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Abstract

Recentlya classof multiscalestochasticmodelshasbeenintroducedin which randomprocessesand
fieldsaredescribedby scale-recursive dynamictrees. A major advantageof this framework is that it leads
to anextremelyefficient, statisticallyoptimalalgorithmfor least-squaresestimation.In certainapplications,
however, estimatesbasedon the typesof multiscalemodelspreviously proposedmay not be adequate,as
they have tendedto exhibit a visually distractingblockiness.In this paper, we eliminatethis blockinessby
discardingthestandardassumptionthatdistinctnodesonagivenlevel of themultiscaleprocesscorrespondto
disjointportionsof theimagedomain;instead,weallow acorrespondencetooverlappingportionsof theimage
domain. We usetheseso-calledoverlapping-treemodelsfor both modelingandestimation. In particular,
we develop an efficient multiscalealgorithmfor generatingsamplepathsof a randomfield whosesecond-
orderstatisticsmatcha prespecifiedcovariancestructure,to any desireddegreeof fidelity. Furthermore,we
demonstratethat undereasilysatisfiedconditions,we can“lift” a randomfield estimationproblemto one
definedon anoverlappedtree,resultingin anestimationalgorithmthat is computationallyefficient, directly
producesestimationerror covariances,andeliminatesblockinessin the reconstructedimagerywithout any
sacrificein theresolutionof fine-scaledetail.

1 Intr oduction

Recently, aclassof multiscalestochasticmodelshasbeenintroducedin whichstochasticprocessesandfieldsare

indexedby thenodesof a tree[2,4]. Thesemodelsprovidea systematicway to describerandomprocessesand

fieldsthatevolve in scale. Theprimaryreasonthatthis framework is usefulis thatit leadsto extremelyefficient,

statisticallyoptimalalgorithmsfor signalandimageprocessing.In particular, the statisticalstructureof these

modelsleadsdirectly to scale-recursive generalizationsof both the Kalmanfilter andthe Rauch-Tung-Striebel

smoother[4]. The algorithmhasdemonstratedutility in confrontingdataassimilationproblemsof dauntingly

largedimension;twoapplicationswherethisapproachhashadconsiderablesuccessincludecalculationof optical

flow [15] andsmoothingof oceanaltimetricdata[6]. In the latterwork, for example,theauthorswereableto�
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estimateboth oceansurfaceheightand associatederror statisticsfor a ���
	��
���
	 grid, all in oneminuteon a

SPARC-10.

In spite of the successof the multiscaleapproachto estimationwith regard to computationalefficiency,

mean-squareestimationerror, andability to supplyerrorcovarianceinformation,theapproach,asdevelopedup

to thispoint in time,hasacharacteristicthatwouldappearto limit its utility in certainapplications.Specifically,

estimatesbasedon thetypesof multiscalemodelspreviouslyproposedmayexhibit avisuallydistractingblocki-

ness[15]. Theauthorsin [15] arguecorrectlythat in many applications,theconstructionof fine-scaleestimates

is not supportedby thequality of availabledata,andin suchcases,only coarserscaleestimatesarestatistically

significant.In thesecases,oneshouldbesuspiciousof anyfine-scaleestimate,andany correspondingblockiness

hasa completelack of statisticalsignificance.However, in otherapplications,suchastheproblemof estimation

of theoceansurfaceheight[6] or theinvestigationof surfacereconstructionin [8], thereis anessentialneedfor

smoothestimates,sothatsurfacegradientsandnormalscanbecalculatedmeaningfully.

Althoughestimateblockinesscanbeeliminatedby simplepost-processing(e.g.,theapplicationof a low pass

filter, or the averagingof multiple, shiftedmultiscale-basedestimatesasin [7] or in a mannersimilar in spirit

to the “cycle spinning” usedin [5]), the resultingincreasein smoothnesscomesat a price. In particular, the

post-processingcanrenderlessclearthe properinterpretationof error covarianceinformationprovided by the

estimationalgorithm,andit also limits the resolutionof fine-scaledetail in the post-processedestimate,since

theaddedsmoothnessis achievedby spatialblurring. As analternative, thework in [12,17] hasdemonstrated

that multiscalemodelscanbe constructedthat producearbitrarily accuraterepresentationsof broadclassesof

randomfields, includingthosewith considerablesmoothness.However, to achieve a high level of smoothness,

thesemethodsrequiretheuseof multiscaleprocessesof high dimension,therebyleadingto a reductionin the

significantcomputationaladvantagesthatthemultiscalemodelingframework offers.

Thusfor applicationsin whichthecomputationalefficiency of themultiscaleframework is desired,but where

blockinessis unacceptable,thereis a needfor a new approachto bothmultiscalemodelingandestimation.In

thispaper, wedevelopsuchanapproachthat

(a) yields low-dimensionalmultiscalemodelsthat arequite faithful to prespecifiedrandomfield covariance
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structureto be realized,and thus admit an extremely efficient, optimal (or nearly optimal) estimation

algorithm;

(b) retainsoneof themostimportantadvantagesof themultiscaleestimationframework, namelytheefficient

computationof estimationerrorcovariances;

(c) resultsin randomfieldsandestimateswithoutblocky artifacts;

(d) achievestheseobjectiveswithout lossof resolutionor fine-scaledetail.

In contrastto the original multiscaleprocessing[7,15], which achievesobjectives(a) and(b), andto standard

multiscaleprocessingwith simplepost-processing[15], which achievesobjective (a) andpartially achievesob-

jective (c), ourapproachis superiorin thatit accomplishesall four objectives.

To describeour approach,we begin with a morecareful look at the sourceof blockiness. Considerthe

standardquad-treemultiscalestructureshown in Figure1. Eachlevel of this treecorrespondsto a particular

scale � , with larger � correspondingto finer resolution;the state ������� on scale ������� at any given node �
representsanaggregatedescriptionof thesubsetof thefinest-scaleprocessthatdescendsfrom thegivennode.�
A critical propertyof multiscalemodelsis thatthey areMarkov: if ������� is thevalueof thestateat node � , then

conditionedon thevalueof ������� , thesetsof valuesof thestatesin thesubtreesof nodesextendingaway from �
areuncorrelated.Thisdecorrelationleadsbothto efficientestimationalgorithmsandto thesourceof theproblem

with blockiness.

For example,considerthe upper-left andupper-right quadrantsof the imagedomaindepictedin Figure1.

Thesetwo quadrantsareseparatedat theroot nodeat thecoarsestlevel of thetree,andthereforeall of thecorre-

lationbetweenany two finerscalepixelsin thetwo quadrants,suchas � � and ��� in Figure2, mustbecompletely

capturedin theircommonancestor, namelytherootnode.Thepixels � � and ��� maybeclosephysically, but they

areseparatedconsiderablyin termsof thedistancealongthe treeto their nearestcommonancestornode.High

localcorrelationbetweensuchspatiallycloseneighbors,asonemightexpectif thefield beingmodeledhassome�
Wewill usedyadictreesandquadtreesto illustrateourmethods.All of theseresultsgeneralizeto � -th ordertreesandto treeshaving

nonhomogeneousbranchingpatterns.

3



level of regularityor smoothness,translatesinto thestateat therootnodehaving ahighdimension,in essenceto

keeptrackof all of thecorrelationsacrossquadrantboundaries.

Oneway to reducedimensionalityis to identify andretainonly the principal sourcesof correlationacross

boundariesat eachlevel on thetree.A procedurefor doingthis,developedin [12], allowsusto build multiscale

modelsof any desiredfidelity. However, while this procedureby itself canyield low-dimensionalmodelsof

sufficientfidelity for many applications,it cannotovercometheblockinessproblem.In particular, neglectingeven

asmallamountof correlationatacoarselevelof thetreecancausenoticeableirregularitiesacrossboundaries,and

thusanadditionalelementis required.In thispaper, weintroducethisnew elementby discardingtheassumption

thatdistinctnodesatagivenlevel of a treecorrespondto disjointportionsof theimagedomainandallowing the

treenodesto correspondto overlappingregions. As a consequenceof this idea,which wasfirst usedin [6,8],

an imagepixel at thefinestscalemaynow correspondto several treenodesat this finestscale.In this way we

removethehardboundariesbetweenimage-domainpixels,asnow multipletreenodescontributeto eachof these

pixels,reducingthetreedistancebetweenthenodescorrespondingto thesepixelsandspreadingthecorrelation

thatmustbecapturedamongasetof nodes.For obviousreasons,we referto theseasoverlapped-treemodels.

We usetheseoverlapped-treemodelsfor both modelingandestimation,asdepictedin Figure3. In both

of thesecontexts, we startwith assumedknowledgeof the correlationstructure� of somerandomfield � .�
Correspondingto this randomfield � , we devisea so-calledlifted-domainversion � � , wherethis lifted-domain

field livesat thefinest-scaleof anoverlapped-treemultiscalerepresentationof � . The mappingfrom � to � � is

denotedby � �"!$#&%'� , where #&% is one-to-many: the lifted-domainfield � � hasmorepixels thanthe image-

domainfield � . To mapbackfrom � � to � , we devise an operator()% so that the field ()%*�+� is guaranteedto

have the desiredlevel of smoothness.The correlationstructure ���,!-#&%'�"#&.% of the overlappedfield � � is

approximatelyrealizedusingthe methoddevelopedin [12,13]. Finally, we devise an operator#0/ , analogous

to #&% , that lifts the actualobservations 1 to yield lifted-domainobservations 12� of the randomfield �+� . These

observationsarethenprocessedby theefficientmultiscaletreealgorithmto produceanestimate3� � which is then

projectedusing (4% to yield 3� , thedesiredestimateof therandomfield.5
For simplicity of notationwestacktherandomfield suchthat 6 is avectorand 7 acovariancematrix.
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In Section2, we review the basicmultiscaleframework of [2, 4]. In Section3 we introduceall of the

componentsof our approachto modelingandestimation,andwe characterizethe optimality propertiesof the

estimationproceduredepictedin Figure3. In Section4 we describeanefficient implicit schemefor describing

the projectionoperatorsto andfrom the overlappeddomain,while in Section5 we illustratethe effectiveness

of our new approachto modelingandestimationby meansof four examples,demonstratingnot only that our

methodavoidsblocky artifacts,but in fact doesthis without spatialblurring or compromisingtheadvantagesof

multiscalemodels.

2 Intr oduction to the Multiscale Framework

2.1 Multiscale Modelsand Estimation

For a 8 th ordertree(i.e., onein which eachnodehas 8 offspring),we definebotha fine-to-coarseshift operator9: suchthat � 9: is the parentof node � , anda setof coarse-to-fineshift operators;=<?>4@4!A�B>C	+>�DEDEDF>G8 suchthat

the 8 offspring of node � aregiven by ��; � , ��;H�2DEDEDE>I��;�J . Figure1 depictsthe relative locationsof �K>C� 9: , and��; � >C��;L��>C��;�M'>I��;�N for aquadtree.Thescale-recursivedynamicsof interestaregivenby�������O! P&�Q���G����� 9: �SRUT������WV4�����XD (1)

where���Q��� isavector-valuedprocessonthetreeandV4����� representswhitedrivingnoisewith identitycovariance,

independentof theinitial condition ���QY'� at theroot node Y . We model ���QY'� asa zero-meanrandomvectorwith

covariance�4�QY'� . If we interpreteachlevel in thetreeasarepresentationof onescaleof theprocess,thenwesee

that(1) describestheevolutionof aprocessfrom coarseto finescales.

In this paperwe make use of the estimationalgorithm [4, 15] which computesthe linear least-squares

estimateM 3�������[Z]\�^_�������a`�1b��c��X>IcSdSe$fg> basedonnoisyobservations1b�����h! ij�Q���G�������SR-kb�����X> (2)

where i������ is a matrix specifyingthe natureof the processobservations,asa functionof spatiallocationandl
If all of therandomvariablesarejointly Gaussian,then m6'npoGq is theconditionalmeanof 6�npoGq given rts2nEuBqQvwuyx{z}| .
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scale,and k~����� representsadditive white measurementnoise.Thealgorithmalsocomputestheassociatederror

covariance ��,����� . This algorithmtakesexplicit advantageof theMarkovianstructureof ���Q��� on thetreeandin-

corporatesthemeasurementsinto theestimatesvia tworecursivesweeps,with eachsweepfollowingthestructure

of the tree. Althoughthe framework we describeappliesto thegeneralcase,we focushereexclusively on the

caseof estimatingascalarrandomfield (e.g.,animage),givennoisy(andpossiblysparse)pointmeasurementsof

thefield. Specifically, we assumeall attentionfocuseson thefinestscale,sothatobservationsareonly available

at that scaleandonly the fine-scaleestimatesareof interest. Furthermore,we assumethat at this finestscale,

boththestateandthemeasurementsarescalarvalued.

To obtaininsightinto theefficienciesofferedby multiscalemodelsandthechallengeswemustmeet,consider

thecomplexity of thesimulationandestimationof a multiscaleprocess������� . Therearethreemultiscalemodel

parametersof interestin this discussion:(i) the number � of pixels in the imagedomain,(ii) the number �
of finest-scalenodesin themultiscalemodel,and(iii) themaximaldimension� of any statevector ���Q��� in the

multiscalemodel.In previousapplications,� hasbeenidenticalto � ; in theapproachto bedevelopedhere,the

overlappingnatureof our treesleadsto largervaluesof � , sothat �U!��'� , where YS�]�S��� is a measureof

thedegreeof overlap,with smaller� correspondingto moreoverlapandgreatersmoothness.

Thetwo-sweepstructureof ourestimationalgorithmimpliesthateachnodeof thetreeis visitedexactlytwice,

wherethecomputationsat eachnodeinvolve a numberof floatingpoint operationsproportionalto the cubeof

the statedimension. Thus,applicationof the estimationalgorithmrequiresa total of �)��� M ��� floating point

operations.Similarly, the simulationof the coarse-to-finerecursionin (1) requiresa total of �,��� � ��� floating

point operations.N Thesecomplexity figuresimply that a serial implementationrequiresa total computational

time per imagepixel of �,��� M
� �*� for estimationand( �,��� �X� �'� ) for simulation. The point hereis that we can

achieve dramaticcomputationalbenefitaslong asthemaximaldimension� of thestatemodelandtheamount

of overlap(asmeasuredby � � � ) arenot toolarge.As wewill illustrate,theprocedurewedescribehereallowsus

to meetthesecriteria.�
Thefactthatestimationis �anE� l q while simulationis only �anE� 5 q arisesbecausetheformerinvolvesmatrixproducts,while thelatter

involvesonly matrix-vectorproducts.
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2.2 Realizationof Multiscale Models

Ourapproachto building overlappedmodelsmakesuseof a techniquedescribedin [12,13] for takingaspecified

covariancestructurefor a randomfield and constructinga multiscalemodel so that the set of valuesat the

finest-scalenodeshave statisticsthat approximatelymatchthe specifiedcovariancestructure.The problemof

constructingsuchamodelis themultiscalegeneralizationof theproblemof stochasticrealizationfor timeseries,

andthetechniquedevelopedin [13], is basedon thestatisticalconceptof canonicalcorrelationsusedin building

time-seriesmodels[1]. As discussedin [1,13], thekey to constructingarecursivemodelfor a timeseries�w���g� is

thespecificationof thestate�����g� at eachtime � . If �C� ���g� denotesthepastof theprocessat time � and �2� ���W� the

futurethenthecomponentsof �����g� representa setof linearfunctionalsof thepast,sothatconditionedon �����g� ,�C� ���g� and �
�+���g� areuncorrelated.Of course,thedimensionof theneededstateis closelytied to thecorrelation

structureof the process,and for many applications,one can expect that an exact realizationof the specified�"�W� ����� will requireanundulyhighstatedimension.Thus,in additionto a methodfor findingandcharacterizing

thestatein anexactrealization,thereis alsoa needfor away in which to measuretherelative importanceof the

componentsof thestate,so thata decisioncanbemadeaboutwhich componentsto discardin a reduced-order

realization.

For timeseries,canonicalcorrelationsappliedto thecovariance� � of �4!$�G�C�����W� . �
�+���g� .b� . dealssimulta-

neouslywith bothof theseissues.Specifically, throughbotha normalizationandanorthogonaltransformation,� � is transformedto theform ��� �� ��� >
where

�
is theidentity matrix and

� ! diag��� � >t����>�D�D�DG>t�'�B� is thediagonalmatrix of canonicalcorrelations.In

this form, which canbedeterminedmoredirectly from anSVD of a normalizedversionof thecross-correlation

between�I� ���g� and �
�+���g� [13], we can identify the most highly correlatedcomponentsof the pastand future

(correspondingto the largest �'< ). By retainingall the linearcombinationsof thepastcorrespondingto nonzero� < , or only the largestof the � < , we canconstructthe exact state �����g� or an approximatestateof any desired

dimension.
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Ourmultiscalecontext requiresasignificantgeneralizationof theseideas.For example,thestateat thenode� in the figuremustdecorrelatenot just two setsof randomvariables,but � setsof the processvalues,onefor

eachof thesetsof nodesconnectedto � throughits childrenandonesetcorrespondingto thenodesconnectedto� throughits parent.This generalizationis developedin [13], in which it is alsoshown how, once������� hasbeen

definedateachnode,theparametersof themodelin (1), i.e., Py����� , T������ and �4��Y'� canbecomputed.

3 Modeling and Estimation with Overlapping Trees

In this sectionwe identify the operatorsrequiredin our approachto multiscalemodelingandestimationwith

overlappingtrees,andin particulardescribetheir propertiesandinterrelationships. We will alsoprove thatany

suboptimalityin our approachto estimationcanbe completelytracedto our useof an approximatemodel to

realizethecorrelationstructureof theoverlappedfield �+� . Thatis, if anexactrealizationis usedin theoverlapped

domain,theoverallproceduredepictedin thebottomhalf of Figure3 yieldstheoptimalestimates.

3.1 Modeling of RandomFieldswith OverlappedTreeProcesses

Considertheproblemof simulatinga zero-meanrandomfield � with covariance� . Froma computationalpoint

of view, thissimulationproblemposesnontrivial challengesandhasbeenthefocusof considerableresearch.One

notablecasein which efficient techniquesdo exist is for the simulationof stationaryrandomfieldsdefinedon

regularlysampledtoroidallattices,sincein thiscase,the2-D FFTcanbeused.However, for mostothertypesof

fields,simulationcanbequitecomplex. For example,anapproachbasedoncomputing�j! � �g¡ � V , where � �g¡ �
is thesquareroot of thecovarianceand V is a randomvectorhaving identity covariancerequirescomputingthe

matrix squareroot � �W¡ � , which hascomplexity �,��� M � for a randomfield of � points.In contrast,asdiscussed

in Section2.1,thesimulationof a randomfield having amultiscalemodelis extremelyfast.

Ourconstructionof asimulationprocedureinvolvestwo distinctsteps.In thefirst step,wespecifythematrix#&% , which servesto lift therandomfield � into anotherrandomfield � � via�+�¢! #y%
��D (3)
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which actsasa redundantrepresentationof � , having morepixels thanthe original field. The matrix # % has

a considerableamountof sparsestructure,aswe discussin Section4; #y% alsohasa left inverse(4% satisfying

certainsmoothnesspropertiesto bediscussedshortly. In thesecondstep,we usethemethodin [13] to build a

low-dimensionalmultiscalemodelwhosefinest-scalestatisticsareanaccurateapproximationto thestatisticsof� � . From(3), weseethatthecovarianceof �+� is���¢! #y%
�"# .% D (4)

Thecovariance£ � of ¤ � , therandomfield living at thefinestscaleof themultiscalemodelthatwe construct,is

approximatelyequalto ��� , thedegreeof approximationcontrolledby theprocedurein [13]. Finally, to generatea

samplefunctionof arandomfield ¤ havingapproximatelythesamestatisticsas � andwith thedesiredsmoothness

built into (4% , we generate¤�� usingtheefficient simulationprocedurefor processeson treesandthenapplythe

operator(4% : ¤ ! (4%¥¤���D (5)

The problemthenis to specify # % and ( % , so that (i) they aresparseandlocal, (ii) ( % achieves the desired

smoothnesswithout spatialblurring, (iii) the resultingmultiscalemodel is of sufficiently low dimensionthat

simulationcanbedoneefficiently, and(iv) thestatisticalapproximationis sufficiently accuratesoasto leadto

samplefunctionswith thedesiredcharacteristics.

To illustratetheseideas,considera very simple1-D exampleof a randomprocessof length3. Let � . !^_� � >I�w��>C� Mtf . , with

\§¦¨�w� .�© !]�]ZOª«¬ � Y D_� YY D_� � Y D_�Y Y D_� �®­_¯° (6)

Supposethatwe wish to developanoverlappedmodelfor � , indexedon a dyadictreehaving four finest-scale

nodes.On theright of Figure4 we depictsucha treewith an indicationof the subsetsof real,physicalpoints

(i.e.,subsetsof ±K�B>C	 >I²�³ ) to whicheachnodecorresponds.Thus,thetopnodecorrespondsto all threepoints(i.e.,±'�B>I	 >C²�³ ) andthetwo nodesat thesecondlevel correspondto ±'�B>I	�³ and ±
	 >I²�³ respectively. At thebottomlevel

thereis a singlenodecorrespondingto signalpoint1 andanotherfor 3, but therearetwonodescorrespondingto
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2. Thatis, in thelifted domainon thetree,signalpoint2 is lifted to two finest-scaletreenodes.Thusif weorder

thefour fine-scalenodesfrom left to right, andwe view our lifting processassimplycopyingthevalueof signal

point2 to bothof thetreenodesto which it corresponds,weareled to define

#y% Z ª«««¬ � Y YY �´YY �´YY Y � ­_¯¯¯° > (7)

Thisexampleillustratestheconstraintsthatweplaceonany lifting matrix # % : it consistsentirelyof zerosand

ones,eachcolumnhasat leastonenonzeroentry, andeachrow hasexactly onenonzeroentry. Theseconditions

ensurethat every pixel in the original domaincorrespondsto at leastonefinest-scalenodein the overlapped

domain,andthateveryfinest-scalenodein theoverlappeddomaincorrespondsto exactlyonepixel in theoriginal

domain.This lifting processcanbeassociatednaturallywith theoverlappingstructureasillustratedin Figure4.

Dependingon how onechoosesan overlappingstructure,a different lifting operatorwill generallyresult. In

Section4 wepresentanimplicit methodfor thespecificationof #&% givenadesiredoverlappingstructure.

Thefact that ( % # % ! �
andour imposedconstraintson # % , leadto animportantconstrainton thestructure

of ()% , namelythat thevalueat any givenpoint in theoriginal-domainis equalto a convex combinationof the

valuesof thefinest-scalenodescorrespondingto thatpoint. For example,with #&% asin (7), thepossiblechoices

for (4% areof theform

( % ! ª«¬ � Y Y YY µ ¶ YY Y Y �S­_¯° > (8)

whereµ·R¸¶a!�� . Here µ and ¶ areweightsplacedon thevaluesat thetwo nodescorrespondingto signalpoint2

in orderto specify �w� . For example,equalweighting µ&!¹¶º!»� � 	 would intuitively leadto themostsmoothness

in thecorrelationstructurefrom � � through� M . It is importantto emphasizethattheaveragingimpliedby (8) is

not at all thesameasspatialaveraging,sincewe averageonly thosetreepointscorrespondingto thesamepoint

in realspace.In Section4 we will alsodescribehow ( % canbeconstructeddirectly from a specifiedoverlap

structure.
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3.2 Estimation of RandomFieldswith OverlappedTreeProcesses

Supposethatwewish to estimatea zero-meanrandomfield � with covariance� basedon14! i¼�yR¸k (9)

wherethecomponentsof themeasurementnoisevector k areuncorrelatedsothat its covariance
�

is diagonal,

andeachcomponentof 1 representsa measurementof anindividualpixel sothateachrow of i hasexactly one

nonzeroentry. Without lossof generality, wealsoassumethatany pixel hasatmostonemeasurementassociated

with it. ½ This is equivalentto assumingthat eachcolumnof i hasat mostonenonzeroentry, so that i is a

so-called(weighted)selectionmatrixandhasfull row rank.

Frombasicresultsin estimationtheorywe know thatif � is zero-meanwith covariance� , then3��!]�"i . �Gi4�"i . R � �b¾ � Z¹¿[1 (10)

andtheresultingerrorvarianceis givenby��]!]� ÀÁ�"i . �Gi4�"i . R � � ¾ � i¼�]!¹�]À�¿[i4� (11)

For a � -pixel field, the explicit calculationof either ¿ or �� is generally �,��� M � and the calculationof 3� is�,����ÂÃ� whereÂ is thenumberof measurements.Virtually theonly casein which thiscomputationalloadcan

bereducedto a practicallevel is whenthefield � is stationary, andwe have dense,regularly sampledmeasure-

mentsof identicalquality (implying that i and
�

arebothmultiplesof the identity); in this specialcaseFFT

methodsreducetheloadto �)�Q�Ä��Å¥Æw��� . However in othercases,the �,��� M � computationalloadfor theexplicit

calculationof ¿ cannotbe reduced,andthe usualapproachis to turn to iterative methodsfor the computation

of 3� . While iterative methodscansignificantlyreducethe computationalloadof calculating 3� , the calculation

of errorcovarianceinformationis computationallyprohibitive. In contrast,themultiscaleestimationalgorithm

describedin Section2.1hasa computationalloadof �,����� to computeboth 3� andthediagonalelementsof �� .Ç
In additionto specifying#&% and (4% andamultiscalemodelfor ¤�� , theapproachillustratedin thebottomhalfÈ
If therearerepeatedmeasurementsof a singlepixel we canreplacethemby a singleaggregatemeasurementobtainedby takinga

weightedaverageof thedata.É
Otherelementsof Ê7 maybecomputedusingtheresultsof [16].
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of Figure3 requiresa lifting operator#Ë/ for themeasurements:1 � ! #Ë/
1 (12)

anda lifted measurementmodel 12�~! i·�E�+�BR¸k2��D (13)

Moreover, for themultiscaleestimationalgorithmto beapplicableto estimating� � basedon 12� , (13) mustrep-

resentuncorrelatedobservationsof individualfine-scaletreenodes.Thatis, eachrow of i � musthave only one

non-zeroentryandthecovariance
� � of k2� mustbediagonal.

Since#&% associateseachpixel with asetof fine-scalenodes,anaturalchoicefor i·� is specifiedby requiring

that if a real measurementis madeat a particularpixel, thenlifted measurementsshouldbe specifiedat each

of the fine-scaletreenodescorrespondingto that pixel. For example,for the three-pointprocessillustratedin

Figure4, supposethatwehave measurementsof � � and �Ì� , namely1»Z Í 1 �1*�ÏÎ i�Z-Í �´Y YY 	 YÐÎ � ZÑÍ ² YY Ò�Î (14)

Then,in our lifted domainweshouldhave threemeasurements,onecorrespondingto thesinglenodeassociated

with � � , andtwocorrespondingto thenodesassociatedwith �w� . Thatis,Ó
i·�wZ ª«««¬ �´Y Y YY 	 Y YY Y 	 YY Y Y Y ­ ¯¯¯° (15)

An obviousquestionat this point is how to createthreemeasurementvalueson thetreewhenonly two real

measurementsareavailable.Theanswerhereis thatwe simply copytheactualmeasurementvalueat any pixel

to all fine-scalenodesassociatedwith thatpixel. In ourexample,

# / Z ª«««¬ � YY �Y �Y Y ­ ¯¯¯° 12�~! # / 14Z ª«««¬ 1 �1 �1'�Y ­ ¯¯¯° (16)

Ô
We shall find thathaving a measurementat everyfinest-scalenodewill maketheprecisedescriptionof operatorÕ[Ö muchsimpler

notationally. Consequentlythemeasurementmatrix ×bØ is paddedwith zero-rows (i.e., dummymeasurements)to makeit diagonal. It
mustbestressedthatthis is purelyanotationalmatterandhasnoconsequenceson thetheoryor practicalimplementationof overlapping
treealgorithms.
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At first glance,this procedureappearsto createa problem:for themultiscaleestimationalgorithmto work, the

measurementsat distinctnodesmusthave uncorrelatederrors. With 12� and i·� definedasin (16) and(15) this

certainlydoesnot hold, sincetwo of the “measurements”are identical. Nevertheless,we simply modelthese

two measurementsasbeingdistinct,eachof thestateat thecorrespondingnode,with uncorrelatedmeasurement

errors.However, this appearsto createanotherdifficulty. Specifically, by modeling12� in this way we appearto

besayingthatwe have moreinformationthanwe actuallydo; in our examplewe now have two measurements

of thenodescorrespondingto �w� . To compensatefor this,we needto ensurethat thetotal informationin these

two measurementsis the sameasin the singlerealmeasurement.We accomplishthis simply by doublingthe

correspondingmeasurementnoisevariancesin our modelfor eachof thereplicatedmeasurements;specifically,

given
�

in (14)wedefine

� �ÙZ ª«««¬ �ÛÚX² Y Y YY 	0ÚIÒ Y YY Y 	ËÚXÒ YY Y Y Ü ­_¯¯¯° (17)

(where Ü correspondsto thedummymeasurementof (15); thevalueof Ü is irrelevant).

Thegeneralcaseproceedsexactlyasin thisexample.For eachrealpixel measurementwehaveananalogous

measurementfor each of thetreenodescorrespondingto thatrealpixel. Thusif the Ý th componentof 1 is 1�Þ{!;=Þß��<�R noise(where��< is acomponentof � ) then 12� will havemeasurementsof theform �à12�p� � !];bÞ[��� �à� � R noise

for each� suchthatfinest-scalenode �Q� �p� � correspondsto therealpixel ��< . Furthermore,for convenience,for

any realpixels ��< thatarenotmeasured,we includedummymeasurementsfor eachnode ���+�á�g� correspondingto��< , but with ;bÞ¼!âY . Since i is a weightedselectionmatrix, so is i·� . To provide a formulafor # / , notethat

thereareapparentlytwo distinctwaysin which � affects 1 � : (i) through � � !�( % � and 1 � !�i % � � R¸k � , and(ii)

through1¼! i4�·Rãk and 12�~!ä# / 1 . A logicalrequirementthenis thatbotheffectsof � on 12� shouldbethesame,

i.e., that i � # % ! #0/�i . Sincei hasfull row rank,it followsthat#0/ ! i � # % i . ��i&i . � ¾ � D (18)

While this expressionfor # / is correct, its simple structureis obscured. However, noting that ��i&i . � ¾ � is

diagonalandthattheweightsin i·� arethesameasthosein i , it follows that # / is a lifting matrix,andin fact
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consistsof the subsetof the columnsof # % correspondingto pixels at which we have measurements.This is

consistentwith our example:we assignvaluesto thelifted measurementssimply by replicatingtheappropriate

original-domainmeasurementvalues.

To specify
� � , let Æ��àÝB� denotenumberof onesin the Ý th columnof # / ; i.e., thenumberof timesthatthe Ý th

original-domainmeasurementis replicatedin theoverlappeddomain.We thendefine
� � to beadiagonalmatrix

whose@ th diagonalentryis givenby � ����@I>G@g�-! Æ��àÝB� � �àÝ'>QÝK�I>
where Ý is the uniqueindex for which # / ��@I>WÝB�Ä!å� , (i.e., fine scalenode @ correspondsto pixel Ý ). This

choicefor
� � , which is exactly what was donein our simple example,provides the observation covariance

amplificationrequiredin thelifted domainto offsettheapparentincreasein informationcausedby thereplication

of measurement.This is statedmorepreciselyin thefollowing identity:# ./ � ¾ �� # / ! � ¾ � (19)

Proposition1 Let � bea randomfieldwith covariance� andlet 1,!]i4�&R¸k bea setof measurementswith i
a weightedselectionmatrix and

�
, thecovarianceof k , diagonal.Supposewethenchoose#&% >C(4%�>G# / >Gi·� and� � asjust described.Thentheoptimalestimate 3� of � basedon 1 caneitherbecomputeddirectlyor by lifting,

performingoptimalestimationin thelifted domain,andthenprojecting. Thatis, if 3�,!¹¿[1 , and 3�+�~!]¿æ�E12� , then�"i . � i4�"i . R � � ¾ � ! ¿A!ç(4%'¿[�F# / !ç()%*���Ei .� � i·�à���Ei .� R � � � ¾ � # / (20)

where ��� is definedin (4). Moreover, if �� denotestheestimationerror covariancein estimating� basedon 1 ,

and ���� theestimationerror covariancein estimating�+� basedon 12� , then��]!]()%{����p( .% (21)

Theproof is givenin AppendixA. Thispropositionstatesthatif weperformoptimalestimationin thelifted

domainusingthecorrectcovariance��� for � � , thentheoverall proceduredepictedin thelower half of Figure3

yieldstheoptimalestimatefor � basedon 1 . Thus,any suboptimalityin ouractualimplementationis completely

traceableto approximationsin building a low-ordermodelfor � � .
14



4 Specificationof the Overlapping Framework

Thekey quantitiesin buildinganoverlappingframework are # % and( % : oncethesearedetermined� � is fixed,so

thata realizationmaybeconstructed,and i·� , # / , and
� � canbecomputedaswehave described.In thissection

we describea flexible, implicit andefficient methodfor specifying #y% and (4% . For simplicity in exposition

andnotation,we focuson a basiccasethat conveys the main ideas,namelythe representationof 1-D random

processeswith dyadicoverlappingtreemodelshaving a spatiallyuniformoverlapstructure.Thatis, for any two

nodes� � and ��� on thesamescaleof thetree,themannerin which their descendantsoverlapmustbethesame.

For amodelhaving thisstructureandalsohaving ÂURè� scales,#&% and (4% canbespecifiedcompletelyin terms

of only Â parameters.

Recallthateachnodeon themultiscaletreeis associatedwith a connectedinterval of pointsin theoriginal

domain.We denotethewidth of this interval, for a nodeatscale� , by Vaé . This is illustratedin Figure5 which

alsodepictsthegeometryof theoverlapof theintervalsassociatedwith thetwo childrenof any givennode.We

denotetheamountof thisoverlapbetweensiblingnodesatscale� by Å¥éÃêëY , andwerequirethatsiblingnodes

donotcompletelyoverlap: Y4ìëÅ¥é»�èVaé¼> ��!���>C	 >�D�D�DW>IÂ]D (22)

FromFigure5 weseethat Vaé and Å¥é arerelatedby thefollowing recursion:Vaé ¾ � !]	2VíéîÀ�Å¥é)D (23)

The Â overlapparameters�ïZ$±2Å � >CÅ2��>�D�D�DG>IÅ�ðã³ provide a completecharacterizationof theoverlapstructure

of the tree. However thevaluesof Â and � arenot unconstrained.Clearly, thelength � of the1-D sequence

beingrepresentedimposestheconstraintthat Â ê§ñàòEóKô � �Ðõ2> (24)

where ñ��wõ is thesmallestintegergreaterthanor equalto � . For any fixed Â satisfying(24),theoverlapparame-

ters � areimplicitly constrainedby two boundaryconditionson therecursion(23). First,eachnodeonthefinest

level of thetreemustcorrespondto a singlepixel:
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V·ð�!��BD (25)

Second,theroot nodeof themultiscaletreemustbeassociatedwith theentirerandomfield:V÷öí!¹��D (26)

The constraints(22)–(26)still leave somedegreesof freedomin specifying � . In our examplesin Section5,

we eliminatetheseby additionallyconstrainingthe so-calledfractionaloverlap, Å¥é � Vaé to be approximately

constantasa functionof scale.ø
With regardto selectinga valuefor Â , notethat asthe value Â is increased,for a fixed valueof � , the

amountof overlapat eachscalemustalso increase,in orderto fulfill the boundaryconditions(25) and(26).

Sincea greateramountof overlapleadsto greatersmoothness,increasingÂ leadsto smootherrealizationsof a

givenfield. However, as Â increases,thecomplexity of carryingout simulationandestimationalsoincreases.

Thus,thereis tradeoff involved in choosinga valuefor Â that is typically bestresolvedby a combinationof

engineeringjudgmentandnumericalexperimentation.

The matrix #&% follows uniquelyoncevaluesfor Â and � have beenchosen.Specifically, thanksto the

constraintson #&% , weknow thatits ù -th row will haveasinglenon-zeroentryhaving avalueof one.If we let �Xú
denotethe ù -th nodeat thefinestscaleof our overlappingtree,thenthis nodewill correspondto someindex �àú
in the1-D processbeingrepresented,andso#&% ��ùb>G���-! û � �=!ä�púY otherwise

Theindex � ú canbedetermineddirectly from Â and � . Clearly, thereis a uniquepathfrom theroot node Y to

thenode �Xú , wherethispathcanbedescribedasasequenceof Â downward-shiftoperations:�¥ú&!]Y';=Þ � ;bÞ 5 D�D�Dg;=Þýü ÝCé�d�±'�B>I	�³BD (27)

Here, c�; � and c�;L� representtheleft andright children,respectively, of node c , andù ! ðþéíÿ � �àÝIéîÀ¸�2�G	 ð ¾ é D (28)

�
Thefractionaloverlapcannotgenerallybemadeexactlyconstant,sincetheparameters��� and ��� musttakeonintegervalues.
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Finally, from ourearlierdiscussionof overlapgeometrya directcalculationshowsthat�àú´! ðþé·ÿ � �àÝIéëÀ¸�
�X��VaéëÀ�ÅXé&�XD (29)

Applying thesameprocedureto eachrow of thematrix #y% yieldstheentirematrix.

The constructionof (4% , while constrainedby the choicefor Â¹>X� andthe fact that ()%
#y%�! �
, still has

degreesof freedomtobespecified.To enforceourrestrictionthat (4% performnospatialaveragingwerequirethat

nodesat thefinestscaleof thetreebemappedonly to thepixelsto which they correspond.Thusif # % ��@I>WÝB��!]Y ,
thenwe requirethat (4%B�ýÝ*>t@g�·!�Y . Oneway to meetthis constraintis to let (4% be theMoore-Penrosepseudo-

inverseof # % . However, it is possibleto deviseamatrix ( % thatactuallydoesa betterjob of smoothing.

To describethe (4% that we use,considerthe two child nodesshown in Figure 6(b) anda pixel that lies

within theoverlappingregionsof thesetwo nodes(e.g.,the pixel marked� in the figure). We needto specify

thecontributionsof thetwo child nodes(andtheirdescendants)in determiningthevalueof pixel � ; for example,

asindicatedin thefigure, the left child is givena weightof �N andtheright child a weightof MN . Thustheright

child (andits descendants)will have a contribution threetimesthatof the left child to the valueat � . In order

to maintaina total contribution of unity at eachpixel, we will normalizethecontributionsat eachpixel to sum

to one; thesenormalizedvalueswill be referredto asrelativecontributions. We achieve smoothnessin ( % by

taperingthe relative contributionsof a nodetowardszeroasoneapproachesan overlappedendof the interval

associatedwith thenode;onesuchtaperingis sketchedin Figure6(a).

Supposethat theprocedureoutlinedin theprecedingparagraphhasbeenappliedto all nodeson all scales.

To illustratehow (4% is determinedfrom thesecontributions,considera node �Xú on thefinestscaleanddefine ù
and �pú asin (28),(29).Theparticipationof node �¥ú on thefinestscaleis determinedastheproductof all relative

contributionsassociatedwith all ancestorsof �Xú . This constructionis illustratedin Figure7 for anoverlapping

treerepresentationof a 1-D processhaving four points: �Qµw>I¶2>��2> 	 � . Considerfinestscalenode �j!A¶
 (second

from the left endof the tree). Theparticipationof � in determiningthevalueat point ¶ is givenby theproduct

of thenumericalvaluesabove each ¶
 in Figure7. Thusthe participationof � is equalto �&Ú �� Ú �M Ú��j! �M ; so

theweight in (4% associatedwith � is �M . Theweightsin (4% correspondingto eachof thefinest-scalenodesare
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shown in Figure7.

For all but thesmallestestimationproblems,adenserepresentationof the #y% and (4% matricesis impractical.

In fact,for largemultidimensionalproblemsevenasparserepresentation,usingthefact thateachrow of #&% and

columnof (4% containonly onenonzeroentry, maybetoo large. However, the Â parametersin theparameteri-

zation ±
Â]>¥�4³ form animplicit representationof #&% and (4% . Wehave foundtheon-lineconstructionof #y% and(4% from � to besorapidthatwehave exclusively usedthis latterrepresentationin oursoftware.

Therearetwo possibleextensionsof thisoverlapspecificationwhich allow greaterflexibility in representing

1-D processes.First, ratherthanusingdyadictreeswe canalsouse 8 -adictrees.As describedin [9] theimplicit

procedurefor specifying #y% and (4% from Â and � canbe directly extendedto this case. In addition, it is

possibleto considernonuniformoverlapstructures,i.e.,structuresin whichsomeregionshavemoreoverlapthan

others. In this casethe specificationof the structurerequiresmorethana single,commonoverlap ÅXé at each

scale,andasa resultthespecificationof #&% and (4% , while possible,is morecomplex. We have not foundthis

addedcomplexity warrantedin any application.

Finally, thereis the extensionto the representationof 2-D randomfields. By consideringeachof the di-

mensionsseparately, theprocedurewe have describedcanbedirectly extended.Specifically, insteadof usinga

dyadictree,we usea quadtree,with a splittingof regionsoccurringin eachof two dimensions.In this caseit is

certainlypossibleto usea separatesetof Â overlapparameters�4� and � � for eachdimension.However in all

applicationswehaveconsideredwehave foundtheuseof asinglesetof overlapparametersfor bothdimensions

to beadequate.In thiscaseastraightforwardextension[9] to thebookkeepingdescribedfor the1-D caseallows

us to specify #y% and (4% implicitly, andit is this implicit specificationthat is usedexclusively for the results

presentednext.

5 Experimental Results

In this sectionwe demonstratefour applicationsof our overlappingtreeframework. The basisfor all of these

examplesis aparticularMarkov randomfield (MRF) modelchosenbecauseits stronganisotropypresentsamost

severechallengein overcomingblockiness.Thestatisticsof theMRF �w��@I>WÝB� of interestareimplicitly governed
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k = -2 -1 0 1 2
2 -0.0085 0.0139 -0.0058
1 -0.0008 -0.1164 0.2498 -0.1405 0.0091

l = 0 -0.0517 0.5508 0.5508 -0.0517
-1 0.0091 -0.1405 0.2498 -0.1164 -0.0008
-2 -0.0058 0.0139 -0.0085

Table1: Coefficients ±�� ú�
 ��³ of theMarkov randomfield “wood” model[14].

by thefollowing autoregressivemodel:�Ì��@C>?ÝK��! þú�
 ����� � ú�
 �E�w��@HÀ�ùb>WÝ0À�����RÁk~��@C>WÝB�XD (30)

In thisequation,kb��@I>WÝB� is aGaussiannoiseprocesshaving thefollowing correlationstructure:

\}^ k~�Q��>G1 �Wkb���"R¸ùb>G10RÁ���Qf ! ��� �� c � ù,!}�L!]YÀ·c � �+ú�
 � ��ùb>G��� d��Y ��ùb>G�����d�� (31)

\}^ kb����>t1��?�w���"R¸ùb>G10RÁ���Qf ! û c � ù4! �L! YY Otherwise
(32)

wherethefield � is normalizedto haveunity variance,andwhere� denotesthesetof offsetsof theneighborsof

any givenfield point ��@I>WÝB� . Thespecificchoiceof coefficients ±�� ú�
 ��³ to beusedin our examplesarethoseof the

“wood” texture[14], tabulatedin Table1.

In Figure8(a), we displaya 64 by 64 pixel samplefunction basedon the “wood” texture coefficientsand

assumingthat theMRF lies on a toroidal latticesothatFFT techniquescanbeemployed.Theimagepossesses

anobviousgrain– that is, a muchstrongercorrelationin theverticaldirectionthanin thehorizontal.The long

verticalcorrelationlengthis of particularinterest:it is suchcorrelationswhich non-overlappedmultiscaletrees

find difficult to preserve,evenusingrelatively high ordermodels[17].

Theoverlapping-treeconstructionoutlinedin theprevioussectionsrequiresthreequantitiesto bespecified.

First, we mustspecify the order, 8 , of the tree(herewe usea quadtree,8Á!ÙÒ ). Secondly, we mustspecify

the numberof scalesÂ in the tree. For a 64 by 64 pixel field, non-overlappedtreeshave Â !�� scales.

In our exampleswith overlappedtreeswe will set Â !�� scalesandusean overlapparameterization�h!±'�
Y+>C� >I² >G	 >I�B>GY >GY�³ , which is consistentwith (25) and(26), andrendersapproximatelyconstantthe fractional

overlap Å é � V é . Finally, wemustspecifytheorder ù of themultiscalemodelto beconstructedusingthemethod

of [13].
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5.1 Modeling Example

While weexpectthattheprincipaluseof ourmultiscalemodelswill bein estimationandstatisticalanalysis,we

begin with anexampleof simulatingrandomfields, illustratingtheimprovementusingoverlappedmodels.We

have constructedapproximatemultiscalemodelsfor thewoodtextureMRF usingtwo differentchoicesfor the

pair �QÂ]>Cù � , suchthat the computationalefforts requiredto simulatethe two fields in Figures8(b),(c)arethe

same.The first of thesehas Â ! � and ù !"!2Ò ; the resultingblockinessin Figure8(b) is clear. The second

realization,in Figure8(c), is basedon Â !#� and ùj!���! ; this modelis overlapping,andwe canseethatthere

arenoblocky artifacts.

5.2 Estimation: DenselySampledField, HomogeneousModel

Considerthecasein which we have dense,regularly sampled,equalquality measurementson a toroidal lattice

sothat theexactoptimalestimatecanbecalculatedusingFFTs. Theoriginal textureshown in Figure8(a)was

corruptedto 0dB SNRby whiteGaussiannoise,andestimatedin threedifferentways:(i) usinganoptimalFFT

technique(Figure9(a)), (ii) usinga non-overlappedmultiscaletree( Â !$� ) with a multiscalemodelof orderù !AÒBY (Figure9(b)), and(iii) usingan overlappedtree( Â !�� ) anda multiscalemodelof order ù !®��!
(Figure9(c)). Themodelordersof thetwo multiscaletechniqueswerechosensothatthecomputationalburden

for estimationis the samefor both. Onemeasureof estimatorperformanceis the degreeto which the MSE is

reducedfrom theoriginalnoisyimage,relative to thereductionprovidedby theoptimalleast-squaresestimator.

Thenon-overlappedestimatorandtheoverlappedestimatorrespectively reducetheMSEby 98.6%and98.0%of

theoptimalMSE reduction.On theotherhand,a visualcomparisonbetweenFigures9(b) and(c) showsclearly

thepresenceof blocky artifactsfor thenon-overlappedcasebut nosuchartifactsfor theoverlappedmodel.Thus

theoverlappedmodelis decidedlysuperiorif theeliminationof suchartifactsis animportantconcern.

Althoughthe FFT techniqueis bothefficient andoptimal in termsof MSE, it suffers from a limited appli-

cability to specialcircumstances.In particular, the examplesarepresentedin the following two subsections,

irregularly sampledmeasurementsanda spatiallyvaryingprior model,precludetheuseof theFFT but maybe

solvedusingourmultiscalemethod.
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5.3 DenselySampledField, HeterogeneousModel

A samplefunctionof a nonstationaryprior modelis shown in Figure10(a).The64x64pixelsweredividedinto

groupsÆ � and ÆB� : Æ � containsthepixelsin theupperleft andlower right of theimage,and ÆB� containsthepixels

in thediagonalbandrunningthroughthe centerof the image. The prior modelfor Æ � is the “wood” modelof

Table1; the prior modelfor ÆB� usesthe samecoefficientsin Table1, but with the tablerotatedby 90 degrees.

The crosscorrelationbetweengroupsÆ � and Æ � is zero. The choiceof sucha nonstationaryprior, asopposed

to thesimpleprior in thepreviousexample,just impliesa changein theprior statisticson thefinestscaleof the

multiscaletree;themultiscalemodeldevelopmentandestimationprocedureproceedunaffected.

Figure10(b) shows a noisy versionof the original imagecorruptedby white Gaussiannoiseto 0dB; Fig-

ure10(c) shows the correspondingmultiscalereconstructionbasedon anoverlappingmodelwith Â !"� andù�!�²'	 . As we have stressed,theoperator(4% removesblockinesswithout performingspatialblurring; thusthe

edgebetweenthetwo regions Æ � and ÆB� is well-preserved.

5.4 Locally SampledField, HomogeneousModel

We considertwo final estimationproblemsinvolving a stationaryprior model,but with measurementsavailable

at only non-rectangularsubsetsof the pixels. Figure11(a)shows a subsetof the pixelsof the “wood” texture

from Figure8(a);thiselliptical setof pixelsrepresentsthosepixelsto beusedasmeasurements,implying atrivial

changein themeasurementprojectionoperator# / andin themultiscalemeasurementmatricesonthefinestscale

of the tree. It is significantto note,however, thatwhile themultiscaleframework is readilyadaptedto irregular

measurements,achangefrom denseto irregularsamplingmakesFFT-basedapproachesinapplicable.

Figure11(b) shows the multiscalereconstructionbasedon the setof measurementsgiven in Figure11(a).

The estimatescapturethecoarsefeaturesof theoriginal texture of Figure8(a)outsideof themeasuredregion,

includingcertainaspectsof theverticalbandsto theleft andright of themeasuredregion. Also, onceagain,the

estimatedtextureevolvessmoothly, withoutblocky artifacts.

Figure12 providesoneadditionalillustration of irregular sampling: observationsdistributedaccordingto

a 2-D Poissonprocess.Figures12(b),(c)displayestimatesbasedon a non-overlappingmodelof order40 and
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an overlappingmodelof order16, both having the samecomputationalload. The estimatescomputedby the

overlappingmodelaremorevisuallypleasingandalsohavea lowerMSE.

6 Conclusions

We have presenteda new approachto modelingandestimationusinga recentlyintroducedclassof multiscale

stochasticprocesses.Our work hasbeenmotivatedby the observation that estimatesbasedon the typesof

multiscalemodelspreviouslyproposedcanexhibit avisuallydistractingblockiness.To eliminatethisblockiness,

we have discardedthe standardassumptionthat distinct nodeson a given level of the multiscaleprocessmust

correspondto disjoint portionsof the imagedomain. Instead,we allow distinct tree nodesto correspondto

overlappingportionsof theimagedomain.This is donein a way thateliminatesblocky artifactswithoutspatial

averaging,sothatif a field doeshave sharpdiscontinuities,thesecanbecapturedwithoutblurring. By coupling

this overlappingframework with a multiscalestochasticrealizationtechniquebasedon canonicalcorrelations,

we have developeda powerful estimationandmodelingtool which allows oneto managethe tradeoff among

estimatesmoothness,statisticalfidelity, andcomputationaleffort.

Theflexibility of themultiscaleframework allowsusto confrontproblemsfor whichFFT techniquesarenot

applicable;in particular, in problemsinvolving nonstationarystatisticsor irregularly sampleddata. In fact, the

flexibility of our framework is greaterthanthatimpliedby examplesconsideredhere;in particular, themodeling

andestimationof processesin higherdimensionsis alsopossible.

A Proof of Proposition1

Using(19)and(4) we canderive��i4�"i . R � �¥^ # ./ ��i·�E���ài .� R � �p� ¾ � # / f ! ^E� � # ./ � ¾ �� # / �Wi4�"i . R � fg^ # ./ ��i·�E���ài .� R � �p� ¾ � # / f! ^ � # ./ � ¾ �� i÷�p���Fi .� R � # ./ fW��i·� ���ài .� R � �p� ¾ � # /! � # ./ � ¾ �� ��i � � � i .� R � � �X��i � � � i .� R � � � ¾ � #0/{! � D
Wenow verify (20). Usingtheabove derivationwith (4) and(10) leadsto thefollowing identities:
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¿ ! �"i . ��i4�"i . R � � ¾ � !]�"i . # ./ �Gi·�p���Ei .� R � � �b¾ � # /! �"# .% i .� �gi·�à���Ei .� R � � � ¾ � # /! (4%'���Ei .� �Gi·�E���Fi .� R � � � ¾ � # / !](4%'¿[�E# /
To verify (21),we use(11),(20),and(4) in thefollowing sequenceof identities:�� ! �¹À�¿[i4�]!](4%'���p( .% À�()%*¿æ�E# / i¼�! ( % � � ( .% À
( % ¿ � i � # % �! ()%º�����wÀÁ¿[�Ei·�E���p�w( .% !](4% ����p( .% D
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Figure1: Illustrationof thefirst threelevelsof a
quad-tree.

s s1 2

Figure 2: Two nodes, � � and ��� , neighborsin
physical space,but distantly separatedin tree
space.
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Figure3: An abstractview of our overlappedapproachto multiscale-basedmodelingandleast-squaresestima-
tion. Fastmultiscaleestimationandsample-pathgenerationareaccomplishedin the overlappeddomain. #&%
projectsthe statisticsof � into the overlappeddomain; # / projectsmeasurements1 into the domain;and (4% ,
whichpossessescertainsmoothnessproperties,projectstheestimates3� � backout of theoverlappeddomain.
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Aggregate Representations of
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Tree Nodes in Physical Space
-
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Figure4: Illustrationof anoverlapping-treerepresentationof aprocessof lengththree,showing boththedyadic
tree(left) onwhich therepresentationis based,anddepiction(right) of therepresentationof eachtreenode.The
bar .�/ associatedwith eachtreenoderepresentsthesubsetof thepoints ±'�B>C	+>C²�³ associatedwith thatnode.
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Figure 5: Basic overlapping-treenotation: Å¥é
representsthe degreeof overlapbetweenthe re-
gionsrepresentedby sibling multiscalenodeson
scale � ; Vaé representsthe width of the region
representedby eachnodeonscale� .
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Figure6: Two overlappingnodes:thesetof relative
contributionsto eachfinest-scalepixel mustsumto
one. The contributionsaretaperedlinearly over the
region of overlap.Figure(a) showsthis taperingpic-
torially; Figure (b) provides a specificexamplefor
two nodeswhichoverlapby threepixels.
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Figure7: An exampleof the constructionof ()% . A four-level treeis usedto representa processhaving four
points ��µw>I¶2>��2> 	 � . The processpoints associatedwith a multiscalenodeare indicatedbelow the node. The
relative contributionsof eachnodeto its associatedprocesspointsareindicatedabove eachnode. Productsof
theserelativecontributionsdeterminetheelementsof (4% .

FFT Order64 Order16
Non-Overlapped Overlapped

(a) (b) (c)

Figure8: Threesimulated“wood” textures,!2Ò4�<!2Ò samples,basedonanexactFFT approachin (a),andbased
on regular, multiscaletreesin (b),(c).

28



FFT Order40 Order16
Non-Overlapped Overlapped

(a) (b) (c)

Figure9: Threeestimatedtextures,eachbasedon noisymeasurementsof Figure8 (a). Estimate(a) is basedon
optimalFFT techniques,(b) is basedon a non-overlappingtreeof order40, and(c) is basedon anoverlapping
treeof order16. The computationaleffort of the latter two estimatesis the same,however note the artifacts
visibleacrossthequadrantboundariesin (b) whicharecompletelyremovedin (c).

OriginalField NoisyMeasurements MultiscaleEstimates
(a) (b) (c)

Figure10: (a) shows a samplepathof an inhomogeneousMarkov randomfield, whereeachpixel belongsto
a horizontallyor vertically correlatedtexture. (b) shows the randomfield corruptedby 0dB white, Gaussian,
noise. (c) shows the texture estimatedusing an inhomogeneousoverlappedmultiscalemodel, basedon the
measurementsof (b) andgiventhecorrectprior texturemodelateachpixel.
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ObservedValues EstimatedTexture
(a) (b)

Figure11: Thetexture(b) wasestimatedusinganoverlappedmultiscalemodel,basedon themeasurements(a)
of a smallsubsetof thewoodtexture. Despitetheuseof a multiscaleestimator, theestimatesevolve smoothly
from theregion in which measurementsarepresentto thesurroundingareawithout measurements.

Measurements Estimates:Order40 Estimates:Order16
Non-overlapped Overlapped

(a) (b) (c)

Figure12: Estimatesproducedby (b) a non-overlappingand(c) anoverlappingtree,givenmeasurementsof a
randomsubsetof thepixelsof Figure8(a): onemeasurementis madeateachblackpixel in (a).
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