%-level PEL

ratio confidence interval for 8 in the form of

{0] —2rere(0)/2 < X%(O‘)} )

where x3(a) is the 100(1 — a)th quantile of the x? distribution for a given
a € (0,1). Wu (2005) contains algorithmic details on how to find the PEL ratio
confidence interval using a simple bi-section search method.

4. The PEL approach to doubly robust estimation

The PEL approach proposed in Section 3 to causal inference can be further
extended to achieve doubly robust estimation through the inclusion of model-
calibration constraints. Calibration methods were first developed in survey sam-
pling (Deville and Sarndal, 1992), where calibration constraints were imposed
directly over individual auxiliary variables with known population controls. Wu
and Sitter (2001) proposed a model-calibration technique based on a working
linear or nonlinear model, where a single constraint is formed based on fitted
values. The model-calibration estimators were shown to be optimal among a
class of calibration estimators (Wu, 2003). In this section, we demonstrate that
outcome regression models can be used to form model-calibration constraints to
achieve doubly robust estimation for the ATE.

4.1. Model-calibrated maximum PEL estimators

We consider two model-calibration constraints using the two outcome regression
models. Note that mlj = ml(mj;ﬂl), T?Loj = mo(mj;ﬂo), myp = Z?:l ’ﬁ’hj/’fl,

and 1o = Z;L:1 Mo /n. The two constraints on the empirical probabilities p;, =

(pi1,+ -+ pin,) | are formed as
Z P11 =11 and Z Po;Moj = My . (C3)
JES J€So

The model-calibrated maximum PEL estimator of p; is computed as fijyce =
> jes, PijYij, where p; = (i1, - ,Din;) |, i = 0,1 maximizes the PEL func-
tion lpgy, (P1,Py) subject to the normalization constraints (C1) and the model-
calibration constraints (C3). It can be shown by using the Lagrange multiplier
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method that the constrained maximizers are given by p;; = a;;/(1 + ?\iaij),
where \; is the solution to

Qijllj ,
TN A~ Oa = 1707

and i;; = M;; — ;. The asymptotic properties of fi1ycp are summarized in the
theorem below. Parallel results can be stated regarding figyce-

Theorem 2. Under suitable regularity conditions, the model-calibrated maxi-
mum PEL estimator fi1ycr of p1 is doubly robust with respect to the propensity
score model and the outcome regression model. Moreover, if the propensity score
model is correctly specified, the estimator fi1ycr admits the asymptotic expansion

fycr = Z a1Y1; + B{my — Z a1 ¢ + op (n*1/2) , (4.1)
JES1 JES1
where
-1
B = Z &Uﬁlelj Z C~L1jﬁ%j . (42)
JES JESI

The inclusion of the model-calibration constraints leads to a doubly robust
estimator for the ATE as éMcp = [I1mep — flomep- This estimator is more efficient
than the IPW estimator when both sets of models are correctly specified. Specifi-
cally, if the outcome regression model is correctly specified, the B given in (4.2)
converges to 1, and the newly constructed estimator f[ijycp is asymptotically
equivalent to the augmented IPW estimator jij,;pw. and is particularly effi-
cient. The B does not converge to 1 otherwise. The expression (4.1) also implies
that fijyer = fiipws +Op(n~1/2), which further implies fi1ycp —p = Op(n=1/?)
when the propensity score model is correctly specified. Proof of Theorem 2 is
given in Section 8.5.

An important feature of our proposed PEL approach to causal inference is
the flexibility of including additional constraints under the constrained maxi-
mization framework. Useful information can be incorporated through suitable
constraints, which often lead to more robust and more efficient estimators (Chan
and Yam, 2014). This is related to a topic of recent research interests, the so-
called multiply robust estimators; see Han and Wang (2013), Han (2014b), Han
(2014a), Han (2016), Chen and Haziza (2017), and Duan and Yin (2017), among
others, for further discussion.

4.2. Model-calibrated PEL ratio confidence intervals

We now establish the limiting distribution of the PEL ratio statistic with the
inclusion of model-calibration constraints. Let p,(0) = (p11(6),- - ,P1n, (0))7
and py(0) = (Po1(0), - ,Pony ()T be the maximizer of the PEL function
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lrgs (P, Do) given in (3.1) under the normalization constraints (C1), the model-
calibration constraints (C3), and the parameter constraint (C2) for a fixed 6.
Let lppL(0) = o (P1(0),Do(6)) be the profile PEL function of 6, which is the
“restricted” maximum of the PEL function under the constraints (C1), (C3)
and (C2) for the given 6.

Lemma 2. The model-calibrated maximum PEL estimator émp maximizes the
profile PEL function £,5,(0) with respect to 6.

The profile PEL function fpg;,(6) with a given 6 can be computed by existing
algorithms for empirical likelihood through reformulations of the constraints.
Under the normalization constraints (C1), the model calibration constraints
(C3) can be rewritten as » . s pijli; = 0 for i = 1,0, and the parameter
constraint (C2) is equivalent to } .5 p1;71; — > es, PojToj = 0, where r1; =
Y1; — 60/2 and ro; = Yo; + 0/2. Note that wy = wy = 1/2. The constraints
(C1)-(C3) altogether can be thus reformulated as

1 ng
Zwi Zpij =1
i=0  j=1
1 ng
Z Wi Zpijgij(e) =
i=0  j=1

Where 917(0) = (1 — ws, ﬁlj: ﬂlj, le/wl)—r and ng (9) = (—wl, ﬁoj, —ﬂoj, —T()j/wo)T.

The major motivation behind this reformulation is to use computational pro-
cedures for stratified sampling as described in Wu and Rao (2006) and Wu
(2005). Maximizing (3.1) subject to the constraints in (C4) for a fixed 6 yields
the solution

(C4)

—y
IL+A g (9)
where the Lagrange multiplier A is obtained by solving

azygm o
Z > 1+>\Tg”(9) =0

= JES;

pi;(0) =

Let W be the limit of Y°;_qw; Y s, @ijg,;(0°)g;;(0°)7, T = (0,0,0,-1)7
and 0 = (I‘TWdl")*l. We denote the asymptotic variance-covariance matrix
of VaYl, w; Zjes,; ijg;; (6°) by Q. In what follows, we present the limiting
distribution of the maximum PEL estimator éMCP in Theorem 3 and the limiting
distribution of the PEL ratio statistic rpgy (0) = lpp(0) — lopw (Puce) at 0 = 69
in Theorem 4. Proofs of Theorem 3 and Theorem 4 are given in Section 8.6 and
Section 8.7, respectively.

Theorem 3. Under certain regularity conditions and a correctly specified propen-
sity score model, we have \/n (éMCP — 00) S N(0,V1) as n — oo, where Vi =

2T W QW IT and % denotes convergence in distribution.
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In practice, we use W = 31_ w; > jes: &”g”(@Mcp)gw(éMcp)T as an esti-
mate for the limiting matrix W, which also leads to 6§ = (I‘TW7 I)~'. The
estimated variance-covariance matrix (€2) is @ = n ! > €S(A — h)(h; — h)

where ij is the plug-in estimator of

0
. 55 = 1) (mi; —E(mi;)) + (1= — 1) (mi; —E (mpy)) — (A+E)C'&; (T — 7))
N %{J —1) (mi; —E(m3;)) — LZ; —1) (mj; —E(mg;)) —(A—B)C™'a; (T; — 79)
%’; (Yu - N?) - % (Yuj — o) = (J = G) Cilﬁ’]’ ( J TO)
—1 ca0)
= 9 = :
and h = n des . In the above expression of h;, 77 = 7(x;;a") is the

propensity score under the true propensity score model Wlth a® representing
the true value of o, mj; = m; (z;,8;) for i = 0,1, where 8] is the probability
limit of 3; under the assumed outcome regression model, and
A=-E[{m}; - Emi)} (1-7))&]], B=E[{my - Emg,)}z;]
J=-E[T(Vy-u) (1= a] /], G=B[1-T) Yoy — ) (1= 9) " Fa] |,
C=-E[r)(1-7))&;&]] .

Note that the full expression of the model-calibrated PEL ratio function
TppL(0) = lppL(0) — logy (Ouerp) s given by

TPEL(G) = gPEL(ﬁl (9),ﬁ0(9)) — fppL (fﬁ (éMCP) 7130 (émcp)) .

The asymptotic distribution of rpg. (0) at @ = 6° is given in the theorem below.
Note that the rank of the matrix M = cQY?*W 'TT "W Q"2 is one.

Theorem 4. Under certain regularity conditions and a correctly specified propen-
sity score model, we have —2rpy, (0) 4 5x? when 6 = 6°, where § is the unique
non-zero eigenvalue of the matrix M .

The above result can be used to construct a 100(1 — «)% model-calibrated
PEL ratio confidence interval for 6 as

o] - 27ﬂPEL(H)/S < X%(a)} )

R N A1/2 o —1 A —1A1/2
where J is the non-zero eigenvalue of M = €2 / W IT'W Q / . Compu-
tational details and R codes pertaining to the reformulated constrained maxi-
mization problem and the method for constructing the model-calibrated PEL

ratio confidence interval can be found in Wu (2005).

4.3. Bootstrap PEL ratio confidence intervals

The bootstrap-calibrated empirical likelihood method can provide an improved
approximation to the sampling distribution of the empirical likelihood ratio
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function, especially when the sample size is small (Owen, 2001). Wu and Rao
(2010) proposed a bootstrap procedure for approximating the sampling dis-
tribution of the pseudo-empirical likelihood ratio function for complex survey
data under certain sampling designs. Chen et al. (2018) discussed bootstrap-
calibration procedures for approximating the asymptotic distribution of the PEL
ratio function for the nonrandomized pretest-posttest study designs.

The asymptotic distributions of the proposed PEL ratio functions in Sec-
tions 3 and 4 involve scaling constants that need to be estimated. Estimation of
the scaling constants requires variance estimation, which involves heavy analytic
expressions. We propose a bootstrap approach to constructing model-calibrated
PEL ratio confidence intervals for the ATE as follows. This procedure bypasses
the need for estimating the scaling constant required for the x? approximation.
Step 1 Select the b-th bootstrap sample S of n units from the initial sam-

ple § by simple random sampling with replacement. Let S&b] = {jlj €
S and T; = 1} and S = {j|j € S and T; = 0}.
Step 2 Fit the propensity score model and the outcome regression models to
the b-th bootstrap sample, and obtain estimates al B[lb] nd ,ng] Cal-
culate the estimated propensity scores by %j[b} =T1(x;; a[ ]) and the fitted
values m[J] =mq(xj; B[lb]) and mg’} = mo(x;; [A')([)b]) for all the units j € S,
Step 3 Construct the bootstrap version of the PEL function as

b (pr,po) =nw D aylog (piy) +wo Y ap)log (poy) p 5 (4.3)
jest jesi

= (7] )1/2E§mn>1ﬂnye§]mﬂd“ (=47
5] f' ! for j € S . Specify the bootstrap versions of the
les,
0
constraints of (C1), (C2) and (C3) as

Zplj—l and Zp0]—1
jesi!

where a[ -

]ES

Z pl_/}/l_; Z pOJ}/O_/ —0 (4 4)

jES JES '
b

> i) = 3 l) and 3 gl = - 3 ).

jest” " jest jes " jest

Compute the PEL ratio function rEﬂ:L(G) using N (p1,Py) with con-

straints (4.4) and 6 = Orsop-
Step 4 Repeat Steps 1-3 a large number B times, independently, to obtain
values of %, (0) for b=1,..., B, all at 6 = fy,cp.

The number B is typically set to be 1,000 but can be larger if more com-
puting resources are available. Let o denote the lower 100a-th quantile of the
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sequence rLbéL(éMcp), b=1,...,B. The bootstrap-calibrated (1 — «)-level PEL
ratio confidence interval for € is computed as

{0 ree.(0) > aB} )

The validity of the bootstrap approach under a correctly specified propensity
score model is justified in Section 8.8. When the propensity score model is
misspecified, the arguments used in the justification no longer hold. However,
our simulation results in Section 5 show that the bootstrap procedure works
well when the outcome regression models are correctly specified.

5. Simulation studies
5.1. Point estimators and confidence intervals

We conduct limited simulation studies to investigate the performance of our
proposed maximum PEL point estimators and PEL ratio confidence intervals
for the average treatment effect based on ng;,, = 1,000 simulation samples. The
results are compared with the commonly used IPW estimator and the AIPW
estimator. We use B = 1,000 for the bootstrap methods with each simulated
sample. The performance measurement metrics and the candidate methods are
as follows.

(i) For point estimators, we compute the percentage relative bias (% RB) and
the mean squared error (M SE) for an estimator 6 of the parameter 6 as

%RB = N e 100 and MSE = — 3% (99 _ go)?

! B Nsim Sz:; 90 x o B Nsim SZ:; ( a ) ’
where 6(*) is the estimator 6 computed from the sth simulation sample.
Results of %WRB and MSE for estimators Oipwe, Oppr, Oarpws, and Oyce
are presented.

(ii) For confidence intervals, we compute the percentage coverage probability
(%CP) and the average length (AL) for the confidence interval Z as

Nsi

Z I (90 e I<5)) % 100 and AL = nz (UB(S) - LB(S)) ,

Nsim s—1 Nsim s—1

1 1

%CP =

where I(-) is the indicator function and Z(*) is the interval Z computed
from the sth simulation sample with UB(®) as the upper bound and LB(*)
as the lower bound, i.e., Z(*) = (LB®) UB®)). We include results of %C P
and AL for the Wald-type confidence interval using élpwz and the sandwich
variance estimator (Zipw- ), the PEL ratio confidence interval based on Oppr.
(ZopLr), the Wald-type confidence interval using 0 arpwe and the sandwich
variance estimator (Z,pw-) or the Bootstrap variance estimator (Zaipwas),
the model-calibrated PEL ratio confidence interval based on 9Mcp and the
scaled chi-squared distribution (Zycp) or the bootstrap method (Zyces)-
The nominal value of the coverage probability is 95%.
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We consider an independent sample S of size n from an infinite population
(Y1,Yy, T, ), where © = (21,22, 23) . We consider n = 100, 200 and 400 in the
simulation. For each subject j, j =1,...,n, x; = (xjhl'jg,l'jg)—r, and the three
covariates are generated by ;1 = vj1, T2 = vjo+0.22;1 and z;3 = v;3+0.3(zj1+
xj2), with vj; ~ N(0,1), vj2 ~ Bernoulli(0.6) and vj3 ~ Exponential(1). The
true propensity scores TJQ = P(T; = 1| z;) for treatment assignments are given
by

T TJQ = expit(ap + 0.2z;1 + 0.2z, — 0.5z,3), j=1,...,n,

where the value of aq controls the expected proportion of treatment subjects
denoted by t. We consider three scenarios with ¢ = 0.3, 0.5, or 0.7. Under the
scenario ¢ = 0.3, for instance, there are approximately 30% of the subjects in
the sample S belonging to the treatment group. The treatment assignment for
subject j is decided based on the treatment indicator T} ~ Bernoulli(T]Q). The
outcome regression models are specified as

my iflj :4.5+Ij1 72Ij2+31‘j3+a16j

and
mo : YOj :1+’Ij1+$j2+21’j3+a06j s

where €¢; ~ N(0,1), j = 1,...,n. The values of a; and ag are chosen to control
the correlation coefficient p between the linear predictor of ; and the potential
outcomes Y7; and Yp;. We consider three scenarios with p = 0.3, 0.5, or 0.7,
representing weak, mild and strong prediction power of the covariates. For all
three scenarios, the true ATE is #° = 2.88. The sample dataset is given by
{(CCj,Tj,Y}),j € S}, where Y, =T, + (1- Tj)YOj.

We consider three scenarios for the misspecification of the propensity score
model 7 and the outcome regression models m; and my.

(i) TT: Both the propensity score model and the outcome regression models
are correctly specified.
(ii) TF: The propensity score model is correctly specified, but the two outcome
regression models are misspecified by excluding z3 from the model.
(iii) FT: The outcome regression models are correctly specified, but the propen-
sity score model is misspecified by omitting x3 in the model.

Our simulation studies are conducted for each of the combinations of p, ¢,
n and working models, resulting in a total of 3 x 3 x 3 x 3 = 81 simulation
settings. Tables 1, 2 and 3 present the percentage relative biases (%RB’s) and
the mean squared errors (M SE’s) x100 for the point estimators under different
combinations of the sample size n, the correlation p, and the model specification
scenarios, when the expected treatment proportion ¢ is 0.3, 0.5 and 0.7. Since
the misspecification of the outcome regression models has no impact on élpm
and épEL, their simulation results under the “TF” scenario are identical to the
ones under the “TT” scenario, and hence are not shown.

From the simulation results, we can see that (1) Orpwo and Oprr are exactly
the same, and they perform well when the propensity score model is correctly
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TABLE 1
%RB and MSE(x100) for Point Estimators when t = 0.3
. . p=0.3 p=0.5 p=0.7
n Scenario  Estimator Y RE MSE %RB MSE WRBE MSE
Orpwa 6.9 635.6 -6.2  208.3 5.8 90.5
TT QPEL 6.9 635.6 -6.2  208.3 -5.8 90.5
Oatpwa 14 676.0 -0.8  202.2 -0.5 71.8
Oncp -1.6  686.4 -1.0  204.8 -0.6 72.6
100 TF Oarpwe 84 6245  -7.8 2030 -7.5  87.0
Onicp -9.6  609.6 8.8 195.7 -8.4 82.4
Orpwe -38.2 680.4 -374 299.6 -37.0 1935
FT O}»EL 382 6804 -37.4 299.6 -37.0 193.5
Oarrwa 1.3 665.3 -0.7  199.1 -0.4 70.8
Oncp -1.1 694.9 -0.8  208.6 -0.5 74.1
Orpwe -5.0 334.4 4.0 1187 -3.6 61.7
TT OpeL 5.0 334.4 4.0 1187 -3.6 61.7
Oarpwa 2.1 3271 1.2 98.6 -0.8 35.4
Onicp -1.9 3278 -1.1 98.8 -0.8 35.4
200 - e}pm 5.8 327.8 4.8 114.6 4.3 59.4
Oncp -6.5 323.1 .57 108.1 -5.0 53.1
/- 380 410.1 -37.3 2103 -37.0 154.3
BT O}EL -38.0 410.1 -37.3 210.3 -37.0 154.3
Oarpwo 2.1 3245 1.3 97.8 -0.8 35.1
Oniop 24 3208 -1.5  100.2 -1.0 36.0
Orpwo -3.8  168.8 2.7 58.1 -2.2 27.7
TT oprL -3.8 168.8 2.7 58.1 -2.2 27.7
Oarpwo -2.3  158.0 1.3 47.3 -0.7 16.8
Oncp 2.3 156.8 1.2 46.9 -0.7 16.7
400 TF QAIPWZ 4.1  166.3 -3.0 56.6 2.5 26.6
Omcop 44  164.8 -3.3 55.7 -2.8 25.7
Orpw2 -38.2 2621 -374 1615 -36.9 132.7
FT QPEL -38.2 2621 -374 1615 -36.9 132.7
Oatpwa -1.9 1534 1.1 45.9 -0.6 16.3
Oncp -1.9 1579 -1.1 47.3 -0.6 16.8

specified (“TT”); although the approximately —6% RB is slightly large in the
case of (n,t) = (100,0.3), this might be due to the small sample size in the
treatment group; there are noticeable biases when the propensity score model is
not correctly specified (“FT”), reveahng the failure of the two estimators in this
scenario; (2) the performances of 9A1pw2 and GMCP are similar as expected, and
they perform well in all of the three model specification scenarios, showing that
they are doubly robust; although the absolute values of the RB’s of 0 510w and
HMCP are over 5% for some “TF” cases, these values are still reasonable because
those of QIPW2 and HPEL are close to or over 5% in the correspondmg “TT” cases
(for example, (n,t) = (100,0.3)) and the consistency of 0 r1pws O Oyop relies on
the propensity score model in “TF” cases; (3) when both models are correctly
specified (“T'T”), the mean squared errors of éAlpwz and éMCP seem to be smaller
than those of élpwz and épEL; and (4) the MSE of each estimator decreases as
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TABLE 2
%RB and MSE(x100) for Point Estimators when t = 0.5
. . p=0.3 p=0.5 p=0.7
n Scenario  Estimator Y RE MSE %RB MSE WRBE MSE
Orpwa 0.1 483.9 S1.1 164.5 1.7 75.0
TT fpe 0.1 4839  -1.1 1645  -1.7  75.0
Oarpwo 2.2 459.0 1.2 139.2 0.7 50.7
Ovicr 22 4537 1.2 1376 0.7 50.2
100 TF QAIpwz -0.8 4745 2.0 156.3 -2.6 67.2
NS -1.3 4618 2.5 1479 -3.0 60.4
Orpwo 347 513.7 -36.2 2456 -37.0 174.2
FT fpr 2347 5137 -36.2 2456 -37.0 1742
Oarrwa 2.7 4513 1.5  136.7 0.8 49.8
Oncp 2.2 451.0 1.2 136.5 0.7 49.6
Orpwo 0.6 2264 0.7 72.0 1.3 29.6
TT OpeL 0.6 2264 -0.7 72.0 1.3 29.6
Oarpwa 2.7 224.2 1.4 67.6 0.7 24.4
Onicr 2.7 2241 1.3 67.5 0.7 24.4
200 TF G:AIPWQ 02 224.9 1.1 71.2 1.7 29.2
Onicr 0.1 2241 1.3 70.7 1.9 28.7
/- -35.8  326.1 -37.2 188.2 -37.9 152.2
BT QPEL -35.8 326.1 -37.2 1882 -37.9 152.2
Oarpwa 2.6 2219 1.3 66.9 0.7 24.1
Oniop 2.5 2228 1.2 67.1 0.6 24.2
Orpwe 1.3 1225 1.1 38.3 -1.0 15.3
TT QPEL -1.3 12255 -1.1 38.3 -1.0 15.3
— S04 1222 -0.2 37.0 0.1 13.4
Onicp 04 1215 -0.2 36.8 -0.1 13.3
400 TF 9:A1Pw2 1.6 1226 14 38.4 1.3 15.3
O 17 1224 1.5 38.3 1.4 15.2
Orpw2 378 2348 -37.6 1559 -37.5 133.9
FT QPEL -37.8 2348 -37.6 1559 -37.5 133.9
Oarpwe -0.5 119.4 -0.3 36.2 -0.2 13.1
Onicp 0.5 119.6 -0.3 36.3 0.2 13.2

n increases.

The percentage coverage probabilities (%CP’s) and average lengths (AL’s)
x100 of the 95% confidence intervals under different settings are reported in
Tables 4, 5 and 6 for t = 0.3, t = 0.5 and ¢ = 0.7, respectively. Since Z;pw. and
TopLr do not rely on the outcome regression models, their simulation results in
“TT” and “TF” are identical and are only presented for the scenario “TT”. The
results show that (1) when both models are correctly specified (“T'T”), none of
these methods fails; (2) all methods work well if the outcome regression models
are misspecified but the propensity score model is correctly specified (“TF”); (3)
the two confidence intervals Z;pw, and Zpy, are not reliable when the propensity
score model is misspecified (“FT”), as the corresponding point estimators are
not valid in this scenario; (4) confidence intervals Zaipwa, Zarpwen, Zuce and
Tucrs seem to perform well in all three model specification scenarios, meaning
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TABLE 3
%RB and MSE(x100) for Point Estimators when t = 0.7
. . p=0.3 p=0.5 p=0.7
n Scenario  Estimator Y RE MSE %RB MSE WRBE MSE
Orpwa -1.4  544.9 -1.3  168.0 -1.3 64.2
T QPEL -1.4  544.9 -1.3  168.0 -1.3 64.2
Oatpwa -0.6  545.9 -0.3  164.7 -0.2 59.4
Oncp -0.6 546.3 -0.3  164.6 -0.2 59.3
100 TF QAIpwz 2.6 543.1 25  165.7 2.4 61.9
Onicp -2.7  543.0 -2.6  165.7 -2.6 61.9
Orpwe -40.9 648.6 -40.8 3122 -40.8 219.5
FT QPEL -40.9 648.6 -40.8 3122 -40.8 2195
Oarpwa -0.8 5315 -0.4  160.4 -0.3 57.9
Oncp -0.7  540.2 202 162.2 -0.1 58.3
Orpwe 0.7 259.3 -0.2 78.5 -0.6 29.1
TT QPEL 0.7 259.3 -0.2 78.5 -0.6 29.1
Oarpwa 1.6 256.9 0.8 76.5 0.3 27.1
Onicr 1.7 256.5 0.8 76.4 0.4 27.0
200 TF Q:AIPWQ 0.0 257.8 -0.9 77.9 -1.3 28.6
Oncp 0.0 2575 -0.9 77.8 -1.3 28.5
/- -39.7 383.8 -40.7 226.0 -41.2 183.0
FT QPEL -39.7 383.8 -40.7 226.0 -41.2 183.0
Oarpwo 1.5 251.3 0.7 74.8 0.3 26.5
Oniop 1.4  251.7 0.7 74.9 0.3 26.5
Orpwo 2.3 129.2 1.2 40.3 0.6 15.8
TT QPEL 2.3 129.2 1.2 40.3 0.6 15.8
Oarpwe 2.6 126.1 1.4 38.0 0.8 13.7
Oncp 2.6 125.8 1.4 37.9 0.8 13.6
400 TF 9:A1Pw2 2.1 1285 0.9 39.9 0.3 15.4
Omcp 2.0 128.2 0.9 39.7 0.3 15.3
Orpw2 -385 2453  -39.6 171.6 -40.1 152.9
FT QPEL -38.5 2453 -39.6 171.6 -40.1  152.9
Oatpwa 25 122.8 1.4 37.0 0.8 13.3
Oncp 25 124.0 1.3 37.3 0.8 13.4

that they are doubly robust to the misspecification of either the propensity score
model or the outcome regression models; (5) the intervals Z,ipwops and Zycees
are usually wider than the other two with higher coverage probabilities, which
is an advantage of the bootstrap-calibrated methods in some settings (such as
(t,n) = (0.3,200)) where the coverage probabilities of the other two are close
to 92%, slightly low compared to the nominal level of 95%; (6) between the two
bootstrap-calibrated methods, Zy;cpp is usually wider than Z,pw.p with higher
coverage probabilities; (7) when the sample size is small, for scenario “TT”, as
p increases, the coverage probability of Z,cp reaches to the nominal level of
95% faster than Z,,pw,; for example, when p = 0.7 and (n,t) = (100,0.3), the
coverage probability of Zycp is 95.2%, while that of Zsipw. is 92.7%; however, in
other scenarios (“TF” and “FT”), this advantage disappears; (8) all confidence
intervals based on doubly robust methods are similar to each other and perform
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well when n is large and get narrower as n increases.

5.2. Hypothesis tests

The basic hypothesis test problem in causal inference is to test whether there is a
treatment effect, i.e., to test Hy : @ = 0 versus Hy : 6 # 0. The power of a test (at
the 0.05 level) can be computed through the rejection rate of the corresponding
95% confidence interval not containing zero over repeated samples. Specifically,
for a test method corresponding to a confidence interval Z, we have

Nsim

3 I(o ¢I<S>) .

Nsim 1

Rejection Rate =

We consider four test methods based on the confidence intervals Zapw2, Zapwos,
Tucr and Zycpg, respectively. When the true value of 6 equals zero, the rejection
rate is an approximation to the type I error probability; otherwise, the rejection
rate is an approximation to the power of the test for a given value of the true
ATE, 6°.

The sample data are generated following the same setup in Section 5.1, except
that the two outcome regression models are modified as

my : Yij 290—|—4.5—|—$j1 —sz2+3xj3+a16j

and
mo: Yo; = 3.88 + x51 + x50 + 2253 + aoe;

where 69 is the assigned value of the true ATE. The setting allows 6° to vary
from 0 to 3 to show the pattern of the power function of the test.

Figure 1 depicts the power functions of tests for different sample sizes and
model specifications with ¢ = 0.5 and p = 0.5. For n = 100, it is clear that the
two curves for the bootstrap-calibrated confidence intervals are below the other
two, implying that they have smaller type I error probabilities and test powers,
though there is not much difference between all four curves. If the sample size
increases, the four curves get closer and become indistinguishable when n = 400.
The test powers of the four methods all go up as §° departs from 0 for all the
cases, meaning that they are working well; especially when n = 400, the test
powers increase to 1 rapidly. The test using Z,pw- seems to have larger powers
than others in many cases. However, a further examination reveals that it also
has inflated type I error probabilities in some cases, as shown in Figure 2.

5.3. Multiply robust estimators

One of the advantages of the constrained optimization formulation is the flexi-
bility of including additional constraints. For general doubly robust estimation,
a working model is required for propensity scores and for the outcome regres-
sion. When a set of feasible working models can be considered for the propensity
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TABLE 4
%CP and AL(x100) for 95% Confidence Intervals when t = 0.3
. . p=20.3 p=20.5 p=0.7
n Scenario  Estimator TP AL TCP AL T%CP AL
Tipwa 93.4 916.6 93.6 518.2 924 331.2
TreLR 93.9 926.0 93.7 522.6 92.7 3333
TT Tarpwe 92.1 938.2 92.4 514.0 92.7 307.5
ZarpwaB 95.5 1109.7 96.1 607.0 96.2  361.5
Iyvice 93.0 974.7 93.5 570.8 95.2  386.5
InicrB 97.0 1241.0 96.9 6774 97.2  404.0
Tapwe 93.7 915.8 93.0 515.2 92.1 325.8
100 TF TatpwoB 95.8 1005.1 95.8 568.5 94.7  365.0
Iyvicep 93.6 933.0 92.6 529.1 91.4  340.0
InicrB 96.4 1066.8 96.2 607.2 95.3 396.4
Lipwe 91.1 902.0 85.8 516.3 75.5 340.3
IrELR 91.5 910.7 86.1 521.3 75.2  343.8
FT Tarpwe 92.4 950.3 93.0 520.6 92,9 311.2
TatpwaB 95.5 1098.2 95.5  600.8 95.5 357.9
Iyvice 90.9 895.6 90.5 493.7 92.2 301.1
IncpB 96.9 1249.6 96.8  683.2 97.0 407.3
Tipwa 91.6 664.2 92.0 378.1 90.9 2439
TreLR 91.6 668.3 92.1  380.3 91.1 245.2
TT Tarpwe 91.9 667.2 92.0 365.5 91.9 2185
Zarpwan 93.8 714.8 93.8 391.3 94.0 233.5
Iyvcep 91.6 693.8 92.4 4028 94.6 269.4
Iycprs 94.7 750.1 94.4 411.0 94.7 2449
Tarpwe 91.6 662.5 91.7 376.0 89.5 241.1
200 TF Tarpwen 93.0 697.9 92.8 400.6 91.9 262.9
Iyvicep 91.8 680.4 91.5 387.0 89.3  250.2
IncrB 93.9 713.9 93.3 410.1 92.9 273.0
Tipwa 89.2 647.2 78.3 370.1 60.4 243.6
TreLR 89.3 650.9 78.4 3722 60.7  245.0
FT Tarpwe 92.2 670.4 92.4  367.2 92,5 219.5
Tarpwen 93.7 707.5 934 3873 94.0 231.2
Invice 91.2 644.7 91.3 355.2 91.8 214.9
IncpB 94.7 755.2 95.1 414.3 95.2  246.8
Tipwa 94.0 478.8 93.9 2723 93.3 176.1
IprLR 94.1 480.4 93.9 2732 93.3 176.7
TT Tatpwe 94.0 473.2 94.3  259.2 944 155.0
Zarpwan 95.3 488.9 95.3  267.7 95.2  159.9
Tnvce 94.2 481.6 94.8 276.3 95.9 180.7
Iyvicrs 95.3 499.0 96.2 273.1 95.7 163.1
Tarpwe 94.0 477.3 94.3  270.5 93.3 174.0
400 TF ZarpwaB 94.5 491.6 95.0 281.9 945 185.4
Tnvcp 94.2 479.5 94.1 2729 93.0 176.5
Invcrs 95.4 498.0 95.3  285.7 94.7 188.5
Tipwa 83.8 457.4 62.6  261.7 314 1723
TreLR 84.0 458.7 62.6 262.4 31.7 1729
FT Tarpwe 94.1 473.4 93.8 259.3 94.3 155.0
TatpwoB 95.0 483.4 94.9 264.8 94.8 158.2
Iyce 92.8 457.0 934 251.6 94.0 151.8
InvcrB 95.2 502.6 95.3 275.2 95.3 164.1
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TABLE 5
%CP and AL(x100) for 95% Confidence Intervals when t = 0.5
. . p=20.3 p=0.5 p=0.7
n Scenario  Estimator ZOP AL %CP AL %CP AT
Tipwa 94.0 819.8 93.5 459.9 93.6  288.5
TreLR 94.2 827.1 93.7  463.2 93.6  289.6
TT Tatpwe 93.6  822.0 93.7 451.0 93.4 270.7
TatpwoB 95.5 873.4 95.0 478.8 95.2  286.8
Tyvcep 94.4 8432 95.0 479.4 95.8 311.8
IyvicprB 96.9 927.8 96.7 508.7 96.3 304.9
Tatpwe 94.2 818.8 93.5  458.0 93.4 285.6
100 TF Tatpwon 94.7  860.6 95.0 484.4 95.0 307.3
Iyvice 94.4  828.7 93.7 463.6 93.4  290.2
InvcprB 96.2  894.6 96.4 504.0 95.9 321.3
Tipwa 92.9 811.2 86.5 468.1 73.4 3134
IrELR 92,9 818.0 86.8 471.9 73.6  316.1
FT Tatpwe 94.5  821.7 94.2  450.8 94.0 270.6
TatpwoB 95.7  862.9 95.3 473.1 95.5 283.5
Tyvice 93.4 804.9 93.8 4424 93.5  266.8
InvcprB 97.0 924.7 96.6  508.0 96.6  304.5
Tipwa 94.8 5834 94.8  326.2 94.2  204.0
TreLR 95.2  586.1 95.2  327.6 94.4  204.9
TT Tarpwe 95.2 5814 95.5 319.1 95.5 191.7
Tarpwan 95.9 598.8 96.1  328.5 96.0 197.2
Invcp 95.5 587.6 95.6 3314 96.2 211.0
Iyvicprs 96.6 614.5 97.0 337.2 96.4  202.2
Tarpwe 94.6  582.3 94.7 3252 94.1  203.0
200 TF Zarpwen 95.4  599.7 95.3 338.4 95.0 215.6
TIyvice 94.8  584.7 94.5  326.7 93.8 204.3
IyvcprB 95.8 610.4 95.9 344.0 95.5 219.3
Tipwa 88.8 575.6 76.6  332.2 51.4 2224
TreLR 88.7 578.2 76.8  333.7 52.0 223.5
FT Tarpwe 95.9 581.6 95.6 319.2 95.7 191.7
Tatpwon 96.4 593.3 96.8  325.5 96.4 195.4
TIyvicep 95.1 5717 94.8 3144 95.2 189.3
Imces 96.8 614.8 96.8 337.3 96.5  202.2
Tipwa 92.9 413.0 92.5 230.8 925 1446
IpELR 93.0 414.0 92.7 2313 92.5 1449
TT Tarpwe 92.7  410.9 92.7 2255 92.7 1354
Zarpwan 93.4 416.3 93.0 2284 93.0 137.1
Tvice 929 4124 93.2 2294 93.5 142.2
IyvicrB 93.8 4225 93.7  232.0 93.2 139.2
Tarpwa 93.1 4129 92.7  230.5 92.6 144.1
400 TF TatpwaB 93.4 418.7 93.1 235.5 93.2 149.4
Invcep 92.8 4135 92.6 2309 92.4 1445
Invicrs 93.6  423.7 93.5 238.2 93.3 151.2
Tipwa 81.5 407.5 54.9 2353 23.9 157.8
TreLR 81.6  408.5 54.9  235.9 23.9 158.2
FT Tatpwa 93.1 410.3 93.4 2252 93.1 135.2
Tatpwon 93.5 413.7 93.5 227.0 93.2 136.3
Tvcp 92.4 404.5 92.5 2224 92.5 1338

Iuces 93.9 4227 93.7 2319 93.3 139.2
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TABLE 6

. . p=20.3 p=0.5 p=0.7
n Scenario Estimator TCP AL TOP AL OP AL
Tipwa 93.2 8525 93.7 4749 93.4 294.8
TpELR 93.6 860.7 93.9 479.1 93.4 297.2
s Zatpwa 92.9 847.8 92.8 465.1 93.3 279.0
ZatpwaB 94.8 917.3 94.9 502.8 94.9 300.9
Iyvce 92.8 864.9 93.6 485.8 94.7 307.1
Iyices 96.1 979.7 96.1 536.7 96.1 321.0
Zatpwa 93.0 849.1 93.6 471.0 93.6 289.7
100 TF ZatPwaB 94.8 913.1 95.1 5104 95.5 319.6
Tyace 93.2 838.7 93.6 4784 93.7 296.8
IyiceB 96.2 9594 95.4 535.8 96.2 3359
Lipw2 90.1 851.4 83.0 498.7 71.9  342.7
IpELR 90.3 859.5 83.6 503.5 72.5 346.3
FT Tatpwa 93.7 851.5 93.7 467.1 93.9  280.2
Tatpwan 94.7 907.6 95.0 497.5 95.3 297.8
TIace 93.2 838.1 93.5 464.7 94.3 285.6
IyiceB 95.8 9779 96.0 535.8 96.2  320.5
Tipwa 94.0 6109 95.4 338.3 94.7 207.5
IPELR 94.2 614.1 95.4 3399 94.6  208.5
T Zatpwa 93.7 608.7 94.1 333.8 94.2  200.2
Zatpwas 94.7  626.6 94.9 3435 95.0 205.8
Invce 93.7 613.3 94.5 339.8 95.1 208.7
Iyices 95.3 645.3 95.3 353.8 95.6 212.0
Zatpwa 93.8 609.4 94.9 3364 94.8 204.9
200 TF Tatpwan 95.2  627.5 95.6 3484 95.5 2149
Iyvcep 94.5 612.7 95.0 338.6 94.8 207.0
IyiceB 95.5 642.5 96.1 356.3 96.1 219.7
Tipwa 88.7 608.9 75.3  356.7 52.9 245.1
TrELR 88.9 612.0 75.4  358.6 53.3  246.6
FT Zatpwa 94.3 608.0 94.6 3334 94.9 1999
Tatpwan 95.3 622.1 95.1 341.1 95.4 204.4
Iyvce 94.0 599.7 94.3 331.3 95.2  201.7
IyiceB 95.4 644.3 95.6 353.1 96.0 211.5
Tipwa 94.5 434.7 94.8 241.0 94.4  148.0
ZpeLR 94.5 4359 94.8 241.6 94.4 148.4
T Zatpwa 94.2  432.3 94.4 237.1 94.1 142.1
Zatpwas 94.7  437.6 94.6  239.9 94.5 1438
Iyvcp 94.4 436.2 94.7  241.8 94.6  148.1
IymcprB 95.0 444.7 95.1 2439 95.0 146.2
Zatpwa 94.4  434.2 94.5  240.3 94.4  146.9
400 TF ZatPwaB 94.9  440.1 94.9 2447 94.6 151.0
Iyvce 94.5 435.6 94.7 241.2 94.3 147.7
Iyices 95.0 446.2 95.2  247.7 95.6 152.8
Tipwa 82.8 431.1 55.9 2524 247 1734
IPELR 82.9 432.3 56.0 253.1 25.2 1739
FT Zatpwa 94.6 4309 94.7 236.3 94.5 141.7
Tatpwan 94.6  434.7 94.7 238.3 94.9 142.8
Iyvcp 94.2  425.7 94.5 234.7 94.7 142.3
Iyices 94.9 444.3 94.9 2433 95.3 145.8
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Fic 1. Power functions of tests when t = 0.5 and p = 0.5

scores and sets of models are available for the outcome regression, the so-called
multiply robust estimators can be constructed by including additional model-
calibration constraints. See Han and Wang (2013) and Zhang et al. (2023) for
further discussions.

Our proposed pseudo-EL approach to causal inference allows the use of mul-
tiple working models for the outcome regression. We demonstrate the procedure
through a simulation study. The sample data are generated following the same
mechanisms described in Section 5.1. Table 7 gives the scenarios for model spec-
ifications.

TABLE 7
Model Specification Scenarios.
Model TTF TFF FTF FFF
PS T T F F

REGRESSION TF FF TF FF

A single working model is used for propensity scores (PS), with the true model
(T) including all three x variables and the misspecified model (F) without having
x3. A set of two working models is used for the outcome regression Y; |  and
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F1G 2. Power functions of tests with (n,t,p) = (100,0.3,0.7) and “T'T”".

a set of two working models is used for the outcome regression Yy | «. The case
for which each set contains one correct model with all three = variables and
one misspecified model by omitting z3 is denoted as TF for “REGRESSION”,
and the case for which each set contains two misspecified regression models, one
by omitting x5 and the other by omitting x3, is represented by FF. It leads
to four scenarios of model specifications for PS and REGRESSION, denoted as
TTF, TFF, FTF, and FFF. The performance of the model-calibrated maximum
PEL estimator is examined in terms of the percent relative bias and mean
square errors and the results are reported in table 8. It can be seen that the
biases are negligible when either the PS model is correctly specified or one of
working regression models is correctly specified. When all three sets of models
are misspecified, the biases become bigger but are still quite acceptable in most
cases.

6. A real data example

We now apply the methods discussed in this paper to examine the average
treatment effect of maternal smoking during pregnancy on infants’ birth weight
using a dataset initially investigated by Almond et al. (2005) and subsequently
analyzed by Cattaneo (2010), Liu et al. (2018), and Ghosh et al. (2021). The
data comprises detailed observations on 4642 infants in Pennsylvania, USA,
capturing various maternal and family background factors that could influence



PEL methods for causal inference 113

TABLE 8
%RB and MSE(x100) for Model-Calibrated PEL Estimator.

t n Scenario p=03 p=05 p=01
%RB MSE %RB MSE %RB MSFE
TTF -1.8  694.6 -1.0  206.7 -0.6 72.9
100 TFF -3.1  670.2 -2.8 2004 -2.5 70.6
FTF -1.7 7284 -1.0 2173 -0.7 76.9
FFF -6.0 682.8 -6.0  209.2 -5.6 76.0
TTF -2.4  340.6 -1.3  100.3 -1.0 36.3
0.3 200 TFF -3.4 3345 -2.4 99.5 -2.0 36.4
FTF -2.4  354.7 -1.5  106.9 -1.0 38.3
FFF -7.0 342.1 -5.8 108.1 -5.3 40.9
TTF -2.3 156.3 -1.2 46.7 -0.7 16.6
400 TFF -2.9 156.3 -1.8 46.9 -1.3 16.8
FTF -2.2 1645 -1.2 49.1 -0.7 17.4
FFF -6.5 164.6 -5.2 51.2 -4.5 19.2
TTF 2.1 455.5 1.2 138.2 0.7 50.4
100 TFF 1.4 450.7 0.5 137.5 0.0 50.6
FTF 2.1 458.2 1.2 139.0 0.7 50.7
FFF -2.9 447.4 -3.0 139.0 -3.1 52.4
TTF 2.7 224.6 1.4 67.7 0.7 24.5
05 200 TFF 2.2 224.6 0.8 67.8 0.2 24.5
FTF 2.8  228.6 1.4 69.0 0.7 24.9
FFF -1.9 227.4 -2.8 70.1 -3.1 25.8
TTF -0.4 121.5 -0.2 36.8 -0.1 13.4
400 TFF -0.6 121.6 -0.5 36.9 -0.4 13.4
FTF -0.4 123.1 -0.2 37.3 -0.1 13.5
FFF -4.2 124.1 -3.6 38.3 -3.4 14.5
TTF -0.8  549.2 -0.5  165.7 -0.3 59.7
100 TFF -1.3  545.8 -0.9  165.3 -0.8 59.7
FTF -0.8  547.7 -0.5  165.3 -0.3 59.6
FFF -5.5  551.2 -4.4  170.3 -3.7 62.3
TTF 1.7 256.9 0.8 76.4 0.3 27.0
0.7 200 TFF 1.2 256.8 0.4 76.5 0.0 27.2
FTF 1.5 257.1 0.7 76.3 0.3 27.0
FFF -3.6  255.7 -3.3 78.3 -3.1 28.4
TTF 2.6 125.8 1.4 37.9 0.8 13.6
400 TFF 2.5 125.9 1.3 38.0 0.7 13.7
FTF 2.6 126.2 1.4 38.0 0.8 13.7
FFF -1.4 127.1 -1.8 38.8 -2.1 14.3

birth weights. Key variables include the infant’s birth weight (in grams), an
indicator for low birth-weight babies (defined as birth weight < 2500g), and
the maternal smoking status (1=Smoking, 0=Non-smoking). Additionally, the
data encompasses an array of covariates, such as mother’s age, mother’s marital
status, indicators for alcohol consumption during pregnancy and previous infant
mortality, as well as mother’s education, father’s education, number of prenatal
care visits, mother’s race, an indicator for the first-born child, and the months
elapsed since the last birth. We designate the maternal smoking status as the
treatment variable (T') and consider two types of outcomes: the infant’s birth
weight (continuous) and the indicator for low birth-weight babies (binary).

We consider the same propensity score and outcome regression models as in
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Almond et al. (2005) where they revealed a strong negative impact of mater-
nal smoking on infant birth weight, after controlling for other characteristics
using propensity score subclassification and regression-adjusted methods. Ta-
ble 9 reports the estimates of ATE when birth weight is the dependent variable,
various approaches are considered including using difference in sample means
(NAIVE), inverse probability weighting (IPW2 and AIPW2), and our proposed
pseudo empirical likelihood methods (PEL and MCP). Wald-type and PEL ratio
confidence intervals are reported for the IPW and PEL estimators respectively.
Our findings align with the results in Almond et al. (2005). Ignoring the con-
founding factors inflates the impact of maternal smoking. The values of IPW2
and PEL estimators are identical as expected, indicating that maternal smoking
reduces infant birth weight by approximately 235 grams. ATPW2 and the pro-
posed MCP estimator are both doubly robust, their values are approximately
equal indicating a slightly smaller reduction of 232 grams in birth weight due
to maternal smoking, while MCP has a narrower 95% confidence interval. The
bootstrap method yields wider confidence intervals in general.

TABLE 9
Estimated ATEs of maternal smoking on birth weight with confidence intervals.
Estimator  Estimate 95% CI Bootstrap 95% CI
NAIVE -275.25 - -
IPW2 -235.42 (-287.25, -183.58) -
PEL -235.42 (-287.35, -183.48) -
AIPW2  -231.96  (-285.89,-178.02)  (-288.57, -175.34)
MCP -231.63 (-281.28, -181.97)  (-285.17, -178.07)

Table 10 is analogous to Table 9, but substitutes a binary indicator for birth
weight below 2500 grams as the dependent variable. The ATE in this case,
EY1) — E(Yy) = P(Y1 =1) — P(Yy = 1), is the difference in risks of low birth-
weight. The results suggest that maternal smoking causes a significantly higher
chance of having a low birth-weight baby. The increase in risk is estimated to
be 5% based on IPW2 and PEL, and it is a bit higher as 5.7-5.8% according to
the two doubly robust estimators while MCP again has a narrower confidence
interval.

TABLE 10
Estimated ATEs of maternal smoking on low birth-weight baby with confidence intervals.
Estimator  Estimate 95% CI Bootstrap 95% CI
NAIVE 0.061 - -
IPW2 0.050 (0.024, 0.076) -
PEL 0.050 (0.024, 0.077) -
AIPW2 0.057 (0.029, 0.086) (0.028, 0.087)
MCP 0.058 (0.032, 0.084) (0.026, 0.090)

7. Additional remarks

Estimation methods discussed in this paper rely on the validity of the assump-
tions A1l and A2. The most essential one, the SITA assumption A1, however,
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is not testable with the given sample data. A general guideline for practical
use of the estimation methods is to include potential predictors for both the
treatment assignment mechanism and the outcome variables during the data
collection process. Moreover, Brookhart et al. (2006) demonstrated that incor-
porating outcome-related variables into the propensity score model can improve
the efficiency of estimation while avoiding additional biases. The failure of the
positivity assumption A2 means certain subjects will have no chance to be in-
cluded in the treatment group, a scenario similar to the under-coverage problem
in survey sampling where some subjects have no chance to be included in the
sample. Under-coverage problems are seemingly simple but notoriously diffi-
cult to address in survey sampling. They require additional information on the
unknown population.

The simulation results seem to suggest that none of the methods uniformly
outperforms the others for all scenarios. Our proposed PEL methods, however,
have two major advantages. First, the maximum PEL estimators are obtained
through a constrained maximization procedure, which allows the use of any
suitable auxiliary information through the inclusion of additional constraints.
When the target population is a well-defined finite population, auxiliary in-
formation may be available from census data in forms of known population
counts or from reliable external sources such as existing large scale surveys.
Calibration equations can readily be used to incorporate such information; see
Chapters 6 and 8 of Wu and Thompson (2020) for further detail. Calibration
with known population controls is also an effective strategy for dealing with
undercoverage problems (Chen et al., 2023). Another direction of including ad-
ditional constraints is to construct multiply robust estimators of the ATE by
incorporating multiple working models (Han and Wang, 2013). This was briefly
explored in simulation studies presented in Section 5.3, where multiple working
regression models were used for model-calibration. The simulation results show
that the model-calibrated PEL estimator is consistent if either the PS model
or one of the working regression models for each of the potential outcomes is
correctly specified. The simulated biases are acceptably small even if all models
are misspecified. The concept of multiple robustness is very useful when one is
uncertain about choices of regression models, for instance, whether certain in-
teraction terms should be included in the model. All plausible models can then
be considered.

Second, the PEL ratio confidence intervals are range-respecting and transfor-
mation invariant, which is an attractive feature for scenarios where, for instance,
the true value of the ATE is confined within a particular range such as [—1, 1].
This is the case in the real data example presented in Section 6 where the out-
come of interest is the binary indicator for low birth-weight, the ATE is the dif-
ference in risk and is confined within the range of [—1, 1]. The range-respecting
property of our proposed PEL ratio confidence intervals becomes appealing.
PEL ratio confidence intervals under the multiple robustness framework is a
topic of interest for future investigations.
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8. Appendix
8.1. Regularity conditions

Let mq (x, B,) and mq(x, B,) be respectively the mean functions of the outcome
regression models for Y7 and Y[ given the covariate vector . The probability
limit of the estimator Bl for the vector of model parameters 8, under the as-
sumed working model using the observed sample data is denoted as 8] for
i=1,0.

R1 The treatment indicator T satisfies E(T) =t € (0, 1).

R2 The population satisfies E(Y{?) < oo, E(Y#) < oo, and E(]|z|]?) < oo,
where || - || denotes the l3-norm.

R3 The population and the mean functions satisfy E{m?(z, 87)} < oo and
E{m{(z, B5)} < co.

R4 For each x, Im;(x, 8;)/08,; is continuous in B; and ||0m;(x, B;)/0B;|] <
hi(x,B;) for B, in the neighborhood of B, and E{h;(x,8])} < oo, for
i=0,1.

R5 For cach x, 9*m;(x, B,)/08,;08, is continuous in B; and max; ; |0%m;(z,
B:)/0B;;0B,| < ki(x,B;) for B; in the neighborhood of B}, and E{k;(z,

B7)} < oo, for i = 0,1, where | - | denotes the absolute value.
R6 There exist ¢; and ¢y such that 0 < ¢; < TJQ < ¢ < 1 for all units j,
where T]Q = 7(x;; a') is the propensity score under the true propensity

score model and «? is the true value for the vector of propensity score
model parameters a.

Condition R1 is commonly used in practice. Note that the sample size of the
treatment group n1 = > 5T and then, ni/n = 3, 5 T;/n, where n is the
sample size. Under condition R1, we have ny/n converges to t € (0,1). Thus,
there are no essential differences among Op(nl_l/2), Op(no_l/Q) and O,(n~1/2).
Conditions R2 and R3 are the typical finite moment conditions. If the outcome
regression models are linear, then E(||z||?) < co from R2 implies R3. As stated
in Lemma 11.2 of Owen (2001), if Y3,...,Y,, are independent and identically
distributed as the random variable Y, and E(Y?) < oo, then maxj<;<n |V;| =
op(y/n). Conditions R2 and R3 play an important role in establishing the
Op(n_l/ 2) order of the Lagrange multiplier for the constrained maximization
problems. Conditions R4 and R5 are the usual smoothness and boundedness
conditions (Wu and Sitter, 2001; Chen et al., 2020). They are automatically sat-
isfied under linear outcome regression models. Condition R6 states that each
unit in the initial sample has a non-trivia probability of being assigned to either
the treatment group or the control group.

8.2. Sandwich variance estimators for IPW estimators

Let ¥ = (1,0, ") 7. The combination of estimators ¥ = (fi1, 0, dT)T, where
& is the vector of estimators for the coefficients in the logistic regression model
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for propensity scores, is the solution to the estimating equations system

Lo T; (Y1] K1) + A *TJ .
—— (1- T)(Yo (ul 0)) 7;=T; —— U (P) =
ng ] _|_A J T; nz j(

—T; .
wa (Ty — ;) ies

where 7; = 7(z;;00) = {1+ exp(:ichOL)}_1 exp(:ijTa), as specified by logistic
regression models. The Hajek-type IPW estimators iy = fi1pw. and 0 = éIPm
are obtained when setting A = (A1,Aq) = (0,0) in the estimating equations
system. Similarly, the IPW estimators fi; = [i11pw, and 0= 91pw1 can be derived
by choosing A = (A1, Ag) = (u1, 41 — ). This formulation is similar to the one
used for proving Theorem 1 in Chen et al. (2020). Let ¥° = (19, 6% {a®}")T
denote the vector of true values. Under the SITA assumption Al and the as-
sumed propensity score model, we have E(U(¥°)) = 0 when A = (0,0) or
A = (u1,p1 — 0). It follows that the estimator W is an m-estimator. Hence,
VRN (component-wise) under the regularity conditions R2 and R6. There-
fore, both types of IPW estimators are valid when the propensity score model is
correctly specified. We have U(®) = 0 and ¥ = ¥ 4 0,,(1) (component-wise).

Under the regularity conditions R2 and R6 and the fact that E(U(®°)) =
we have U(®°) = O,(n~1/2). Taking the Taylor expansion to U(¥) at ¥ = ®°
yields

@ - w0 =~ [H(90)] U (2°) 40, (n72) =~ [E{H(2°)}] U () +0, (n/?),

where H(®) = dU(®)/0®. Tt follows that ¥ — ¥ = O, (n"/2). Also, the
theoretical asymptotic variance of ¥ takes the sandwich form of

Var () = [B{H ()] Var {U (#)} [B{H (9)}]
where Var{U(¥°)} = n~!E{U;(¥°)U; (¥°)} and U;(¥) is defined as part
of U(P) at the beginning of this section. This implies that the variances of

the IPW estimators 6,5y, and GAIPWQ can be estimated by the second diagonal
element of the corresponding sandwich variance estimator given by

() = {m ()} 3w () (9) {7 (8))
j=1
where var(-) denotes a variance estimator.

8.3. Proof of Proposition 1

Proof. Let ¥ = (ul,ﬁ,ml,mo,aT,,B1T7ﬂg)T, where m; and mo are two addi-

tional nuisance parameters. The estimator ¥ = (/~L1,9 1, Mo, & ,,81 ,60 )T
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the solution to the set estimating equations

(Yl_] —my; +my — ) + AlT —7;

(YOa—moj +mo—(ﬂ1—9))+A t

1-7; 7' —Tj
1< my; — My 1
;Z moj—ﬁlo :EZU7(‘I’ =
(I 7)) ses

T; (YM mj)a;
(1 =T5)(Yo; — mo;)®;
(8.1)
Without loss of generality, we assume that the outcome regression models are
linear. The arguments work for nonlinear outcome regression models.

The estimators i1 = fi1apw. and 0 = 9AIPW2 are obtained by setting A =
(A1,A¢) = (0,0). Similarly, the estimators i1 = fijapw: and 0 = 9A1PW1 can
be derived by choosing A = (Ay,Ap) = (1 — My, 1 — 0 — myg). Again, the
formulation of (8.1) is similar to the one used for proving Theorem 1 in Chen
et al. (2020).

Under the current framework, we have & — a* = O,(n~'/2) for some value
a* regardless of the correct specification of the propensity score model (White,
1982). Similarly, it is assumed that the estimator Bz for B, satisfies BZ - B =
Op(nfl/ 2) for some value B regardless of the true outcome regression model,
for i = 0,1. Let p9 and #° denote the true values of y; and 0. Let ®° =
(19, 6°, E(mlj) E(mSj)7

*T,BTT,[BST) . We have E(U(®")) = 0 if either of the propensity score
model and the set of outcome regression models is correctly specified. The es-
timator ¥ is an m-estimator (Tsiatis, 2006) and éAIPWl and GAAIPWQ are doubly
robust.

It follows that we have U(¥) = 0 and ¥ = ®° 4 0,(1) (component-wise)
under the regularity conditions R2-R3 and R6 when one of the two sets of
models is correctly specified.

By the central limit theorem and under regularity conditions R2-R3 and
R6, the result E(U(¥Y)) = 0 leads to U(¥") = O,(n"'/?). Given that one
of the two sets of models is correctly specified, taking the Taylor expansion of
U(P) at & = ¥ yields

v = - [’ (‘IIO)]_I U (‘I’O) +op (”71/2) =—[E{H (‘I’O)}]_l U (‘I’O) +op (’rfl/2) ,

where H(®) = QU (®)/0®. The expansion leads to ¥ — ®° = O, (n~'/2). The
theoretical asymptotic variance of ¥ takes the sandwich form of

Var () = [B{H ()] Var {U (#)} [B{H ()}]

where Var{U(®%)} = n~! E{Uj(\IlO)UjT(\IIO)}. Consequently, the variances of

the augmented TPW estimators éAIPWl and éAlpwz can be estimated by the sec-
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ond diagonal element of the corresponding sandwich variance estimator

s () = {1 ()} G 2w (#) 07 () {7 ()

where var(-) denotes a variance estimator. Note that the aforementioned vari-
ance estimator for the augmented IPW éAIPWl or éAIPWQ is doubly robust. As
a matter of fact, the sandwich variance estimator is valid even if both sets of
models are misspecified, since we can simply replace (u,6°) in the above proof
with the limit (u7,6*) under misspecified models. O

8.4. Proof of Theorem 1

Proof. Under the regularity condition R1, there is no need to distinguish among
O,(n™12), Op(ny 1/2) and O,(ng ) Following Wu and Yan (2012), the nor-
malization constraint (C1) and the parameter constraint (C2) are equivalent

to )
n;
dowiy pi=1,
=0 j=1
1 n;
Zwizpijuzj =0,

i=0  j=1
where uU;; = Zij -n with le = (1,Y1j/w1)—r, Zoj = (0, —Yvoj/’wo)—l—7 and
n= (wla G)T

Recall that Py (6) = (p11(0), - -+, Pin, (0)) " and po(8) = (Po1(6), -+, Pon, (0)) 7
denote the maximizer of the joint pseudo-empirical likelihood function (3.
subject to the normalization constraints (C1) and the parameter constraint (C2
for a fixed Value of #. Using the Lagrange multiplier method, we have p;;(6) =

ai;/(1+ Al wij) for i = 0,1 and X is the solution to

~_ Gijug
w, S 2t _ ¢ 8.2
Z z_: (1 + )\Tuij) ( )

The above equations can be further rewritten as

1 n; i
. 1 CLU’U,”
;wzj;amu” Z Z 1+AT'U,”))\

Jj=

1)
)

Let U = Zz o Wi ZJ 1 Gijui; = (0, O po —0) ", which is of the order Op(n_1/2)
under the assumed propensity score model if § = 69 + Op(n_l/ 2). We have

Uz

1 n;
QijUij U 1 ~ T
E E > E wj E (i Wi Wis |
(1+ AT L+ [IA[[ max g 4y [Jug | Jr

i=0  j=1
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where || - || denotes the ¢o-norm. The above results imply that

1 n;
. 1
| > > wi Y agugu|| 1A -
L+ [ Mfmag gy fluigl| || = 77

It is known that [|U| = O,(n~'/2), and under the regularity condition R2,
max; ;1 ||| = 0p(n'/?) and || ZLO w; 27:1 dijuiju;rjﬂ = 0,(1). Therefore,
we must have X\ = Og(n_l/z). Since S\Tuij = 0,(1) uniformly for all 4, j, we
have an expansion to A as

—1
1

A= D wiy ajugul | U+op(n /%) =D7U +o,(n'?),
i=0  j=1

1 P . . . X
where D = 37, w; Y 0%, dijuiju; is a 2 x 2 matrix. The expansion to A

is a crucial step to establish the asymptotic expansion to the PEL statistic
—2rpp(0), given below.

1 ng
o T
—2rppL(0) = 2n Zwi Z aijlog (1+ A ;)
=0 j=1

1 n;
: T 1.T a
= 2n2w1 Z&ij <)\ Wij — 5)\ u”ug)\> + Op(l)
=0 j=1

:%(xv;;x&n)+%u) (8.3)

=nU "' D7'U + 0,(1)

. 41 4(12) 0
= TL(O HIP\VQ - 6) <d(21) d(22)> (é\lpv\n . 9) + Op(l)
= nd® (0w, — 0) + 0,(1)

where d(®?) is the (2,2)-th element of D™'. The second equality in (8.3) holds

<T
since A u;; = 0p(1) uniformly over ¢, j. A standard calculation yields that
R -1
d(22) = {92 + 2{ Z a‘le12j + Z anY02j - 91PW29:| - (ﬁlIPWZ + ﬁOIPW2)2} y
j681 jeSO

which converges in probability to
22 -1
dg?) = (2B +Y5) — (1)) — W)’}

under the assumed propensity score model, with § = 6 = 19 — ud.
By using the estimating equation techniques and the Taylor expansion, under
the assumed propensity score model, we get
n 1

X 11 - s .
Buews =00 =~ | 5 (Vij =) = 75 (Yo — ) = (J = G)C™1a5(Ty = 77) | +0p(n~17%),,
= L7 ]
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where 79 = 7(&;; ) is the propensity score under the true propensity score
model with o representing the true value of o, C = — E[T]Q(l - T]Q):ij:i;r ,J =
—E[T;(Y1; — ) (1 = 79)&] /77], and G = E[(1 = T;)(Yo; — pg) (1 — 79) 7).

It follows that, under the regularity conditions R2 and R6, we have

NG (élpm — 90> S N(0,V) as n — oo,

~

where V = n'Var(fpw,) and i> denotes convergence in distribution. By Slutsky’s
theorem, we can conclude that under the assumed propensity score model,

. d
—ZTPEL(HO)/C — X% ,

~

where ¢ = mfén) var(fipw- ). This completes the proof. O

8.5. Proof of Theorem 2

Proof. We first derive an expression for the maximizer p,. The original con-
strained optimization problem is equivalent to maximizing the pseudo-empirical
likelihood function nwi ) ;s @15log(p1;) under the normalization constraint
Zjesl p1; = 1 and the outcome regression model constraint » .. s p1jmhi; =

mq . Under the normalization constraint, we can rewrite the model-calibration
constraint as Zjesl p1jt1; = 0. Let

L(py) =nwy Y dyilog (pry) — A | Y pij— 1| =da | D pujitay |
JESL JESL JES1

where A1 and Ajo are the Lagrange multipliers. Differentiating L(p;) with re-
spect to p1; and setting these equations to be zero leads to

6L(p1)/6p1j = nwldlj/plj — )\11 — Algﬂlj =0. (84)

It follows that nwid; 75\11}31]- fﬁlzﬁljf)lj = 0. By summing over all the subjects
in 81, we get A1 = nw;. Putting this back to (8.4) leads to

nwllej 1 lelgllj C~L1j
— X ~ N — X A - A 5
A1+ Aratly A1n 14+ Aty 1+ Aty

A

P1j

where 3\1 = 5\12/3\11 satisfies the model-calibration constraint Zjesl pi;l1; =0,

ie., R
P R (8.5)
jes 1+ )\1@1]‘

(1) The propensity score model is correctly specified.
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The equation (8.5) can be rewritten as

Z dljﬁlj(l + 5\1’LALU — 5\1’&1]‘)

— =0,
1+)\1U1j

JESL

which implies

1
~ ~
~ aq,U7 5 o
)\1 = E ]71] E aljulj . (86)

jes, 11 Aty jes:
On the other hand, it follows from (8.5) that
S i
. Q a1juy; 1 L.
Z aljulj = )\1 Z ],\ Aj e ~ alj“%j y
j€S: jes, LM |1+ ’/\1‘ uj jes,

where uj = maxjes, |i1;|. Now, we demonstrate that u} is of order o,(n'/2).

By the Taylor expansion of @;; on B , around 37, under the regularity condition
R5, we have

) + (3(m1j —mi)

Uy =1y — 1y = (mL —my 98,

/31—/3’{> (31 - IBT) +0p(1),
where my = n~" )" my and mj; = mi(x;, B7). Under the regularity condi-
tions R1 and R3-R5, it is true that u} = o,(n'/?). Similarly, by Taylor expan-
sions, we get that | . g @1;1;] is of the order Op(n=1/2), and Y g d1;43; is
of order Op(1) under the regularity conditions R1 and R3-R4. Thus, we derive
the order of A; to be O,(n~'/2), which further implies \191; = 0,(1) uniformly
over all j € §;. The above asymptotic analysis leads to

1
] N A —1/2
A= E ay1juy; E aypjul; | +op (n / ) .

JES JjeSL

Under regularity conditions R1-R3, the maximum PEL estimator for p; has
an asymptotic expansion given by

fiver = Z D1;Y1; = Z ﬂyvlj

JESI jes 1t Aty
_ ~ N . —1/2
= Z a1y (1 — /\1’LL13) Ylj + op(n )
JESI

=) ayY,;+B %Zﬁhj =) i +0p (n’1/2> ,

JES1 JjES JEST
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where B = {Zjesl &Uzﬁj}_l{zjesl G1;01;Y1;}. The expression for fiuce
shows that

:[llMCP = ﬂllPW? - B Z alj'alj + Op(n_1/2) = /1'(1) + Op(l) )
JES1
where B = {Var (m’{j)}il Cov (m3;,Y1;) + 0p(1) = Op(1).
(2) The outcome regression model is correctly specified.

The maximum PEL estimator can be expressed as

fimer = E P1Y15 = E P (Y15 —may) + E D1jm; .
JjES1 JjE€ES1 JES1

Applying the Taylor expansion to the first term of the right hand side of the
above equation gives

jeS =1 1+X1U1]
:liTj (Yy *m’fj)/l iﬂ+0 (1)
ni T (L+Auj;) /! n < 7 A

which converges in probability to

E T} (Ylj - mikg) /E &
T (1 + /\}‘u’{j) T
under regularity conditions R1-R4, where 7/ = 7(Z;, "), A\] = AMa*, B1),
and uj; = mj; —mj. When the outcome regression model is correctly spec-
ified, by the law of total expectation conditional on x;, we get E[{7}(1 +
Atui;) ) HT (Y —mi;)}] = 0. Therefore, fiycr = > jes, Prjmg + op(1).
On the other hand, from the model-calibration constraint, we obtain that

1
E Prjming = — E myy -
JE€ES jEeS

Under the regularity condition R4, applying the Taylor expansion immediately
leads to

A A 1 * *
E pijmi; = " E my; + 0p(1) 5 E (mlj) = Mg )
JESL jES

P . e .
where — denotes convergence in probability. Thus, when the outcome regression
model is correct, fi1ycp iS a consistent estimator of ;. O
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8.6. Proof of Theorem 3

Proof. We first note that p;;(6) = a;;/{1 + ;\Tgij(ﬁ)}, where A is the solution

to
aljglj o
sz 2Ty ATQU(@ -

1=0 JES;

We also note that A is a function of 6, so it can be denoted as A(f). If the
propensity score model is correctly specified, for § = 6% + Op(n_l/ 2) and under
regularity conditions R1-R5, we have

() Eico wi Ejes, 885 (0) = Op(n1/?);
(ii) max; ; HQU(Q)H = Op(nl/2)§
(i) im0 wi X jes, 3i39:5(0)9:5(0)T = Op(1).
The results (i)-(iii) altogether imply that A(6) = O,(n~1/2). Let

ai;jg;;(0)

= JES:

and

Qua(6, ) sz g 99,01 |
el "L 14 ATg0) L 00T '

= JES;

The estimators Oyer and Ayepr = :\(QAMCP) satisfy that in(AMcmj\Mcp) -0
and Qng( Mor )\MCP) = 0. Applying Taylor expansions to Q1 (Oycp, Aucrp) and
Qn2( MCP)AMCP) at ((90,0) yields

ain (607 0) A ain (007 0) N
0 0
Q7l1(670)+T(9MCP_6)+T(A )+Op(o'n)*0

OQn2 (0°,0) /. OQns (6°,0) /<
QnZ (907 0) + % (HMCP - 90) + % ()\MCP - 0) + Op (Un) = 07
where o, = [|0uer — 0% + | Ascr|| = Op(n~'/2). Thus, a standard calculation
leads to

—Qn1 (90’ 0) + 0p (n71/2) -8 R 5\MCP
op (n1/2) "\ Oyer — 600 )
where
-Ww T
Snl 5 < FT 0 >

By noting that Q1 (6°,0) = O,(n~1/2), the above equation implies that

Amcr _ —P oW ™'T —Qn1 (90,0) ~1/2
(éMcp—eo )_(UFTW_l o )( 0 +op(n)
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where 0 = (T"W ')l and Py =W ' —oW'TT W1,
On the other hand, we have the expression for Q1 (90, 0) that

in 90 Zh +O 1/2)7
JES

where h; is defined in Section 4.2. Note that E(h;) = 0 and Var(h;) < oo

under regularity conditions R2-R3 and R6. It follows that /nQn1 (90,0) 4
MVN (0, 2). Therefore,

\/ﬁ (éMCP - 90) = _UI‘TW_l\/ﬁin (007 0) + Op(l) i N (07 Vl) )

where Vi = 02T W 1QW T O

8.7. Proof of Theorem

Proof. The Lagrange multiplier A is a function of 6, i.e., A = A(6), which is the

solution to
aljg’bj
E E =0. (8.7)
— =
— S ltA 9”(9)

For § = §°4+0,(n"%/?), we have A = O,(n~1/?) as argued in Section 8.6. Taking
the Taylor expansion of (8.7) around A = 0 gives

0= sz Z aljgz] sz Z aljgzj gzg ) A+ Op(nil/z) )
= JES; = JES:

which implies that, at § = 6°,

ZU}l Z aljglj g” (G)T Zwl Z ai]gm + OP(n71/2)

i=0 JES; =0 JES;
=W 'Qu (6°,0) +0,(n"1?)

which further leads to

1
=2l (P1(0),Po(0)) = nA + 2”2%‘ Z aij log {1 + ATgij(g)}

i=0  jES;
1
- 1
=nA+ 2n2wi Z Qij {)\Tgij(ﬁ) — EATgij(H)gij(H)T)\} +o0,(1)
i=0  jES;

= nA+nQn (0°,0) W'Qu1 (6°,0) + 0,(1) ,

where A = —2 {23:0 w; Y es, @ijlog dij}-
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It is shown in Theorem 3 that Ayer = P1Qn1 (6°,0) + 0,(n~1/2), therefore,

St (b1 (ace) 0 (Ouce)) =203 w0 3 o {1+ Al () )

=0 JES;
=nA + nin (0070)T PIWP1Qn1 (0070) + Op(l)
=nA +nQn (6°, O)T P1Qn1 (6°,0) +0,(1) .

We can conclude that, when 6 = 6°,
2o (0) = n0Qu1 (6°,0) T WITTTW1Q,.; (6°,0) + 0,(1) % QT MQ ,

where M = oQY2WITTTW1QY2, Q ~ MVN(0, 1), and I, denotes the

4 x 4 identity matrix. This implies that —2rpg.(6°) 4 5x3, where ¢ is the
non-zero eigenvalue of M. OJ

8.8. Justification of the bootstrap procedure

We provide a theoretical justification for the proposed bootstrap procedure un-
der a correctly specified propensity score model. We show that the bootstrap

version statistic —QTLb]]:L (HAMCP), conditional on the given sample S, follows ap-
proximately a scaled x? distribution when the initial sample size n is large, and
the ratio of the scaling constant 61’ over § (given in Theorem 4) converges in
probability to 1 as n — oo. The theoretical arguments used here are similar to
the justification of the bootstrap procedure for the generalized pseudo empirical
likelihood inferences described in Tan and Wu (2015).

First, we can argue that each bootstrap sample leads to a similar expansion
in the form of

-1
N -pl wi) ol o (i
A[b] A]\/I(JF; — 1 _1 ( ) in (QMCFH 0) + Op(n,l/Q)
Gmcp - eMCP o—[b]I‘T (W[b]) o-[b] 0

when the initial sample size n is large, where éﬁ’]cp is the bootstrap version of

the point estimator obtained via maximizing the joint pseudo-empirical likeli-
hood function ELbéL (p1,pg) subject to the normalization and model-calibration
N

constraints, and )\I[ﬂ]cp is the corresponding value for the parameter A. Let wll
o 1 _[8] _[b

denote the limit of >, w; Zjesng] agj]ggj]

(Buce)g, (Buce) - We have 0!l = (CT(WP)=T)~" and PY! = (W)= —

WINPT (W H =1, These quantities are just the bootstrap versions of

the o, Py and W. The bootstrap version of Q1 (6, A) is

0] [0]

1
a;;9;;(0)
QUON =Y w Y
=0 jegm 1T )‘ngj](e)
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and Qg’]l (éMCP, 0) is also asymptotically normally distributed.

Second, we can argue that (GAMCPJ\[H) satisfies that Qﬂ(éMcp,)\g) =0,
where )\59] = /\(QMCP) based on in( A). Applying the Taylor expansion to
QY (Byer, A = 0 at A = 0 gives that A = W)=1Q" (4., 0) +
0,(n~1/2). This yields the expression

24?111 (fh (éMCP> ,Po (éMCP>> =nAl Q[b] (éMCI’7 O)T (W[b])_lQEf]l <§MCP-, 0) + Op(l) ’

where Alt) = Zil:o Zjeslb] dy;-] log (zy;}. On the other hand, we compute i (pq

(0),p,(0)) at 0 = ébﬂgp to obtain that

EE}]EL (ﬁl (01[\4]@) Do (9[ ]cp)> =nAl - an ( MCP70>T P[lb]Qa[f]l (éMcmO) +0p(1).

Finally, the above results lead to

N R T
_QTL@:L(GMCP) = na[b]Qg]l (emcpvo) (W[b])ilrr—r( ) Q[b] ( MCP 0) + Op(l)
S Q" mlq,

where M = 50}(QPh1/2(Wwlh—1pr T (Wl -1(Ql1)1/2 and Q ~ MVN(0, I,4).
Moreover, QL is the asymptotic variance matrix of Qﬂ (éMcp, 0). This implies
that —2r1[,b]]3L(9) LS (5“’])(% if = Oyop, where 61 is the non-zero eigenvalue of
M. The matrix M is the bootstrap sample version of the matrix M from
which we obtain 6. Therefore, 5[ /6 converges in probability to 1 as n — oo.
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