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Abstract

The well-studiedInterferometricSyntheticApertureRadar(InSAR) problemfor digital elevation

mapgenerationinvolvesthe derivationof topographyfrom radarphase.The topographyis a function

of the full phase,whereasthemeasured phaseis known modulo
���

, necessitatingtheprocessof recov-

eringfull phasevaluesvia phaseunwrapping.This mathematicalprocessbecomesdifficult throughthe

presenceof noiseandphasediscontinuities. Our researchis motivatedby recentresearchwhich mod-

elsphaseunwrappingasa networkflow minimizationproblem.Thecostfunctionto beoptimizedis a

weighted��� -normof thephasediscontinuities.Determiningthesecostweightsis critical, yetpastwork

in theliteraturedoesnot reflectthestatisticsof theunwrappingproblem.

The purposeof this paperis to proposea new methodto computethe flow weightsfrom a theo-

retical foundation.Specifically, we formulatephase-unwrappingasa MaximumLikelihood estimation

problem,whichwemathematicallyrewrite asa networkflow problemwith aspecificchoiceof weights.

Theapproachis basedonestimatingtheprobabilityof phasediscontinuities,which canbederivedasa

functionof coherenceandtopographicslopefrom theknown statisticalpropertiesof SARphase.�
Researchsupportedin partby theNaturalSciencesandEngineeringResearchCouncilof Canada,CCRS/ GlobeSAR2 and

CONICYT-BID, Uruguay
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1 Introduction

SyntheticApertureRadar(SAR) interferometry[12, 19, 25] is an enormouslypromisingtechniquein the

generationof highly accurateelevationmaps.Theinterestin suchdigital terrainmapsstemsfrom thevast

numberof disciplineswhich have a needfor suchbasicdata,namelyhydrologicmodeling,erosionstudies,

miningprospection,wildlife habitat,andmilitary tactics,to nameafew.

The basicpremiseof SAR interferometryis thatby countingthe phasefringesin an interferencepattern,

extremely sensitive measurementsof elevation canbe accomplished.In idealizedsettings,in which the

phasemeasurementsarenoise-free,this approachis relatively straightforward(with theexceptionof steep

topography).However actualmeasurements,takenfrom repeat-passspaceborneSAR instrumentssuchas

Radarsat[11]or ERS[19],poseadditionalchallengesin the form of decorrelationnoiseandatmospheric

distortions. Sincethe measuredphasevaluesareknown only modulo �	� , the absolutephase(which is

relatedto thesurfaceelevation)needsto beinferredby fringe-countingor phase-unwrapping[6, 14, 16,20].

The moststraightforwardapproachto phaseunwrappingis to integratethe phasegradients.If all of the

true phasegradientsareboundedby one-halfcycle (i.e., they lie in 
��
������� ), thenthe integral alongany

pathwill yield thesameresult;this impliesthatthegradientintegralaroundany simpleclosedloop is zero.

However normallysomepixelsviolatethis hypothesis.That is, giventhattheoriginalphaseinformationis

known only modulo �	� , a truegradientlargerthanone-halfcycle (e.g.,a discontinuity) will bewrappedto

a differentvalue,causingsomeclosed-loopintegralsto benon-zero(theso-calledresiduesor charges)and

the integratedphasebetweentwo pixels to bepath-dependent,forcing thephaseunwrappingalgorithmto

determinewhichpathintegralsit will believe.Thetaskof aphaseunwrappingalgorithmis to addmultiples

of �	� to thephase-gradientbetweenpixelsto restoretheconditionthatall closed-loopintegralsbezero.
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Onecurrentandwidely-popularmethodfor unwrappingis theminimumcostflow algorithm[4, 5, 6, 8, 21].

Thisapproachusesnetworkflow theoryto convert thephaseunwrappingproblemto adiscreteoptimization

problem,minimizing sometotal “cost” with theconstraintthatall loop integralsarezero. Theconversion

mapsclosed-loopintegralsandpixel pairsinto networknodesandarcsrespectively, wheretheflow oneach

particulararc representstheresidual(thenumberof �	� multiplesin theprecedingparagraph).Clearlythe

choiceof thecostfunctionis critical to findinganaccuratesolution,yet this issuehashadlittle study.

Moreover, Chen& Zebker[4] recentlyshowedthatany unwrappedphasefield canbecompletelyspecified

by someflow meetingthenetworkconstraints.Hence,thedifferentunwrappingalgorithmsshareanessen-

tially commongoal: finding the feasibleflow with the smallesttotal cost,wheredifferencesin algorithm

objectivesarereflectedby differencesin arccostfunctions.Therefore,it would imply that theappropriate

choiceof thecostfunctionacquiresevenmoreimportance,sincethecostsareessentiallytheonlyparameters

distinguishingbetweena largefamily of algorithms.

Many methodswith variedcostshavebeenproposed[6, 8,21],howeverthey havebeenad-hoc,thresholding

theSARsignalcoherence[6]or applyingedge-detectionto theSARamplitude[4]. Thepurposeof thispaper

is to proposeamoresystematicmethodfor network-flow costselection.

Figure1 illustratesthekindof undesiredeffectsthatcanarisewhendealingwith aconstantcostfunction.We

have a syntheticsurfaceof two ramps,continuousexceptalonga horseshoearc. Thecoherence(a measure

of the quality of the phasemeasurement)is qualitatively consistentwith real datasets: the coherenceis

generallyhigh, taperingto a low value(0.4) nearsurfacediscontinuities. The syntheticinterferogramin

Figure1(c) clearly shows the phasefringes,with the fringe separationproportionalto the surfaceslope.

If we apply network-flow to the interferogram,the resultingsurfacediffers from the original in that the

centrerampfails to beproperlyattachedto the restof the surface,asshown in Figure6(a); this problem
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of having discontinuitiesor “cuts” runningacrosshigh-coherenceareashasalreadybeenshown by other

authors[8, 13].

In this paperwe undertakethe first systematicinvestigationof networkflow costs. Our basicpremiseis

the following: the costof a pixel pair mustreflect the “cost” of having an aliasedphase(i.e. a non-zero

residual),which must thereforeclearly be a function of the probability that the pixel phasedifferenceis

aliased,or lying outsideof 
��
������� . Therefore,we assertthatat leasttwo quantitiesneedto beaccounted

in any sensibledefinitionof costs— thecoherence,which measuresthesignal-to-noiseratio of thephase,

andthesurfacegradient,which influencesthephasegradientandthereforetheprobabilitythata measured

phasewill bealiased.We developsucha costmodel,dependenton bothslopeandcoherence,basedon an

analogywith solvingaMaximumLikelihoodestimationproblem.Moreover, this framework naturallyleads

to anasymmetriccostsallocation,thatis, it assignsdifferentweightsto positiveandnegative residuals.

Section2 reviews networkflow andclarifiesthe importanceof costs.Sections3 and4 respectively derive

thegradientaliasingprobabilitiesandthenetwork-flow costs.Section5 comparesourderivedcostfunction

with competingmethods,andconclusionsaresummarizedin Section6.

2 Network Flow Algorithm

Thepurposeof thissectionis to introducethereaderto thenetworkflow algorithm[5, 6,8]. Weareinterested

in themathematicalpropertiesof theproblem,ratherthanthespecificdetailsof aparticularimplementation.

Sincethemainfocusof ourpaperis to understandthebehavior of theunwrappedsolutionsasa functionof

differentcosts,to avoid distractionwewill treatthenetwork-flow algorithmstrictly asa tool or black-box.

As mentionedin the Introduction,the objective of a phaseunwrappingalgorithmis to locatediscontinu-
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ities. Most algorithmsdo soby meansof minimizing thevalueof someobjective function. Least-squares

estimationalgorithms[14, 20] implicitly locatediscontinuitiesby minimizing the squareddifferencesbe-

tweenunwrappedandwrappedgradients.Otherapproaches,like Goldstein’sresidue-cutalgorithm[16] and

Costantini’s minimumcostflow algorithm[6] bothuse“path following” strategiesthatexplicitly identify

andplacediscontinuities.

If we define ����������� and ����������� as the unwrappedand the wrappedphasefields respectively, wherethe

indices� �!� livein a rectangular" #%$ grid, themeasuredphasewill obey

�����������'&)(*�+���,� �������-&)����� �!�.�0/1�	�324��������� (1)

where24��� �!�.� areintegerssuchthat �
�657������������87� and ( is thewrappingoperator.

Following Costantini[6], wedefinetheresiduals

9.: & 9	;�< =�< > & ?�	� 
A@ > ����� �!���3�6(B�C@ > ����� �!�����+D (2)

for eachindividual arc EF&HGI� �!�J��K0L , where @ >
is thediscretedifferenceoperatoralongthedirection KNMGPO-��QRL . If we let � : &S� ;�< =�< > &T(*�C@ > �U�,� ������� , thenphaseunwrappingcanbeformulatedas

min V :XW :PY 9 :ZY (3)

subjectto theconstraintsthatall loop integrals(e.g.,seeFigure2) bezero:

9Z[ / 9Z\ � 9.] � 9Z> &^� ?�	� 
A� [ /7� \ �_� ] �N� > D�� (4)
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andwherethe W :�`ba
in (3) weighttheconfidencein theresiduals.By rewriting (3),(4) in termsof

Odc: & max� a � 9 : �e�NO'f: & max� a �I� 9 : � (5)

where O c: `ga � O f: `ga
, thenonlinearminimizationproblemcanbeconvertedinto a linearminimumcost

flow in anetworkfor whichefficientsolutionsexist, andfor which thesolutionsareguaranteedto beinteger

[1, 6]. Thefollowing networkstructurewasrecognizedby [6]:

h Eachnoderepresentsone �i#_� loop integral (right handsideof (4)).

h Eachnodewill beconnectedto eachof four neighborsby two arcs,onefor O c: andonefor O f: . The

flow oneacharcphysicallyrepresentstheresidual(2).

h ThecostsW : canbeany positivefunction.

With thenetworkdefined,therearetwo inputsto theminimumcostflow solvers: Themapof loop phase

integrals,which arefixedby (4) for a givendataset,andthecostsWej: correspondingto flows O j: , which are

theonly freeparametersto bechosen.

Figure3 illustratesthe influenceof the costs. The networkflow algorithmwill connectthe two opposite

charges,sincetheconstraintsspecifythatall unbalancedchargesmustbeneutralized.If theoptimizationis

carriedoutwith constantcosts,theresultwill clearlybeastraightline connectingthetwo charges.However

undera modifiedcostfunction(Figure3(b)) thenew minimum-costpathwill change(dueto thesymmetry

of the problemthereis a secondoptimal path,not shown, proceedingalongthe lower arc). Clearly the

flow costsaffect the optimalpathconnectingthe charges;thereforethe issueof costselectionmustbeof

significancein phaseunwrapping.
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Differentcostfunctionshave evolvedsinceunweightednetwork-flow[5]. Costantini[6] usedthecoherence

mapasweights;Ghiglia andPritt[13] usedFlynn’s algorithm[9] with costsobtainedby thresholdingthe

phaseslopevariancemap;Einederet al[8] produceda binarycostmapby thresholdingthethreevariables

of amplitude,charge densityandflatness;ChenandZebker[4] separatelythresholdedthe coherencemap

andedgedetectionappliedto the interferogrammagnitude;finally in [21] a neuralnetworkwasused.Al-

thoughsomeof thesestudieshavebeenvery thorough,noneof themhaveasupportingtheoryregardingthe

limitationsor extensibility of themethod.

3 Phase Aliasing Probabilities

Thecostsin (3) shouldbeselectedto guidetheflow alongpathswherea terraindiscontinuityis mostlikely,

andthereforeeachweightneedsto reflectsomehow theprobabilityof a residual.We begin ouranalysisby

investigatingthe probability that a phase-gradientis aliased;that is, theprobability thata residualwill be

requiredbetweentwo pixels:

Pr k ?�	� 
l@ > �����������3�N(B�C@ > ����� �!�����+D3m& adnpo
(6)

Ourderivationof network-flow costsin Section4 will bebasedonestimatingtheseprobabilities.We begin

with asimplecasein which theproblemparametersareassumedto beerror-free;wethenrefinethealiasing

probabilitiesby incorporatinguncertaintiesin theparametersthemselves.
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3.1 Phase Gradient PDF

BasedoncircularGaussianstatistics,[17] derivedtheprobabilitydensityfunctionfor single-lookandmulti-

look interferometric(unwrapped)phasedistributions:

q3r �C� Y s � �'tu�4& v ��2w/yxz ��� ? � s z �,{u|�Z} � v �,2~��� ? ��| z � { c-x�� z / � ? � s z �,{�J� � ��24� ?�� ?� � | z �e� (7)

where 2 is thenumberof looks,
s

is the coherence(the magnitudeof the complex correlationcoefficient

betweenthe two SAR signals),|b& s��e�Z� �+���6� t � , � t is the locationof thepeakof thedistribution, v is

theGammafunction,and � is theGaussianhypergeometricfunction.

FromBamler[2],thedecorrelationnoise�d� causesthewrappedinterferogram��&)�'t
/��d� to bearandom

processwhich deviatesfrom theidealtopography�'t . Sincethenoisecomponentmustsatisfy
Y �R� Y 81� , it

makessenseto truncate
q r

at the ��� interval centeredon �'t (asin Figure4(a)).

ConsiderthePDFof thehorizontalphasegradient� r betweennodes��������� and ���u/ ? �!��� ; thecorresponding

PDFonarc E�&�G�� ���Z� K�&)O~L is givenby theconvolution

q : �,� r Y��� : �4& q r �,� r Y s ���0/ ? �!�.��� �����Z/ ? �!�����'� q r ��� r Y s ��� �!�J�e�e���������+�J��� (8)

where
s

is thepixel coherence,�_&)� t �,��/ ? �����'��� t ��� �!�.� is thetopographicgradient,and
�� : &^
���� s �,��/? �!�.��� s �,� �+�J��D the vector of parameterscorrespondingto arc E . It is thenstraightforwardto computethe

desiredresidualprobabilities:

�-� f'x��: &T� fu�� f z � q : ��� r Y4�� : ��KZ� r � �3��� �: &)� �fu� q : ��� r Y��� : ��K.� r � �3� c-x��: &)� � c z �� q : ��� r Y��� : ��K.� r o (9)
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Figure4 shows theconvolvedPDFwith the integrationlimits representedgraphically. Notethatexceptin

thepresenceof very steepslopes,� �l� �:�� a
for

Y  dYu` � .

3.2 Parameter Inaccuracies

Thederivationof theprevioussubsectionis illustrativebut incomplete,in thesensethat thePDFsof each

pixel involved in the convolution (8) dependon two parameters:the phasegradient � andthe coherences
. Theseparametersareestimated from thedataandaresubjectto errors.In particular, a lower coherence

leadsto increasedestimationerrorvariancesof bothparameters[23,24]. For example,averylow coherence

over flat topographycan lead to grosslyinaccurateestimatesof the gradient;if this gradientestimate ¡�
is believed,thenthe inferredPDFwill behighly skewed(asin Figure4) predicting� � c-x��: ¢ � � f£x��:

, even

though� � c-x��: � � � f'x��:
wouldhave beenmoreappropriate.

Instead,in principle we needto considerthe joint PDF of the phase,gradient,andcoherence.For the

sakeof simplicity, andbecausethe influenceof slopevariability is much higher than that of coherence,

we will assumethat the coherenceestimationis exact. We basethis assumptionon the observation that

thedistributionof theestimatedslopeis uniform as
s6¤¥a

, aneffect which doesnot occurfor coherence.

Empirically, we found that including coherencevariation doesnot producea significantaltering of the

results.

We begin with theequationfor theprobabilityof azeroresidual

� ��� �: �0¡���u¡s �¦& � �fu� q3§�¨ �,� r Y ¡����¡s �4K.� r (10)

where ¡���u¡s representestimates.This distribution,
q-§�¨ �C� , conditionedon the(possiblyinaccurate)estimates
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is not known, so we incorporatethe dependenceon the true underlyingvariablesand find the marginal

distribution:

� ��� �: �0¡���u¡s �¦& � �fu� q-§ ¨ ��� r Y ¡���u¡s �4K��_K.� r & � �f�� �g� q-§ ¨ ��� r � ��� s©Y ¡�3�u¡s ��Ku�%K s K.� r o (11)

We havearguedthattheerrorin thecoherenceis minor, comparedto errorsintroducedby theslopeestima-

tion, so ¡s%ª1s
andwe canwrite

�3��� �: �0¡����¡s �¦& � �fu� � q3§ ¨ ��� r ��� Y ¡�4�u¡s ��K���KZ� r &)� �fu� � q3§ ¨ ��� r Y ���R¡�4�u¡s � q � �C� Y ¡����¡s �4Ku�«K.� r (12)

Theformerdistributionisgivenby (8); thelatterrepresentsthedistributionfor thetrueslope,giventheslope

estimate.Sincetheprior model
q � �+��� for theslopewill beentirelyterraindependent,wewill chooseauni-

form distributionfor theslope,which correspondsto a “maximumentropy”or least-informationcondition,

in whichcase

q � �C� Y ¡���u¡s �¦& q­¬� �0¡� Y ���u¡s � (13)

andsothedesiredresidualprobabilityreducesto

� ��� �: �0¡�4�u¡s �¦& � �fu� �_®f ® q : ��� r Y ���u¡s � q � �0¡���6� Y ¡s �4Ku�_KZ� r (14)

where
q � �+� representsthedistributionof theestimatedslope ¡� aboutthetruevalue � .

Notethatall of thephasedistributionsaredefinedover 
���¯S��¯°D . Themeasuredphaseis wrapped,andso

hasa non-zeroprobabilityonly over a limited range. The surfaceslopecanonly be estimatedfor slopes

in the range 
��
�����'D , however in principle the surfaceslope � canhave any value,andso is definedand
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integratedover 
���¯S� ¯°D . Themeasured phasedifferenceis limited to a rangeof 
����	��� �	�'D , however the

unaliased phasedifferenceis unlimited,soFigure4 extendsover 
���¯S� ¯°D .
It is clearthat� ��� �: �0¡���u¡s � will dependontheparticularmethodthathasbeenchosento computetheestimates.

Both slopeestimation[7, 23] andcoherenceestimation[10, 22, 24] have beenactive areasof research;any

publishedalgorithmcouldbeusedhere,aslong astheassociatedestimationerrorPDFrequiredin (14), is

known. Of course,betterestimatorswill correspondto narrower estimationerror PDFs,leadingto more

specificnetwork-flow costsandbetterresults.

For theexamplesshown in Section5, wewill estimatetheslopeusingaMaximumLikelihoodmethod[23].

TheerrorstatisticscanbeapproximatedasGaussian,with a varianceof [23]

±³² z � �R´ � z�µZ¶ /S� ? � �d´ � ·s $6�+$*� ? � � �d´ & ?$ ¸V{Z¹ z $»º��¼� ? � {�C$½�N23�eºA24º	¾�¿0À ����$ s 2F� ?2 � (15)

where$ is thenumberof pixelsof thesquareestimationwindow and
s

is thecoherence.

4 Maximum Likelihood Costs

Section3 derivedtheprobabilityof having aliasedphasegradients;in thissectionwewill proceedto exploit

thatinformationin orderto derive animprovednetwork-flow costfunction.We begin by deriving thecosts

by analogyto asimpleMaximumLikelihoodproblem,andthenproceedto discusssomeof theassumptions

implicit in theanalogy. It is importantto keepin mind thatthisderivationis not anattemptto solvenetwork

flow analytically, ratherthestrategy is to arriveata similar, simplerproblemwhichyieldssomeinsightsand

theoreticalexpressionsfor thecosts.
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Supposewe have a phaseunwrappingproblem:thearc E betweena pair of adjacentpixelshasassociated

with it thediscreteprobabilitydistributionof its residual
9.:

,

� ��� �: & q   � 9 : &  dY �� : � (16)

asderivedin Section3, where
�� :

is thevectorof parameters(e.g.,estimatedslope,coherence)associated

with the arc,definedin (8). Let us considera randomparticularsolutionk &HG 9 : L , over thespaceof all

feasiblesolutionsÁ . Undertheassumptionthatall of theresidualsG 9 : L areindependent,theprobabilityof

thisensembleis q   � k ��&)Â � ÂÃ Ä ¹ � �-�l� �: &)Â : �-�Å� �: Â��Æ¹ � ÂÃ Ä ¹ �
� �l� �:� �Å� �: (17)

TheMaximumLikelihoodsolutionfor k is givenby themostprobableassignment:

¡k & Ç	È�É
k Ê Ç ¿_Ë � k �4& arg max Â : � ��� �: Â�PÆ¹ � ÂÃ Ä ¹ �

� ��� �:� ��� �: (18)

& Ç	È�É
k Ê Ç ¿ Â�PÆ¹ � ÂÃ�Ä ¹ �

� �l� �:� �Å� �: (19)

& Ç	È�É
k Ê Ç ¿ V�PÆ¹ � VÃ�Ä ¹ �dÌ�Í

� ��� �:� �Å� �: (20)

& Ç	È�É
k ÊÏÎ Í V : V�PÆ¹ � �0� 9.: &   �­ÐR� Ì�Í � ��� �:� �Å� �:ÒÑ (21)

where 
 argD returnsthe valueof k which optimizesthe associatedcriterion. From (9) andthe subsequent

discussionwe limit ourconsiderationto
9 : M_Gu� ? � a ��/ ? L , in whichcase(21)becomes

¡k &TÇ	È�É
k ÊFÎ Í V :^Ó �0� 9 : / ? �­ÐR� Ì�Í � � f'x��:� �Å� �: Ñ /7�0� 9 : � ? �­Ð³� Ì�Í � � c-x��:� ��� �: ÑÕÔ (22)
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However, outof thefeasibleset Á networkflow optimizes

ÇJÈ�É
k ÊFÎ Í V :XW f: O'f: / W c: ORc: o

(23)

Most network-flow implementationsimplicitly adopt W f: & W c: , however this limitation is not necessary. If

we assumethat
Y O j: Y 8Ò� , which will be true for almostall pixels, thenthe network-flow andmaximum-

likelihoodobjectivesareequivalentif weequatetermsin (22)and(23):

W c: &Ö� Ì�Í � � c-x��:� �Å� �: W f: &^� Ì�Í � � f'x��:� ��� �: (24)

Thesecostexpressionsarethefundamentalresultof thispaper.

Our derivationdoes assumethat theresidualsareindependentlydistributed. This hypothesisis, of course,

notcompletelyvalid, however thea priori correlationis weak.

Weareinterestedin computingthea priori probabilityof having aresidual
 

atagivenarc E of thenetwork,

i.e.,we would like to exploreall possiblepathsthatconnectevery combinationof residues,without setting

any preferenceor favoringonepathover others.

For thesakeof clarity, let usconsideronly two residuesthatneedto beconnected,× c and × f . Any feasible

solutionmuststartat oneof them,say × c , andfinish at × f ; that is themeaningof theconstraint
9 M»Ø .

Now if we considerall feasiblepaths,givenanarbitraryarc E , theprobability that E belongsto a selected

path,only by virtue of existing in the networkbut without any further preference,will be relatedto the

distanceto any of thoseresidues× c or × f . Theresidualprobabilityonany oneof thefour arcscomingout

of × c will be1/4; if we considerthenext neighboringarcstheir probabilitywill be(1/4)(1/3)etc. Thatis,

roughlyspeakingtheprobabilityevolvesasa randomwalk, decreasingexponentiallywith distance.

13



Finally, animplicit assumptionin our derivationis thatzero-residualsmustbethemostprobable;i.e., that� ��� �: ` � �l� �:
, otherwisethe costswould becomenegative. From Figure4, it shouldbe clear that this is

possibleonly for anomalouslylargeestimatesof thesurfaceslope.If theestimatedslopeis boundedby ��� ,

thencostpositivity is guaranteed.

5 Results

This sectionpresentsfour tests:thefirst basedon anartificial toy problem,thenext two basedon standard

benchmarkunwrappingproblemsfrom the literature[13], andfinally oneERS-Tandem[11] datasetover

Europe.

5.1 Implementation

The ML cost function (24) is straightforwardto computegiven the residualprobabilities;the numerical

complexity residesin evaluatingtheintegrals(8), (9), (14). Therequiredparametersaretheestimatedslope¡� andthe coherencevalues
s x , s z of neighboringpixels. The computationalcomplexity canbe reduced

by using ¡s & min � s x � s z � , andby pre-constructingseveral2-D look-uptables,shown in Figure5, over the

restrictedranges�
�651�65Ù� and
a 5 s 5 ?

.

We haveusedtheRELAX-IV minimumcostflow algorithmby BertsekasandTseng[3].
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5.2 Toy Problem

The“horseshoe”exampleof Figure1 canbeviewedasa roughcaricatureof anelevationpeakprojectedto

slantrange.Of themany toy examplestested,thisoneis themosteffectivein illustratingtheinability of the

constant-costsapproachto correctlyunwrap.

Two parameterswerevaried:thewidth of thegapandtheminimumcoherencevalue.Figure6 showssample

resultsfor a coherenceof
a³oAÚ

, andfor anaveragegapsize.Theconstantcostfunctionintroduceslong cuts

that generateartificial discontinuities,whereasthe ML costsguideall residualsalongthe low coherence

area,producingthecorrectsurface.

Table1 summarizesthe resultsof varioustests. The errorsareon the orderof 20% for both alternatives

whenthegapwidth is very small. Openingthegapa little (
`

30 pixels)createsa high-coherencenarrow

bandthatallowsthealgorithmto correctlyunwrap(4-5%error)in mostcombinationsfor theML-costscase,

whereaserrorsweresystematicallyhighwith constantcosts.

Weshouldnotethatneartheapex of thehorseshoethehypothesisfrom Section4 that
Y  dY 5 ?

is violated.As

aconsequence,at thispoint thenetwork-flow resultwill deviatefrom thetheoreticalsolutionof theML cost

model.Specifically, network-flow will adoptcost � Y  ³YJÛ
ln � � � x��: µ � ��� �: � ratherthanthecost � ln � � �l� �: µ � ��� �: � of

maximumlikelihood. In practicetherearefew suchpointsin animage,sothedistinctionis relatively minor.

Note that settingcostsby thresholdingthe coherencemapwould not necessarilysolve this problem. An

imagecontainingmultiple suchhorseshoes,at varyingcoherencecontrasts,couldnot besuccessfullyun-

wrappedon thebasisof a single,globalcoherencethreshold.
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5.3 Synthetic SAR Data

A secondtest wasperformedon two syntheticdatasets,which have beenthoroughlytestedby several

phaseunwrappingalgorithms[13]. Figure7 containstwo setsof sevenpanels,including intensity-coded

differencesbetweentheoriginal surfaceandunwrappedresultsfor threedifferentunwrappingalgorithms.

Ourproposedapproachyieldsexcellentunwrappedsurfaceswith only local,individual-pixelerrors,whereas

network-flow with constantcostssuffersfrom substantialerrorsof broadgeographicextent.

Evencomparedwith twoof themostrecentalgorithmsdescribedin Ghiglia& Pritt [13], Flynn’sin panel(f)

andtheminimum Ü-Ý -normin (g), ouralgorithmperformsat leastaswell: in bothexamplestheonly errors

generatedby thesereferencemethodsandourproposedapproacharelocatedatlayover/foreshorteningareas

andat theboundariesof theexternalmask.All threealgorithmsarefully automatic:thecostsarecomputed

basedon the data,andthereareno parametersto tune in order to producetheseresults. The resultsare

similar for all threemethods:in termsof thetotalpixelsincorrectlyunwrapped,ourproposedcostsunwrap

all but 3.85%of thepixelscorrectly, whereasthe othertwo methodshave unwrappingerrorsof 4.0%and

4.1%.

5.4 Etna Interferogram

Onefinal exampletestsour algorithmon realdata,a Þ ? �p#6Þ ? � pixel interferogram,takenfrom anERS-

1/2 Tandemdatasetover Mt. Etna,Sicily, Italy. The testresultsareshown in Figure8. In this example

the coherenceis high, but therearesomeseveredeformationsdueto the viewing geometryof the SAR,

generatinglongtopographicflows,particularlynearthepeakof thevolcanocloseto thecenterof theimage.

No unexpectedeffectscanbeobservedin thesurfaceunwrappedwith theML costs.
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Unfortunatelyno referenceelevationmodelwasavailable,thereforewe canonly show thedifferencesbe-

tweenour resultsandthetwo referencealgorithms:Flynn andminimum Ü3Ý -norm.

6 Conclusions

The minimumcostflow algorithmis aneffective tool for high quality unwrappingof interferograms.We

haveillustratedthedependenceof theunwrappingpathontheflow costs,motivatinganew look atassessing

thesecosts.

The costsrequiredfor theoptimizationhave beenderivedtheoreticallyby analogywith a maximumlike-

lihood approach,which providesboth anapproximatemodelof the residualprobabilities,anda practical

algorithmfor computingthem.Theresultingunwrappedinterferogramsarecompetitivewith recentlypub-

lishedalgorithms.

Onelimitation of theproposedmethodis theassumptionof residualindependence;furtherwork is required

to refinethe probabilisticmodels,specificallytaking into accountcorrelationsdue to the dataand those

inducedby theflow constraints.

Ourcontributionis anapproach to assigningcosts,ratherthanaspecificalgorithm.Becauseourapproachis

basedon statisticalmodelsof slopeandcoherenceestimates,our methodcanalready accommodatefuture

developments,suchas improved slopeand coherenceestimatorsor statisticalterrain height information

providedby approximatedigital elevationmodels.
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Figure6:

Test# Minimum GapWidth % Pixelsin Error % Pixelsin Error
Coherence (Pixels) (ConstantCosts) (ML WeightedCosts)

1 0.1 20 20.6 20.8
2 0.2 20 20.6 21.1
3 0.3 20 19.5 21.5
4 0.4 20 19.4 20.3
5 0.1 30 19.5 5.2
6 0.2 30 19.4 5.7
7 0.3 30 19.2 5.2
8 0.4 30 19.0 20.5
9 0.1 38 18.9 4.9
10 0.2 38 18.4 4.6
11 0.3 38 17.0 4.7
12 0.4 38 18.8 4.1
13 0.1 45 15.0 4.8
14 0.2 45 15.5 4.6
15 0.3 45 18.0 3.5
16 0.4 45 16.9 3.9

Table1:
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Figure Captions

Figure1: A simple,syntheticphase-unwrappingexample.The
? �Zåæ# ? �Zå pixel surface(a) is composedof two

rampswith differentslopes;thepixel noiseis Gaussianwith single-lookSARvariance[18] consistent

with thecoherence(b),whichis low (0.4)neardiscontinuitiesin thesurfaceandhigh(0.98)elsewhere.

Thewrappedphase(c) is computedfrom thenoisysurfacein (a).

Figure2: A loopof four arcs;theintegratedphase(4) abouteachsuchloopmustequalzero.

Figure3: (a) A samplecharge map,composedof two oppositecharges. (b) The resultingpathproducedby

networkflow, givena variablesurfaceof costs(white representslowestcost).

Figure4: PDF’s of two adjacentpixels,shown in (a). The peaksarelocatedat � µ Ú
and

¶ � µ Ú
, and

s & a³olç
.

The vertical lines show the wrappingboundaries��� andzeroasa reference.Note how the PDFs

exceedthoseboundaries.The PDF of the noisy phasedifferenceobtainedby convolving the two

curvesshown in (a), accordingto equation(8), is shown in (b). The shadedpolygonsrepresentthe

integralsin equation(9), from left to right � � f£x��:
, � ��� �:

and� � c-x��:
.

Figure5: Pre-computed2-D look-uptablesshowing theprobabilitydistributionsusedto computethecostsus-

ingequation(24).Thisexamplecorrespondsto thesingle-lookcaseandusingaMaximumLikelihood

estimatorfor theslope.The probabilityof a zeroresidual� ��� �:
is shown in (a), theprobability to be

positive � � c3x��:
is shown in (b). Thelook-uptablefor � � f'x��:

is symmetricwith (b), andcanbefoundby

reversingtheverticalaxis.

Figure6: Dif ferencesbetweenthe unwrappedandthe noisy “horseshoe”surfaceof Figure1 for (a) constant

costs,and(b) theproposed“Maximum Likelihood” costs.Theminimumcoherenceis 0.4andthegap

is 38pixelswide.
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Table1: Several testswererun in orderto assessthe“horseshoe”exampleof Figure1. Two parametersare

varied: theminimumcoherencevalueat thediscontinuityandthegap(measuredin pixels)between

the two endpointsof the discontinuity. The last two columnsshow the percentageof incorrectly

unwrappedpixels, whenmeasuredagainstthe original surface,for both constantandML-varying

costs.

Figure7: Two syntheticexamplestakenfrom [13]. The coherencemapsareshown in (a) (low coherenceis

black,highcoherenceis white). Theinterferogramsareshown in (b), andtheunwrappedphasefields

obtainedby ourmethodaredisplayedin (c). Theremainingpanelsshow thedifferences betweenthe

original surfaceandfour unwrappingalgorithms:(d) constant-costs,(e) our proposedML costs,(f)

Flynn’smethod,(g) minimum Ü Ý -norm.Thelattertwo representthebestmethodsselectedby Ghiglia

& Pritt [13].

Figure8: ERS-1/2Tandempair over Mount Etna, in Sicily, Italy; a 512# 512 subsetof the interferogramis

shown in (a), thecoherencein (b). Thesurfaceunwrappedusingourcostsis shown in (c). Thediffer-

encebetweenourML costsresultandthoseof Flynn’salgorithmandtheMinimum Ü Ý -normmethod

areshown in (d), (e) respectively. Finally the differencebetweenthesetwo referencealgorithmsis

depictedin (f).
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