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Abstract

The well-studiedInterferometricSyntheticAperture Radar(InSAR) problemfor digital elevation
mapgenerationnvolvesthe derivationof topographyfrom radarphase Thetopographys afunction of
thefull phasewhereaghe measuedphasds known modulo2r, necessitatinghe procesf recorering
full phasevaluesvia phaseunwrapping.This mathematicaprocesdecomedlifficult throughthe pres-
enceof noiseandphasediscontinuites. This paperis motivatedby recentresearchwhich modelsphase
unwrappingasa networkflow minimizationproblem.

A majorlimitation is thatoftena substantiatomputationaéffort is requiredto find solutions.Com-
monly thesephasemagesarehuge(>> 10 million pixels)andobviously the sheersizeof the problem
itself makesphaseunwrappingchallenging. This paperaddressethe developmentof a computation-
ally efficient hierarchicalalgorithm, basedon a “divide-and-conquerapproach.We have shavn that
thephaseunwrappingoroblemcanfirst be partitionedinto independenphaseunwrappingsubproblems,
which canfurtherberecombinedo producethe unwrappeghase Interestinglytherecombinatiorstep
itself canbeinterpretedasan unwrappingproblem for which a modifiednetworkflow solutionapplies!
In short,this paperdevelopsa parallelizatiorof the network-flowv algorithm,allowing imageof virtually

unlimitedsizeto beunwrappedindleadingto dramaticdecreasem the algorithmexecutiontime.

1 Intr oduction

SyntheticApertureRadar(SAR) interferometry[18 29, 36] is an enormouslypromisingtechniquein the

generatiorof highly accurateelevationmaps. Theinterestin suchdigital terrainmapsstemsfrom the vast
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numberof disciplineswhich have a needfor suchbasicdata,namelyhydrologicmodeling,erosionstudies,

mining prospectionwildlife habitat,andmilitary tactics,to namea few.

Thebasicpremiseof SAR interferometnyis thatby countingthe phasdringesin aninterferencepattern ex-
tremelysensitve measurementsf elevationcanbe accomplishedin idealizedsettingsjn whichthe phase
measurementgrenoise-freethis approachs relatively straightforwardwith the exceptionof steepopog-
raphy).Howeveractualmeasurementsakenfrom SAR instrumentsuchasRadarsat[1por ERS[29],pose
additionalchallengesn the form of decorrelatiomoiseandatmospheridistortions. Sincethe measured
phasevaluesareknown only modulo2r, the absolutephase(relatedto the surfaceelevation) needsto be

inferredby fringe-countingor phase-unwrapping[ 20, 22, 30].

Themoststraightforwardapproactto phaseunwrappings to integratethe phasegradients|f all of thetrue
phasegradientsare boundedby one-halfcycle (i.e., they lie in [—=, 7)), thenthe integral alongany path
will yield the sameresult,implying thatthe gradientintegral aroundary simpleclosedloop mustbe zero.
Normally somepixels violate this hypothesisthat is, given that the original phaseinformationis known
only modulo2r, atrue gradientiargerthanone-halfcycle will causesomeclosed-loopntegralsto benon-
zero(the so-calledresiduesor chages)andtheintegratedphasebetweerntwo pixelsto be path-dependent,
ambiguatinghe pathintegral to believe. Thetaskof a phaseunwrappingalgorithmis to addmultiplesof

2w to the phase-gradierietweemixelsto restorethe conditionthatall closed-loofntegralsbe zero.

One currentand widely-popularmethodfor unwrappingis the minimum costflow algorithm[4 5, 6, 7,
10, 31]. This approachusesnetworkflow theoryto convert phaseunwrappingto discreteoptimization,
minimizing sometotal “cost” with the constraintthat all loop integrals be zero. The corversion maps

closed-loopntegralsandpixel pairsinto networknodesandarcsrespectiely.

Availableminimumcostflow implementationdjke RELAX-1V [3], areresource-demandir§, 7], requir

ing gigabytesof RAM in orderto processan interferogramon the orderof a million pixels[7, 10]. The



goalof this paperis to develop of computationallyefficientapproacheapplicableto hugeproblems(> 10
million pixels), suchasthoseencounteredh the ShuttleRadarTopographyMission[23]), thatonemight
wantto solve usingnnetworkflow [7], but now in a parallelizableor hierarchical fashionsuchthatoneor
moreobjectvescanbe met: reducedRAM requirementsthe processingf interferogramsf ary size,or
reducedexecutiontime!. Our proposedstratay is “divide-and-conquer’to successiely decomposéhe
problemuntil it become®asyto solve. As illustratedin Figurel1(a), theinputinterferogramis partitioned
into blocks and eachblock is unwrappedndependentlythenas shavn in Figure 1(c), the individually
unwrappedlocksarereconstructeavith respecto areferencepoint,commonto thewholeimage.By def-
inition thelatter stepis anunwrappingprocessagain,sincethereareelementgblocks)with known relative

phasegdeterminedrom theoverlapbetweerblocks)wheretheglobalabsoluteheightneeddo beinferred.

ConsiderFigure 1(d), unwrappingtwo adjacentblocks A, B with unwrappedphasesp, and¢p. If the

blocksoverlapin asetO, we canuseary point P, € O to unwrap;theglobalsurfaceps is obtainedas

¢s =64 |J (68 +AR), Ah=¢a(P.,) - ¢B(P,). 1)

The key ideais thattherelative heightdifferencey,; betweenary pair of pointsP, € A andP, € B can

becomputedhroughP,:

Yoy = ¢s(P) — ¢s(Pa) 2)
= [¢B + AR|(P) — ¢a(Pa) 3
= ¢B(P) +[9a(P) — ()] — da(Fu). (4)

It isimportantto notethatthis “divide-and-conquerfirocessanbeappliedrepeatedlynaturallyleadingto

anunwrappingproblemon multiple scalesapplicableto problemsof arbitrarysize.

! Althoughthedevelopmenin this paperis basedn networkflow, our proposedinwrappingramevork appliesequallyto other
unwrappingmethods.



Section2 reviews networkflow and previous approacheso divide-and-conquephaseunwrapping. Sec-
tions 3 and 4 develop the generalizedversionof networkflow, with the algorithmic detailsdescribedn

Sections and6. Experimentaftesultsandconclusiondollow in Sections? and8.

2 Network Flow

In developinga hierarchicalapproactto phaseunwrappingthe specificdetailsof a particularimplementa-
tion areunimportant.Consequentlyve will treatthe network-flav algorithmstrictly asatool or black-box;

detailsof implementationsnaybefoundin [6, 7, 10].

Define¢ and¢?’ astheunwrappedandwrappedM x N phasdields;the measureghasewill obey
" = W($) = ¢+ 2rn (5)

whereW is thephasenrappingoperatoyandwheren isa M x N latticeof integerssuchthat—= < ¢ <

w. Following Costantini[{, we definethe (unknavn) residuals
1 R
ko = kij = 5 [(65 — ¢:) = W(ej — ¢i)] = o_[ij — ¥ij] (6)

whereq;; is the gradientand me is the estimatedgradient,inferred from the measureghasespn each
individual arcq = {%, j} betweenneighboringgrid elements;, j. It follows thatthe phaseunwrapping

problemcanbeformulatedasan L! penalty

min >~ cylk,| (7)

althoughotherpenaltiessuchasL® [4, 19 arealsocommonlyusedwherethec, > 0 weighttheconfidence



in theresidualq4], subjectto the constraintghatall loopintegrals(e.g.,seeFigure2) be zero:

1 . . . .
kap + ke + kea + kao = — %[%b + Ybe + Yed + Yda)- (8)

By rewriting (7),(8)in termsof variablese} = max(0, k,), z; = max0, —k,), thenonlineaminimization
problemcanbe convertedinto an efficient linear networkflow costminimizationproblem,andeven more
remarkablyfor whichthesolutionsareguaranteetb beinteger[1, 7]. In thenetwork,anoderepresentsne
2 x 2 loopintegral(right handsideof (8)), wherethenodewill beconnectedo eachof four neighborsy two
arcs,onefor mq+ andonefor z_ . Theflow oneacharcphysicallyrepresenttheresidual6). Thecostsc, on
thearcscanbeary setof non-n@ative values.By settingup this network,feedingit into general-purpose
solverslike the RELAX-IV code[3] or CPLIB [7], andintegratingthe correctedgradientghefinal surface

is found.

Einederetal [10] have publishedhemostsignificantattempto decreaséhecomputationagffort of network
flow since[7]. They replacea general-purposaetwork-flov algorithmby a nev methodthat solvesthe
sameproblem,but exploits specificpropertiesof phaseunwrapping,namelythatthe flow valuesare zero
almosteverywhere. They have achieved a significantimprovementin both averageexecutiontime and
memoryusageo unwrapan ERS-1sceneof 5000x 11000,with oneeighthof the memorysizethatwould
berequiredby [3]. Howeverat 1.7 Gigabytesof RAM anda 35 minuteexecutiontime the approachs still

expensvie anddoesnot parallelize.
Divide-and-Conquer& Multir esolution

Fromanhistoricalperspectie, Prati[29] wasthefirst to introducea divide-and-conqueapproacho phase
unwrapping.He suggestedhat thoseareasof aninterferogramwith a high signal-to-noiseatio could be
unwrappedndependentlpy usinga simplemethod[28. If areferencepoint with known absoluteheight

insideeachareawereavailable thenthewholedomaincouldbeproperlyunwrappedandthelow coherence



areascould be interpolatedwith boundaryconditionsimposedby the known regions. The proposalwas
impractical,sinceit requiredthe costly andlaboriouscompilationof groundcontrol pointsandthe manual
work associatedvith the unwrappingof the individual pieces. Essentially the methoddevelopedin this

paperautomateshe sameprocessvhich hehadin mind.

A numberof relatedmethodshave beenproposedsincePrati's work. Costantini[7], suggestedhe ideaof

subdviding aninterferograminto overlappingrectangulaiblocks,in orderto apply networkflow to each
onesequentiallyaddingadditionalconstraintssuchthat the flows computedor oneblock will be forced
to coincidewith thosein the previous adjacentblock over the overlappingarea. Xu & Cumming[35]

proposeda region growing algorithmwhich startsat high-coherenceeedsandgrows rings of unwrapped
pixels. Fornaro[14] usedafinite elemenmethodio developa“conditionalleastsquaresphaseunwrapping
method,whereregionsin the imagearesequentiallyjunwrappedvia leastsquaresandwherethe solution
of eachregionis tied to known phasevalueson theregion border Finally Ferretti[12] utilized a block de-
compositiorschemen his multi-baselingphasaunwrappingalgorithm,in whichtherelative heightbetween
differentblocksis computedusingMaximum A Posterioriheightestimationbasedon the joint statistical

informationof severalinterferogramscquiredover the samesitewith differentbaselines.

All of thesamethodscanfail becauséheglobalsurfacds formedby asequentiaineging step,implying that
ary incorrectlyunwrappedlock or regionwill affecttheremainderjn otherwords,thereis no opportunity
to recover from unwrappingerrors.Instead the problemof joining the individual regionsshouldbe solved

simultaneouslyo preventglobalerrorpropagationthisis addresseih thenext section.

3 Network Flow Partitioning

Isit possibleto splitaninterferograninto smallpiecesandthenexpectto unwrapit? Whatarethetheoretical

limitationsassociateavith a divide-and-conquepproacho phaseunwrapping?



The succes®of networkflow, or almostary otherunwrappingmethod,is basedon one expectation:that
betweenary two “good pixels™ thereexists a paththat avoids going throughproblematicareas suchas

very noisy patcheslayover (discontinuitesproducedy steepslopes)or sesereforeshortening.

A noisy signaltypically generate$ocal dipoleswhich are easily cancelledby networkflow, however to-
pographicflows needto travel the lengthof the phasediscontinuity If a discontinuiy crosseghe whole
scenethe magnitudeof the discontinuitycannotbe estimated. Althoughthis situationdoesnot typically
arisein afull image,if thesizeof the partitionedblocksbecomesomparabldo or lessthanthe lengthof

topography-induceflows, thenproblemsarelikely.

The simplestcaseis illustratedin Figure 3(a), wheretwo oppositechages are separatedy a distance
greaterthanthe block length. The optimumglobal solution,underthe assumptiorof constantflow costs,
is theline connectinghe two chages,shovn in Figure3(b), wherethe partitioningboundariethave been
superimposedor referencepurposes.A very differentresultis found if networkflow is appliedto each

partitionedblock individually, asin Figure3(c)# The problemsstemfrom thefollowing:

e A block-by-blockapproachs notrobustto errors;we needa globalapproacho partitioning.

e The assumptiorof constantcostsis poor. Although this fact is well-known (mary researcher#,
7, 10, 3]] alreadyusevarying costs),having varying costsis clearly of ever greaterimportancein
partitionedunwrapping.In our example,the centerblockis givenno knowledgeof thetwo residues.
Any partitioningstratgy musttakeadwantageof thea priori knowledgethatwithin eachblock, dis-

continuitiesmustbe placedwithin low-quality (i.e.,low coherenceareas.

e After theleft block in Figure3(c) hasmadean error, no processingt the centreblock canundoit.

To avoid the propagatiorof errorswe only wantto unwrapthoseareaswhich we canunwrapwith

20f moderateo high signal-to-noiseatio.

3 Althoughmulti-baselineandmultifrequeny techniquesanovercomethis problem[12 27].

*Note thata real examplewould generateseveral topographidlow residuesalongthe discontinuityandseveral noise-induced
chagedipolesaswell, but the exampleillustratesthe pointwe wantto make.



confidenceThereforesomedegreeof errorcheckingor redundang is required.

Sothekey ideais to find regions(setsof pixels)which canbereliably unwrappedvithout error, suchthat

errorscannotpropagatet the next stageof the algorithm. Thatis, eachregion mustsatisfytwo criteria:

1. Thecoherencenustnotbelow, to ensurea certainsignal-to-noiseatio.

2. Theunwrappingof a region shouldnot be a function of the region’s locationwithin a partition; that

is, aregion mustnot be sensitizeto the kinds of boundaryconditionsillustratedin Figure3(c).

Thelattercriterionimplies a degreeof redundany, for examplesomesortof “overlapping”blocks. Given
aninterferogramp?’ andcoherencenapC onallattice,we proposeo divide it into m x n non-overlapping
rectangle®r, k = {3,7},1 < i < m,1 < j < n. Thenadivisionof thelatticeinto overlappingpartitions

B;, with aredundang factorr? canbeconstructechs

Qi; v Qigr—1y

Br=B;; = : : : (9)

Qijir—1 -+ Qifr_1j4r-1

Thatis, eachpixel will beunwrapped-? times,suchthatvariedresidueconfigurationswill be unwrapped,
allowing reliability to be tested. The definition of a region thenfollows: in eachrectangleQ; ; a region

R = {p»} C Q; ; mustnotcontainlow-coherencareas,

VpeR, C(p) 2 (10)

theregion mustbe connected,

Vp1,p2 € R, dpath(py,p2) C R (11)



andthemultiple unwrappedurfacesnustbeidentical:

vp € Ra ¢B,'Vj(p) - ¢Bk71(p) =const i —r <k S i7 j_T < l S .7 (12)

This definition is fault-tolerant: informationis cross-checkedor consisteng over redundantareas,and
wheneer errorsare detectedthey are utilized to further split the regions, increasingthe probability that

eachregionis correctlyunwrapped.

A morerealisticexampleis illustratedin Figure4, usinga syntheticdatasefrom [19]. Theinterferogram
hasbeenpartitionedinto 5 x 2 overlappingblockswith a redundang of four. Obsenre thatappropriate
region splittingoccursontheleft-handside,whereinconsistencieappeasacrossow-coherencéopographic

features.

4 Hierar chical Network Flow

Digital ElevationModels(DEMs) typically have two differentdatamodelsor representationis the context
of Geographid¢nformationSystemspneis alattice,commonlyusedin casesvheretheinputis presentedh
rasterformat;theotheris afinite elementepresentatiorwherethe surfacds interpolatedrom a Triangular
Irregular Network (TIN) basedon scatteregointsin X, Y, Z coordinatespace.Switchingbetweernthese

two representationis atthe heartof our hierarchicabhaseunwrappingconcept.

Thekey ideais thatthe individually-unwrappedegionscanbe unwrappedamongthemselvesagainusing
networkflow! Specifically givenary pair of points(p;, p2) within aregion, knowing the elevation of one
automaticallyfixestheother Thereforefor eachregion, knowing theelevationof only onepixelin R, what
we call theinterferograncontrolpoint (ICP), sufiicesto determingheremainderWe thereforeregardeach

region asrigid andindivisible, characterizetty onerepresentatie or proxy pixel within theset,the ICP p.



Recallthat the main hypothesisbehindthe minimum costflow algorithmis that we are reconstructinga
DEM which s a surface forcing eachfour-pixel closed-loophasegradientsumto be zero(8). It follows,
however, that the closed-loopsumof the unwrappedheightdifferencesf widely-spacedgixels (suchas

ICPs)mustbezeroaswell. Considerfour blocks A, B, C, D, asshowvn in Figure5; then(8) generalizeso

1 ¢ . . .
kap + kpe + kea + kao = — o {%b + Ve + Yed + "ﬁda} (13)

wherek, = (¥, — ¥,)/(27) asbefore but wherethegradientrom (6) mustbegeneralizedis
bij = b — ¢i. (14)
The determinatiorof +;; will be the subjectof the next section. The residualk is still guaranteedo be

integer, sincethe unwrappeghasen eachblock hasanerrorof anintegernumberof cycles.

The four-pixel configurationof Figure5 is still conceptuallybasedon a regular, squarelattice, which is
inadequateo representhe expectedrregulardistribution of unwrappedegions. Fortunatelynetworkflow
theorynaturallyaccommodatdsregularconfiguration®f nodesandarcs arbitrarytopologieseingtherule
andnot the exception.We proposeto apply Delaunaytriangularizatiori8, 11] to build atriangularnetwork
from the ICPsof eachregion. Figure 6(a) illustratesthis processappliedto the problematicexampleof

Figure3. Theloop constraintsgeneralizedrom (8),(13)arethus
1 - . .
kab + kbc + kca = _% {’lﬁab + "pbc + ’lpca . (15)
Of the setof feasibleresidualswe clearlywantthe onewhich minimizestheweightednorm

min Z CQle| (16)
Q
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wherethe costscg now reflectthea priori confidenceontheresiduals.

Becauseve canno longerexploit the repetitive, structuredgrid of theregulartopologycase transforming

thelinearprogrammingproblemresultingfrom thetriangularizatiorinto networkflow is morecomplicated:

Nodes: In the standardcase,eachnode geometricallyrepresentedhe squareloop of four neighboring

pixels. Now, eachnoderepresenta trianglewith ICPsasits vertices.

Arcs: In theregularcase arcsconnecteddjacensquaresnow they connectadjacentriangles.The flows
k representhe correctionsto be madeto the phasedifferenceestimates). The arcsconnecting

neighboringnodesareshovn dashedn Figure6(b).

Supply/demand: As before,the chage or residueis computedoy integratingthe phasedifferencesalong

theclosedoop definedby thenode.Theshadeof thetrianglesin Figure6(b) indicateshis chage.

Costs: The costsplay a crucial role, pushingthe discontinuitesaway from block boundariegFigure 3).

Thesewill bediscussedh detailin the next section.

To summarizetheabove networkformulationenablesisto unwrapanarbitrarytopologyof scatteredCPs.
At this point it is trivial to extend theseconceptsrecursvely to multiple scales: we can define“super
regions”, a groupingof ICPs,eachrepresentethy a single“superlCP”, thendefiningoverlapping“super
blocks”andtheassociatetisupernetwork-flav” problem.Althoughwe have notfoundaneedo gobeyond

two scalesclearlythereexiststhe potentialto solve problemsof truly enormousize.

5 Algorithm Description

With the conceptuaframevork in place,this sectionpresentsa detaileddiscussiorof the algorithm for

two-scaleunwrappingfollowedby a generalizatioto multiple scalesn Section6.

11



Section3 listed the requiredinput parameterspamelythe interferogram¢?”, the coherencemap C and
thresholdr, the partitioning@; ;, andthe block overlappingfactor, which we fix to » = 2. The outputof

thealgorithmis theunwrappednap¢, anda setof regionsk.

Thealgorithmstepss madeup of thefollowing, eachof which is thendescribedn detail:

A. Unwraptheblocksanddefineregions.
B. Build atriangularirregularnetwork.
C. Solvethenetworkflow problem.

D. ComputethesparsdCP heights.

E. Estimatethefull elevationmap.

We will continueto usethe exampleof Figure4 asthecontext in whichto discusghealgorithm.

A. Unwrap Blocksand DefineRegions

ThepartitionsBy, from (9) areseparatelyinwrappedisingmaximum-likelihoochetworkflow [4]. Let

B, (p) = {all pointsq| C(s) > 7 Vs € path(p, ¢)} a7

be the coherentlyconnectedixelsp € Byj. To remove small groupsof pixels which do not contribute

significantlyto thefinal solutions pnly thosecomponentsf adequatsize|5p, (p)|/|Bk| > o arepresered.

Next, eachblock Q; is visited andits regions R are determinedbasedon the matchingcriterionin (12).
From eachregion R; aninterferogramcontrol point p; is randomlyselected.Theregions R arecollected

into asetRk.

12



B. ICP-basedNetwork Construction

Following Sectiord, the connectvity amongtheCPsis calculatedusinga Delaunaytriangulationto define
thenetworktopology For eachpair of neighboringCPsp;, p;, therearetwo key quantitiesto computeithe

estimatednhasajifferencez&@j (15),andthe networkflow costse; ; for (16).

Computingtheseis considerablynmoresubtlethanwould at first appearIn particular the ability andconfi-
dencewith which we infer a phasedifferencey); ; is a functionof how mary suchmeasurementse have,
whichequalghenumberof redundanblocksin whichbothp; andp; appealthatis, thenumberof elements
inthesetB = {By|p;, p; € Bi}). Forthechoserredundang factorof r? = 4, thenumberof measurements

canonly be0, 1, 2, or 4; thereadershouldreferto the sketchprovidedin Figure?.
Casel: 4-measuements

LetQ: = (s Bk. Sincep;, p; arebothICPs,they mustbelongto differentregions R;, R;; for the regions
to have beenseparatedvithin a block, they mustbe separatedhy a low-coherencareaor by anerroneous

artificial discontinuityproducedy networkflow, leadingto two respectie voting stratgies:

e R; andR; do nottouch,in which casey; ; is estimatedasthe modeof the four phasedifferences.

Coste; ; = 1.0, reflectingalow confidencen 4; ;.

e R; and R; do touch, in which caseat leastone of the four surfaceshasan artifact, typically an
edgein the unwrappedphase. aﬁQ is takenfrom the smoothesunwrapping(ie, the mostfree of
discontinuites),wheresmoothnests basednthe Canry edge-detectd5]. Thecosteq is assigned

avalue5.0, trustingvery slightly thatthe smoothessurfacemay have the correctsolution.

Case2: 2-measuements

Thetwo ICPsp;, p; have two partitions,say B; and By, in common. Most oftenthis occursbecausehe

13



regionslie in adjacent) blocks,asshown in Figure7(a), not becausef ary problemswith coherencer
discontinuites. The assesseghasedifferenceis basedon threefactors: whetherp; andp; belongto the
sameconnectedcomponentn By, similarly in B, andwhetherthe unwrappedhasedifferencesn blocks
B; and B; arethe same.If atleastonecommonconnecteccomponenexists thena phasedifferencecan

confidentlybeassignedTable1l summarizeshe costruleswhich have evolvedfor this case.
Case3: 1-measuvement

Thetwo ICPsp;, p; have only onepartitionin commonnormallyfor ICPswhichlie in diagonally-adjacent
blocks. Becauseonly one measuremernits available thereis no redundang to assesshe quality of the
estimatedpohasedifference. Thereare only two possibiliies: the two ICPsbelongto the sameconnected
componentn the partition (costsetto 80.0),or thetwo ICPsarein differentcomponentgcostsetto 1.0to

reflectalow confidencen theestimate).
Case4: 0-measuements

For ICPswhich do not sharea commonpartition,we will nothave anestimatefor heightdifference . How-
ever someestimatemustbe provided, otherwisethe network-flov problemis ill-posed. Furthermorepe-
causenetwork-flav addsonly multiplesof 2z« to eachphasein estimatingthe true height,we cannotarbi-
trarily setunknavn phasedifferencego zero. Thereforewe arerequiredto find consistenphasedifference

estimatedor all unmeasuredrcs.

The solutionis straightforward:for every trianglewith two sides&ij, aﬁjk estimatedwe canestimatethe
third as;, = —1b;; — ;1. to satisfy(15), but with an associatedtostes = 0 to reflectthe arbitrariness
of the estimate.The above procedurds appliediteratively until all triangleshave threeestimatedsides. If
theiterationfails to corverge (e.g.,in the caseof a “floating” region with no availablegradientestimates,
asshawvn in Figure7(a)),a casethatwasnever encounteredh practice thentheisolatedregion shouldbe

removed,to befilled laterby interpolation.

14



C. SolveArbitrary TopologyNetwork Flow

Having estimatedhe differencedetweerall ICP pairsspecifiedby the triangulation,we cancomputethe
generalizedesiduesdy summingthe estimatedphasedifferencesaroundthe threesidesof eachtriangle
(node),which determinesghe network’. With the networktopologyin place,the minimumcostflow solver
can be invoked. We have usedRELAX-IV [3], however ary other network-flov solver ([10] or others)

wouldbeapplicable.

D. Build CoarseDEM

Onceall of theresidualshave beenestimatedt is trivial to unwrapthe interferogramsinceall integration
pathsmust, by definition (8), yield the sameresult. With a regular topologythe integrationpathscanbe
predeterminedacrosghefirst row andthendown eachcolumn. For theintegrationof ourirregularnetwork
the processs recursve, visiting eachnodein the graph,resultingin the unwrappecheight¢(p;) for each

ICP p;. Thereferencehasds arbitrary andcanbechoserasary ICP.

E. Build Full DEM

With eachICP p; € R; determinedthe computatiorof the full-resolutionrasterDEM is straightforward:

for eachpixelp € R,

é(p) = ¢(pi) + dr(p) — dr(P:)- (18)

Therewill be somepixels, typically with very low coherencewhich arenot includedin ary region, and
which arethereforenot reconstructedn (18). Following [29], a smoothinterpolatingsurfaceis computed

for theseremainingpixelswith boundaryconditionsimposedby the unwrappedixelsaroundeachhole.

5SeeSectiord.
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6 Generalization to Multiple Scales

Thedetailedapproacldescribedn theprevioussectionextendseasilyto morethantwo scalesS. Parameters
andthresholdsl*], ol mustbedefinedoverthediscretesets € [0, S), howevertheinterferogramp?” and

coherencenapC areunchanged.

The maindifferencein introducingadditionalscaless the changedatureof the scale-to-scaléransition.
With only two scalesthetransitionfrom thefine to coarsescaleis a changerom arasterrepresentatioto
a graph,whererasterconceptssuchasconnectednessmoothnessand edgesdeterminedhe structureof
thegraph.With morethantwo scalesthe coarsetlevel transitiondive entirelywithin thegraphicaldomain.

Let usseestepby stephow the conceptandlow-level functionstranslateat arbitraryscales:

o Definenon-averlappingblocksQ!, k = {4,5},1 < i < ml 1 < j < nl*) and B! exactlyasin (9).

e Ragions Rl* C QE] will be composedoy ICPsfrom the previous scale{pLi“]} C QE]. Arcs
in the graphwhosecostsarebelav r!*! areeliminated(a generalizatiorof (10)) andthe connected
componentsirecomputed11) by recursvely visiting all nodesin the graph. The region constraints
imposedy (12) remainvalid,andtheICPsatthecurrentscalepE“"] ¢ Rl areselectedandomlyfrom

those{pls™'} € R in eachregion.

e Solwetheabstract-topologpetwork-flav problemwithin eachpartition B,[f].

e Apply the previous stepsrecursiely, constructingolocks, regions,andapplying network-flav, with
eachstepmoving upwardgdecreasing) in scale.Thenumberof scaleds choserto makethesizeof

theproblemtrivial ats = 0, thecoarsesscale.

(5]

7

e Move downwardsin scale,trivially propagatingthe computedheightsof ICPs p;™ to p£8+1] until
reachingthe finest scale. The switching of representation§from triangularizedto raster)follows

from the method<f the previous section.
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7 Results

This sectionpresentghe resultsthat have beenobtainedby applyinghierarchicalinetwork-flov. We begin
with a brief discussiorof computationabompleity, parallelizationandcomputermemoryrequirements.
Thealgorithmis appliedto four datasets two of which aresynthetic,in which thetruereferencesurfaceis
known, andtwo real,for which groundtruth is not available. For the latter tests,our unwrappednapswill
be comparedwith the resultsof brute-forcenetworkflow unwrapping[4, 13|, which is appropriatesince
our goalis not somuchto improve uponnetworkflow, asto proposea partitioned/ parallelizableapproach

to it. We arethereforequiteinterestedn maintainingthe performancef othernetwork-flov approaches.

As demonstrately theresults the hierarchicaihetwork-flov algorithmprovesto be robust,andits ability

to recover from errorscommittedat previous scalegprovidesanenormoudlexibility .

7.1 Efficiency

Considerthe challengeof implementingphaseunwrappingalgorithmsfor very large problems typical of
the unwrappingproblemsfacedin high-resolutioninterferogramsuchasthoseprovided by RADARSAT

[16], ERS-1/2[29], or SRTM [23].

Table 2 shaws published[19] averageexecutiontimesof Flynn’s freely-available minimum discontinuiy
algorithm.Notethatsolvinga singleimagehaving 2048 x 2048 pixelsalreadytakesthreehours.Although
thealgorithmhasmodesimemoryrequirementssolvingalarge problem,at asizeof 11000 x 5000, would

requireabout900 megabytesof RAM andwould takedaysto finish.

An alternatve algorithm by Einederet al [10] is a greatdeal more efficient, solving the 11000 x 5000
unwrappingproblemin 35 minutes but requiringl1.7 gigabytesof RAM. Both casegprovide motivationfor

reductiondn computationabr storagecomplexity.
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Sincethe computationatompleity is superlineargrowing fasterthanthe size of the problem(asin Ta-
ble 2), thetime to solve alarge numberP of smallunwrappingproblemsasin our approachcanbe con-
siderablyshorterthansolving onelarge problem. However even more substantiabenefitscanbe realized

usingour partitioningin thefollowing two contexts:

Context 1: Memory is Limited

For a givencomputer memorylimitationsimposearigid, hardconstrainton the upperlimit of prob-
lem size. Our approachenableghe solutionof P + 1 (in the caseof two scales)smallerproblems

sequentiallyata giventime consumingonly themodestresourcesequiredfor eachsmallproblem.

Context 2: Time is Limited

If timeis limited, we cansolvethe P problemsn parallel. The P unwrappingstepsproceedndepen-
dently, thereforethe communication®verheads tiny andthe computationakpeedups very nearly
proportionalto the numberof computingunits. Consequentlygivena sufficiently large parallelma-
chine,thetime to unwrapanyimageusingatwo-scaleapproacttanbecompressetb 7 + T + Or,

thefirst level andsecondevel unwraptimes,andthe communicatioroverheadespectiely.

7.2 Synthetic SAR Data

Two testswereperformedon syntheticdata,both basedon the standarddatasetgprovided by [19]. Truth
referencesurfacesare known in both cases.For comparisorpurposeswe compareour resultsto the two

best-performinglgorithmsof [19]: Flynn’salgorithmandthe minimum LP-normmethod.

Figure8 containsthefirst setof results basedon the interferogramandcoherencenapshown in Figure4.
Our resultscomparevery closely with thoseof Flynn and the minimum LP-norm method,shoving no

evidenceof blockingor partitioningartifactswhich might be expected.
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Figure8(e) illustratesthe ability of our proposedalgorithmto self-repair— to correctunwrappingerrors
from thefirst scale. If the redundang criterion (12) is removed, thenwe areleft with connectedegions
of adequatecoherencd10,11). Unwrappingbasedon theseregions, our approactreducedo partitioned
unwrappingof independenblocks,in which caseerrorsmadeat thefirst scaledo remainin place,andare

very clearlyvisible in theerror (Figure8(e)). The contribution of redundang (12) is significant.

A secondexample,moredifficult thanthe first, is shavn in Figure9. As before,our performancas very

closelycomparablédo currentstateof the art networkflow methods.

The immediateconclusionis that our proposedapproachyields excellentunwrappedsurfaces.In fact, in
both examplesthe only errorsgeneratedy our proposedapproachare locatedat layover/foreshortening

areasandattheboundarie®f the externalmask.

7.3 Real SAR Data

Figurel0(a)shaovsab12 x 512 pixel RADARSAT-1 interferogranover Uruguay Therearenotopography-
inducedflows, however theimageis generallytexturelessandthe coherencéFigure 10(b))is low through-
out. This presentsa challengeto the algorithm, sincethereis noiseeverywhere andthereareno clearly

definedfeaturego sene asnaturalregion divisions.We have setthe coherencéhresholdo r = 0.2.

The unwrappedsurface(c) possessea few, small holeswhich have beenfilled by interpolationin (d).
Figure 10(e)shaws the intensity-codedhasedifferencesvhencomparedo unwrappingthe whole image
at once: astonishinghthe only differencesareindividual pixelsandtiny patchesno region or partitioning

effectsof ary kind arevisible.

Figurell(a,b)shavsthe 512 x 512 interferogramand correspondingoherencenap basedon the ERS-

1/2 Tandemdatasetacquiredover Mt. Etna,in Sicily, Italy®. The coherences generallyhigh, however

% Courtesyof Dr. Alessandrdrerrettifrom POLIMI
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therearesomeseveretopographiaeformationglueto the viewing geometryof the SAR, generatindong,

challengingopographidlows, particularlynearthe peakof the volcano closeto the centerof theimage.

We chosea coherencehresholdof = = 0.25. Thefinal reconstructedurface following interpolation,is
shavnin Figurel1(d). Notethatessentiallyall of theinconsistenspotsin thedifferencemap(Figurell(e))

lie in low-coherencénterpolatedegionsandnotin the multiscale-computedurfaceof (c).

8 Conclusions

This paperhasdescribedand illustrateda hierarchicalmethodologyfor phaseunwrappingusing network
flow, leadingto areliableandefficientalgorithm. Themultiscaleapproaclalsosetsupapracticafframevork

or context which canaccommodatéuture scale-dependembodelsof terrain.

The main contribution of the paperis an approacHor the parallelizationof the networkflow algorithmfor
phaseunwrapping.A strat@y wasproposedvhich partitionedthe original phaseunwrappingprobleminto
independensubproblemswherethe subsequentecombinatiorstepcanitself elegantly be interpretedas
a phaseunwrappingproblem. The divide and conquerapproachenableghe solution of arbitrarily large

interferograms.

Theproces®f developingthealgorithmhasled to threeadditionalcontributions.Firstly, we have developed
a generalizedrersionof networkflow phaseunwrapping.applicableto irregulartopologies ratherthanto
rasterisedlomains. Secondly efficiengy hasbeengained,independenof ary parallelization throughthe
fact thatboth executiontime andmemoryrequirementgrow with the size of the phaseunwrappingprob-
lem. Finally, ourapproactparallelizesxtremelyeasily Thereforestandardvorkstationsn already-&isting
computemetworks for examplein a Parallel Virtual Machine(PVM)[17] contet, would enormouslyac-

celerateheexecutiontimesin realphaseunwrappingprojects.
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i, p; connectedn B;  p;, p; connectedn B, (Qp”) b = (zpm) 5 @
v v v 100
v X N4 75
X Vv Vv 75
vV X X 100
X V4 X 100
vV v/ X 10
X X v 15
X X X 0

Tablel: Costassignment&hentwo measurementsf phasedifferenceareknown betweerCPsp;, p;. Thelastthree
rows correspondo areducecconfidencedueto aninconsistentinwrappingor afailure to have acoherentonnection
betweerp;, p;.

Array Size  ExecutionTime AllocatedRAM
(pixels) (hr:min:s) (Mb)
256 x 256 00:00:20 1.1
512 x 512 00:02:30 4.3
1024 x 1024 00:20:00 17.0
2048 x 2048 03:00:00 68.0

Table2: Averagesxecutiontimesof Flynn’s minimumdiscontinuityalgorithmfor variousarraysizes[19].

Figurel: Exampleof aDivide & Conquemapproachappliedto phasaunwrapping.An interferogranof asimple2-D
Gaussiarsurfacds partitioned(a) into rectangulablocks,unwrappedndependentlyb), andthenunwrappedamong
themselesto producethefinal surface(c). The procesf unwrappingwo neighboringblocksis detailedin (d).
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Figure2: A loop aroundfour adjacenpixels;theintegratedphasg8) abouteachsuchloop mustequalzero.

(@) (b) ()
Figure3: Giventwo oppositechagesfar apart(a), the optimum networkflow solutionassumingconstantcostsis

a single, straightflow connectinghem(b). The superimposedrid reflectsthe intendedpartitioning However, the
straightforwardapplicationof networkflow to eachblock individually (c) producesa completelydifferentresult.
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Figure4: Syntheticexampleextractedfrom [19] to evaluatethe resultsproducedby the hierarchicalnetworkflow
phasaunwrappingalgorithm. This exampleis computedvith a coherencehresholdof 7 = 0.3. Thecoherencenapis
shavnin (a) (white areascorrespondo high coherenceandtheinterferogranin (b). Theresultingregionsareshavn
in (c); notein particularthe region splitting dueto detectednconsistenciesThe partitioningis depictedn (d): each
block ;. is shavn in dashedines,andpartitionsarecomposeaf neighboringgroups(e.g.,1,2,3,4)of four blocks.

(@) (b)

Figure5: Generalizatiorf a simplenetworkflow loop integral from 2 x 2 adjacenpixelsto 2 x 2 adjacenblocks.
Givenarbitrarypoints P,, Py, P. and P; in eachblock, the integral computedalonga closedpath connectinghem
mustbezeroto guarante¢hatthefinal resultis asurface A pathfollowingasquarga)is animmediategeneralization
of Figure2, althoughotherclosedpaths suchastriangles,areequallyvalid (b).

(a) (b)

Figure6: Thecentemlock of Figure3 is split into regions(labeledl andII) separatedy a discontinuity The black
diamondsarethe ICPs. The Delaunaytriangulationis shovn in solid lines (b). The arcs(dottedsegments)connect
neighboringriangles.The shadedrianglesindicatethattheloop integralsarenon-zero.
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Figure7: (a) ICP networkconstruction:ithe numberof measurementsanbeO0, 1, 2, or 4, shavn at locationsE, C,
B, A respecitiely. For clarity, not all ICP connectionsare shovn. Usually gradientestimatesanbe computedfor
case®f zeromeasuremenisuchasC-D) from neighboringriangles;‘floating islands”(suchasE) arerare.(b) The
syntheticexampleextractedfrom [19], correspondingdo Figure4, shawving all of the ICPs. Thetwo ICPsp4, p, are
memberof neighboringpartitions,andwill correspondo thetwo-measuremertase.
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Figure8: First syntheticexamplefrom [19]. The interferogramand coherencenapwereshawvn in Figure4. The
reconstructedinwrappedhasefield usingour methodis shovn in (a). Intensity-codeckrror surfacesare shaovn for
our algorithm(b), Flynn’s method(c), andthe minimum  -norm (d). Panel(e) shavs the effect of disablingthe
redundang criterion(12) in the definitionof regions.
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Figure9: Secondsyntheticexamplefrom [19]: a companiorexampleto Figure8, but slightly moredifficult. The
coherencenap (a) andinterferogram(b) wereunwrappedisingour method(c), Flynn’s method(d), and minimum
-norm(e).
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Figurel10: A Radarsat-interferogranm(a)with poorcoherencéb) over Artigas,Uruguayhasbeenpartitionedandun-
wrapped(c), producingthefinal interpolatedsurfacen (d). Theintensity-codecrrormapbetweerthereconstructed
surface(d) andthe standardchetworkflow result(with ML costs[4]) is shavn in (e). Themapof the 69 regionsis
shavnin (f).
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Figure11: Exampleof hierarchicalnetworkflow appliedto the ERS-1/2Tandeminterferogram(a) andcoherence
map(b) over Mount Etna,in Sicily, Italy. Themultiscale-unwrappesurfaces shovn in (c) andafterinterpolationin
(d). Theintensity-codecerror mapbetweernthe reconstructedurface(d) andthe standarchetworkflow result(with
ML costs[4]) is shavn in (e); notethatthe differencesare confinedto the interpolatedareas.Panel (f) shavs the 80
regionsconstructedor the partitioning
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