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Abstract

The well-studiedInterferometricSyntheticAperture Radar(InSAR) problemfor digital elevation
map generatiorinvolvesthe derivation of topographyfrom radarphase.The topographyis a function
of thefull phasewhereaghe measured phaseis known modulo2r, necessitatinghe procesf recor-
eringfull phasevaluesvia phaseunwrapping.This mathematicaprocesdecomedifficult throughthe
presencef noiseandphasediscontinuites. Our researchs motivatedby recentresearchwhich mod-
els phaseunwrappingasa networkflow minimizationproblem. The costfunctionto be optimizedis a
weightedZ!-normof the phasediscontinuities Determiningthesecostweightsis critical, yet pastwork
in theliteraturedoesnot reflectthe statisticsof the unwrappingproblem.

The purposeof this paperis to proposea nev methodto computethe flow weightsfrom a theo-
retical foundation. Specifically we formulatephase-unwrappingsa Maximum Likelihood estimation
problem which we mathematicallyewrite asa networkflow problemwith a specificchoiceof weights.
Theapproachs basedon estimatingthe probability of phasediscontinuites,which canbe derivedasa

functionof coherencendtopographicslopefrom the known statisticalpropertieof SAR phase.

®Researcisupportedn partby the Natural Sciencesand EngineeringResearctCouncil of CanadaCCRS/ GlobeSAR2 and
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1 Introduction

SyntheticApertureRadar(SAR) interferometry[12 19, 25] is an enormouslypromisingtechniquein the
generatiorof highly accurateelevationmaps. Theinterestin suchdigital terrainmapsstemsfrom the vast
numberof disciplineswhich have a needfor suchbasicdata,namelyhydrologicmodeling,erosionstudies,

mining prospectionwildlife habitat,andmilitary tactics,to namea few.

The basicpremiseof SAR interferometryis that by countingthe phasefringesin aninterferencepattern,
extremely sensitve measurementsf elevation canbe accomplished.In idealizedsettings,in which the
phasemeasurementarenoise-freethis approactis relatively straightforwardwith the exceptionof steep
topography).However actualmeasurementsakenfrom repeat-passpaceborn&AR instrumentsuchas
Radarsat[11pr ERS[19], poseadditionalchallengesn the form of decorrelatiomoiseand atmospheric
distortions. Sincethe measureghasevaluesare known only modulo 27, the absolutephase(which is

relatedto thesurfaceelevation)needdo beinferredby fringe-countingor phase-unwrapping[@4, 16, 20].

The moststraightforwardapproachio phaseunwrappingis to integratethe phasegradients.If all of the
true phasegradientsare boundedby one-halfcycle (i.e., they lie in [—m, 7)), thenthe integral alongany
pathwill yield the sameresult;thisimpliesthatthe gradientintegralaroundary simpleclosedoopis zero.
However normally somepixelsviolatethis hypothesisThatis, giventhatthe original phasenformationis
known only modulo2r, a truegradientlargerthanone-halfcycle (e.g.,a discontinuiy) will bewrappedto
adifferentvalue,causingsomeclosed-loofgntegralsto be non-zero(the so-calledresiduesr chages)and
theintegratedphasebetweentwo pixelsto be path-dependentorcing the phaseunwrappingalgorithmto
determinewhich pathintegralsit will believe. Thetaskof a phaseunwrappingalgorithmis to addmultiples

of 27 to thephase-gradierietweerpixelsto restorethe conditionthatall closed-loogntegralsbe zero.



Onecurrentandwidely-populamethodfor unwrappings theminimumcostflow algorithm[4 5, 6, 8, 21].
Thisapproactusesnetworkflow theoryto convertthephaseaunwrappingproblemto adiscreteoptimization
problem,minimizing sometotal “cost” with the constrainthatall loop integralsarezero. The corversion
mapsclosed-loogntegralsandpixel pairsinto networknodesandarcsrespectiely, wherethe flow on each
particulararc representshe residual(the numberof 2z multiplesin the precedingoaragraph) Clearlythe

choiceof the costfunctionis critical to finding anaccuratesolution,yet this issuehashadlittle study

Moreover, Chen& Zebker[4] recentlyshonvedthatarny unwrappedhasedield canbe completelyspecified
by someflow meetingthe networkconstraintsHence thedifferentunwrappingalgorithmsshareanessen-
tially commongoal: finding the feasibleflow with the smallesttotal cost, wheredifferencesn algorithm
objectivesarereflectedby differencesn arc costfunctions. Thereforejt would imply thatthe appropriate
choiceof thecostfunctionacquiresvenmoreimportancesincethecostsareessentialltheonly parameters

distinguishhgbetweeralarge family of algorithms.

Many methodwith variedcostshave beernproposeds, 8, 21], howeverthey have beenad-hocthresholding
theSAR signalcoherence[6dr applyingedge-detectioto the SAR amplitude[4. Thepurposeof thispaper

is to proposea moresystematienethodfor network-flav costselection.

Figurelillustrateghekind of undesireaffectsthatcanarisewhendealingwith aconstantostfunction. We
have a syntheticsurfaceof two ramps,continuousexceptalonga horseshoarc. Thecoherencga measure
of the quality of the phasemeasurement qualitatively consistentwith real datasets: the coherences
generallyhigh, taperingto a low value (0.4) nearsurfacediscontinuites. The syntheticinterferogramin
Figure 1(c) clearly shaws the phasefringes, with the fringe separatiorproportionalto the surfaceslope.
If we apply network-flav to the interferogramthe resulting surfacediffers from the original in thatthe

centrerampfails to be properlyattachedo therestof the surface,asshavn in Figure6(a); this problem



of having discontinuitiesor “cuts” runningacrosshigh-coherencareashasalreadybeenshawn by other

authors[813].

In this paperwe undertakehe first systematidnvestigationof networkflow costs. Our basicpremiseis
the following: the costof a pixel pair mustreflectthe “cost” of having an aliasedphase(i.e. a non-zero
residual),which mustthereforeclearly be a function of the probability that the pixel phasedifferenceis
aliasedor lying outsideof [—=, 7). Therefore we asserthatat leasttwo quantitiesneedto be accounted
in any sensibledefinition of costs— the coherencewhich measureshe signal-to-noiseatio of the phase,
andthe surfacegradient,which influencegshe phasegradientandthereforethe probabilitythata measured
phasewill bealiased.We develop suchacostmodel,dependendn bothslopeandcoherencebasedon an
analogywith solvingaMaximumLikelihood estimatiorproblem.Moreover, this framevork naturallyleads

to anasymmetricostsallocation thatis, it assignglifferentweightsto positive andnegative residuals.

Section2 reviews networkflow andclarifiestheimportanceof costs. Sections3 and4 respectiely derive
thegradientaliasingprobabilitiesandthe network-flov costs.Section5 compare®ur derivedcostfunction

with competingmethodsandconclusionsaresummarizedn Section6.

2 Network Flow Algorithm

Thepurposeof thissectionis tointroducethereadeto the networkflow algorithm[5 6, 8]. We areinterested
in themathematicapropertief the problem ratherthanthe specificdetailsof a particularimplementation.
Sincethemainfocusof our paperis to understandhe behaior of the unwrappedolutionsasa function of

differentcoststo avoid distractiorwe will treatthe network-flav algorithmstrictly asatool or black-box.

As mentionedn the Introduction,the objective of a phaseunwrappingalgorithmis to locatediscontinu-



ities. Most algorithmsdo so by meansof minimizing the valueof someaobjective function. Least-squares
estimationalgorithms[14 20] implicitly locatediscontinuitesby minimizing the squaredifferencese-
tweenunwrappedandwrappedgradients Otherapproachedike Goldsteinsresidue-cuglgorithm[16] and
Costantinis minimum costflow algorithm[6] both use“path following” stratgiesthat explicitly identify

andplacediscontinuities

If we define¢(s,7) and (¢, 7) asthe unwrappedand the wrappedphasefields respectiely, wherethe

indicest, j livein arectangula® x N grid, themeasureghasewill obey
¥(5,5) = W(9(4, 7)) = 8(i,5) + 27n(s, 5) )

wheren(z, j) areintegerssuchthat—= < (¢, j) < = andW is thewrappingoperator

Following Costantini[§, we definetheresiduals

ko= kija = o [8ad(i, )~ WA, )] @

for eachindividualarcq = {3, j, d}, whereA, is the discretedifferenceoperatoralongthe directiond €

{z,y}. If welety, = v; ;4 = W(Aq(4, 7)), thenphaseunwrappingcanbe formulatedas

min " cylk,| 3
q
subjectto the constraintghatall loop integrals(e.g.,seeFigure2) be zero:

ka‘l’kb_kc_kd:_ ¢a+¢b_¢c_¢d]a (4)
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andwherethec, > 0 in (3) weightthe confidencen theresiduals By rewriting (3),(4) in termsof

:E;_ = maX(O, kQ)7 z, = max(O, _kq) (5)

wherea:;r > 0,z > 0, thenonlinearminimizationproblemcanbe corvertedinto a linear minimum cost
flow in anetworkfor which efficient solutionsexist, andfor which the solutionsareguaranteetb beinteger

[1, 6]. Thefollowing networkstructurewvasrecognizedy [6]:

e Eachnoderepresentsne2 x 2 loopintegral (right handsideof (4)).

e Eachnodewill be connectedo eachof four neighborshy two arcs,onefor a:;f andonefor z_~. The

flow oneacharcphysicallyrepresentsheresidual(2).

e Thecostsc, canbeary positive function.

With the networkdefined therearetwo inputsto the minimum costflow solvers: The mapof loop phase
integrals,which arefixed by (4) for a givendatasetandthe COStScflt correspondingo flows m;t which are

theonly freeparameterso bechosen.

Figure 3 illustratesthe influenceof the costs. The networkflow algorithmwill connectthe two opposite
chages,sincethe constraintspecifythatall unbalanced¢hagesmustbe neutralizedIf the optimizationis
carriedoutwith constantosts theresultwill clearlybeastraightline connectinghetwo chages.However
undera modifiedcostfunction (Figure3(b)) the new minimum-cosipathwill changgdueto thesymmetry
of the problemthereis a secondoptimal path, not showvn, proceedingalongthe lower arc). Clearly the
flow costsaffect the optimal path connectingthe chages;thereforethe issueof costselectionmustbe of

significancen phaseunwrapping.



Differentcostfunctionshave evolved sinceunweightechetwork-flav[5]. Costantini[§ usedthe coherence
map asweights; Ghiglia and Pritt[13] usedFlynn’s algorithm[9] with costsobtainedby thresholdinghe
phaseslopevariancemap;Einederet al[8] produceda binary costmapby thresholdinghethreevariables
of amplitude,chage densityandflatness;Chenand Zebker[4 separatelythresholdedhe coherencenap
andedgedetectionappliedto the interferogrammagnitudefinally in [21] a neuralnetworkwasused. Al-
thoughsomeof thesestudieshave beenvery thorough noneof themhave a supportingheoryregardingthe

limitations or extensibility of the method.

3 PhaseAliasing Probabilities

Thecostsin (3) shouldbeselectedo guidetheflow alongpathswhereaterraindiscontinuityis mostlikely,
andthereforeeachweightneeddo reflectsomehav the probability of a residual.We begin our analysisby
investigatingthe probability that a phase-gradieris aliased;thatis, the probability thata residualwill be

requiredbetweertwo pixels:

Pr{ o= [8u(i, 1) - W(A(, 1)) £ 0} (6)

Our derivationof network-flav costsin Sectiond will be basedn estimatingheseprobabilities.We begin
with asimplecasan which the problemparameterareassumedo be errorfree;we thenrefinethealiasing

probabilitiesby incorporatinguncertaintiesn the parametershemseles.



3.1 Phase Gradient PDF

BasedoncircularGaussiarstatistics[17] derivedthe probabilitydensityfunctionfor single-lookandmulti-

look interferometriqunwrappedphasedistributions:

F(n+3)1-7)"8  (1-7%)"
- +

1
2,/7T(n)( ﬁ2)n+1/2 o F(n,1; §;ﬁ2), @)

P¢>(¢|7a ¢T) -

wheren is the numberof looks, v is the coherencégthe magnitudeof the complex correlationcoeficient
betweerthetwo SAR signals),3 = vy cos(¢ — ¢,.), ¢, is thelocationof the peakof the distribution, I' is

the Gammafunction,and F is the Gaussiarhypeigeometridunction.

FromBamler[2],thedecorrelatiomoise¢,, causeshewrappednterferogramp = ¢, + ¢, tobearandom
processvhich deviatesfrom theidealtopographys,,. Sincethe noisecomponentnustsatisfy|¢, | < =, it

makessensdo truncateP,, atthe+r interval centeredn ¢, (asin Figure4(a)).
Consideithe PDF of the horizontalphasegradients, betweemodes(z, j) and(: + 1, j); thecorresponding

PDFonarcq = {4, j,d = z} is givenby thecorvolution

Py (841 Xq) = Py(Sply(i +1,5), 6(i+ 1,5)) * Py(Sslv (4, 5), — (5, 9)) (8)

wherey is thepixel coherencey = ¢,.(i+ 1, j) — ¢.,.(4, j) is thetopographigradientand X, = [, y(i +
1,7),7(%,j)] the vector of parametersorrespondindo arc ¢. It is thenstraightforwardto computethe

desiredresidualprobabilities:

- . T . a+2w o
pffl)Z/ Py (34| Xq)ddy ; pff):/_ Py(84]X4)ddy ; pé“):/ Py(64|1Xq)ddg.  (9)
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Figure4 shavs the corvolved PDF with theintegrationlimits representedraphically Notethatexceptin

the presencef verysteepslopeSpg’") ~ 0 for |r| > 2.

3.2 Parameter | naccuracies

The derivation of the previous subsectioris illustrative but incomplete jn the sensehatthe PDFsof each

pixel involvedin the corvolution (8) dependon two parametersthe phasegradienta andthe coherence

v. Theseparameterareestimated from the dataandaresubjectto errors.In particular alower coherence

leadsto increasecestimatiorerrorvariance®f bothparameters[2324]. For example,averylow coherence

over flat topographycanleadto grosslyinaccurateestimateof the gradient;if this gradientestimateé
(+1)

is believed, thenthe inferred PDF will be highly skeved (asin Figure4) predictingp,” ™’ > p(_l), even

thoughp{t? ~ p{ ) would hase beenmoreappropriate.

Instead,in principle we needto considerthe joint PDF of the phase,gradient,and coherence.For the
sakeof simplicity, and becausehe influenceof slopevariability is much higherthanthat of coherence,
we will assumehat the coherencesstimationis exact. We basethis assumptioron the obsenation that
the distribution of the estimatedslopeis uniformasy — 0, aneffect which doesnot occurfor coherence.
Empirically, we found that including coherencevariation doesnot producea significantaltering of the

results.

We begin with the equatiorfor the probabilityof azeroresidual

A7) = [ Po(6slaq) d (10)

-

whereé, ¥ represenestimatesThis distribution, Ps, (), conditionedon the (possiblyinaccuratepstimates



is not known, so we incorporatethe dependencen the true underlyingvariablesand find the mawginal

distribution:

W@q) = [ B6ilaq)dadsy= [ [ [P, 0187 dadyds, @)

We have arguedthattheerrorin thecoherencés minor, comparedo errorsintroducedby the slopeestima-

tion, so¥ ~ v andwe canwrite

AW@s) = [ [PGpalaq)dadsy= [* [ Pislasa)Palala ) dads, (12)

Theformerdistributionis givenby (8); thelatterrepresentthedistributionfor thetrueslope giventheslope
estimate Sincetheprior model P, () for theslopewill beentirelyterraindependentyvewill choosea uni-
form distribution for the slope,which correspond$o a “maximumentropy”or least-informatiorcondition,

in whichcase
Pa(a|da;5/) = P&(d|aa6/) (13)

andsothedesiredresidualprobabilityreducego

Q)

= [* [ Puslend) Pulé - al) da dby (14)

whereP, () representshedistribution of the estimatedslopea aboutthetruevaluea.

Notethatall of the phasedistributions aredefinedover [— oo, co]. The measuregbhases wrappedandso
hasa non-zeroprobability only over a limited range. The surfaceslopecanonly be estimatedor slopes

in the range[—m, 7], however in principle the surfaceslopea canhave ary value,andsois definedand

10



integratedover [—oo, co]. The measured phasedifferenceis limited to a rangeof [—27, 2], however the

unaliased phasdlifferencds unlimited,so Figure4 extendsover [— oo, co].

Itis clearthatp(go) (&, %) will dependnthe particulamethodthathasbeenchoserto computetheestimates.
Both slopeestimation[7 23] andcoherencestimation[1022, 24] have beenactive areasof researchany
publishedalgorithmcouldbe usedhere,aslong asthe associate@stimationerror PDF requiredin (14), is
known. Of course,betterestimatorawill correspondo narraver estimationerror PDFs,leadingto more

specificnetwork-flav costsandbetterresults.

For theexamplesshavnin Section5, wewill estimateheslopeusingaMaximumLikelihood method23].

Theerrorstatisticscanbe approximatec&sGaussianwith a varianceof [23]

6

2 2
e ~ Po 1- 0}  AT( AT 1)\!

N i\ "
po= 3 %exp(—zvv%) (15)
2 il

whereN is thenumberof pixelsof the squaresstimationwindow andy is thecoherence.

4 Maximum Likelihood Costs

Section3 derivedtheprobabilityof having aliasedphasegradientsijn this sectiorwewill proceedo exploit
thatinformationin orderto derive animproved network-flov costfunction. We begin by deriving the costs
by analogyto a simpleMaximumLikelihood problem,andthenproceedo discussomeof theassumptions
implicit in theanalogy It is importantto keepin mind thatthis derivationis not anattempto solve network
flow analytically ratherthestratey is to arrive ata similar, simplerproblemwhichyieldssomeinsightsand

theoreticakxpressiongor the costs.

11



Supposeve have a phaseunwrappingproblem:the arc ¢ betweena pair of adjacenpixelshasassociated

with it thediscreteprobability distribution of its residualk,,
P((f) = Pr(ky, = T|Xq) (16)

asderivedin Section3, wherefq is the vectorof parameterge.g.,estimatedslope,coherenceassociated
with the arc, definedin (8). Let us considera randomparticularsolutionk = {k,}, over the spaceof all
feasiblesolutionsC. Undertheassumptiorthatall of theresiduals{k,} areindependenthe probability of

thisensemblés

= H H pq Hpqo) H H ) 17)

T kg=r r#0kq = P

The MaximumLikelihood solutionfor k is givenby the mostprobableassignment:

k = arg max P(k)=amg maprgo H H pq (18)
k q r£0 kg=r Pq
= arg max J] JT % pq (19)
r#0 kg=r pq
= arg max Z Z In —— pq (20)

r#0 kg=r pq
(r)

= arg min 225 ( In 2?0)) (22)

q r#0 q

where[ar] returnsthe value of k which optimizesthe associatedriterion. From (9) andthe subsequent

discussiorwe limit our consideratiorto k, € {—1,0, +1}, in which case(21) becomes

) -1) (+1)
kK = arg min E {5(kq +1) (— In 22 ) ) +6(ky— 1) (— In pq(o) )} (22)
q p

k Pq
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However, out of thefeasibleset/C networkflow optimizes
arg min Ecq_:eq_ + c;m;. (23)
K q

Most network-flav implementationsmplicitly adoptc, = c;f, however this limitation is not necessarylf
we assumethat|a:§1t| < 2, whichwill betrue for almostall pixels,thenthe network-flav and maximum-

likelihood objectivesareequialentif we equatgermsin (22) and(23):

(+1) (1)
pq(o) g =—In pq(o) (24)

Pq Pq

=—In

+
Cq

Thesecostexpressionarethefundamentatesultof this paper

Our derivationdoes assumehatthe residualsareindependentlyistributed. This hypothesids, of course,

notcompletelyvalid, howeverthea priori correlationis weak.

We areinterestedn computingthea priori probabilityof having aresidualr ata givenarcgq of thenetwork,
i.e.,wewould like to exploreall possiblepathsthatconnectevery combinationof residueswithout setting

ary preferencer favoring onepathover others.

For thesakeof clarity, let usconsideionly two residueghatneedto beconnectedR* andR~. Any feasible
solutionmuststartat oneof them,say R*, andfinish at R~; thatis the meaningof the constraintt ¢ K.
Now if we considerall feasiblepaths,givenanarbitraryarc ¢, the probabilitythat ¢ belongsto a selected
path, only by virtue of existing in the networkbut without ary further preferencewill be relatedto the
distanceo ary of thoseresiduesR™* or R~. Theresidualprobabilityon ary oneof thefour arcscomingout
of RT will be1/4;if we considerthe next neighboringarcstheir probabilitywill be (1/4)(1/3)etc. Thatis,

roughlyspeakinghe probabilityevolvesasarandomwalk, decreasingxponentiallywith distance.

13



Finally, animplicit assumptionn our derivationis thatzero-residualsustbe the mostprobablej.e., that
p((lo) > pff), otherwisethe costswould becomenegative. From Figure 4, it shouldbe clearthat this is
possibleonly for anomalouslyarge estimate®f thesurfaceslope.If theestimatedlopeis boundedy +,

thencostpositivity is guaranteed.

5 Reaults

This sectionpresentdour tests:thefirst basedon anartificial toy problem,the next two basedon standard
benchmarlunwrappingproblemsfrom the literature[13, andfinally oneERS-Tandem[11] datasetover

Europe.

5.1 Implementation

The ML costfunction (24) is straightforwardto computegiven the residualprobabilities;the numerical
compleity residesn evaluatingtheintegrals(8), (9), (14). Therequiredparameterarethe estimatedslope
& andthe coherencevaluesy,, v» of neighboringpixels. The computationatompleity canbereduced
by using¥ = min(y1,v2), andby pre-constructingeveral 2-D look-uptables shovn in Figure5, overthe

restrictedranges—7 < o < mand0 <+ < 1.

We have usedthe RELAX-IV minimumcostflow algorithmby BertsekagndTseng[3].

14



5.2 Toy Problem

The“horseshoe’exampleof Figurel canbeviewedasaroughcaricatureof anelevationpeakprojectedo
slantrange.Of themary toy examplegestedthis oneis themosteffectivein illustratingtheinability of the

constant-costapproacho correctlyunwrap.

Two parameters/erevaried:thewidth of thegapandtheminimumcoherencealue.Figure6 shovssample
resultsfor a coherenc®f 0.4, andfor anaveragegapsize. The constantostfunctionintroducedong cuts
that generataartificial discontinuites, whereaghe ML costsguide all residualsalongthe low coherence

areaproducingthecorrectsurface.

Table 1 summarizeghe resultsof varioustests. The errorsare on the orderof 20% for both alternatves
whenthe gapwidth is very small. Openingthe gapa little (> 30 pixels) createsa high-coherencearrav
bandthatallowsthealgorithmto correctlyunwrap(4-5%error)in mostcombinationgor theML-costscase,

whereagrrorsweresystematicalljnigh with constantosts.

We shouldnotethatneartheapex of thehorsesho¢hehypothesigrom Sectiord that|r| < 1 isviolated.As
aconsequencatthis pointthe network-flov resultwill deviatefrom thetheoreticakolutionof theML cost
model. Specifically network-flav will adoptcost—|r| - In(p$" /p{") ratherthanthe cost—In(p{"” /p{”)) of

maximumlikelihood. In practicetherearefew suchpointsin animage sothedistinctionis relatively minor.

Note that settingcostsby thresholdingthe coherencenapwould not necessarilysolve this problem. An
imagecontainingmultiple suchhorseshoest varying coherenceontrastscould not be successfullyun-

wrappedon the basisof a single,globalcoherencéhreshold.
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5.3 Synthetic SAR Data

A secondtest was performedon two syntheticdatasets,which have beenthoroughlytestedby several
phaseunwrappingalgorithms[13]. Figure7 containstwo setsof seven panels,including intensity-coded

differencedetweerthe original surfaceandunwrappedesultsfor threedifferentunwrappingalgorithms.

Ourproposedpproaclyieldsexcellentunwrappedurfacesvith only local,individual-pixelerrors whereas

network-flav with constantostssuffersfrom substantiaérrorsof broadgeographiextent.

Evencomparedvith two of themostrecentalgorithmsdescribedn Ghiglia& Pritt[13], Flynn'sin panel(f)

andthe minimum LP-normin (g), our algorithmperformsatleastaswell: in bothexamplestheonly errors
generatedy thesereferencenethodsandour proposedipproacharelocatedatlayover/foreshorteningreas
andattheboundarie®f the externalmask.All threealgorithmsarefully automatic:thecostsarecomputed
basedon the data,andthereare no parameterso tunein orderto producetheseresults. The resultsare
similar for all threemethodsin termsof thetotal pixelsincorrectlyunwrappedour proposectostsunwrap
all but 3.85%0f the pixels correctly whereaghe othertwo methodshave unwrappingerrorsof 4.0%and

4.1%.

54 Etnalnterferogram

Onefinal exampletestsour algorithmon realdata,a 512 x 512 pixel interferogramtakenfrom an ERS-
1/2 Tandemdatasebver Mt. Etna, Sicily, Italy. The testresultsare shovn in Figure8. In this example
the coherencas high, but thereare somesevere deformationsdueto the viewing geometryof the SAR,
generatindongtopographidlows, particularlynearthe peakof thevolcanocloseto the centerof theimage.

No unexpectedeffectscanbe obsenedin the surfaceunwrappedvith the ML costs.
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Unfortunatelyno referenceelevation modelwasavailable, thereforewe canonly shawv the differencede-

tweenour resultsandthetwo referencelgorithms:Flynn andminimum L?-norm.

6 Conclusions

The minimum costflow algorithmis an effective tool for high quality unwrappingof interferograms.We
haveillustratedthedependencef theunwrappingpathontheflow costs motivatinganew look atassessing

thesecosts.

The costsrequiredfor the optimizationhave beenderived theoreticallyby analogywith a maximumlike-
lihood approachwhich providesboth an approximatemodelof the residualprobabilities,and a practical
algorithmfor computingthem. Theresultingunwrappednterferogramsrecompetitive with recentlypub-

lishedalgorithms.

Onelimitation of the proposednethodis the assumptiorof residualindependencdurtherwork is required
to refinethe probabilisticmodels,specificallytaking into accountcorrelationsdue to the dataandthose

inducedby theflow constraints.

Our contributionis anapproach to assigningcosts ratherthana specificalgorithm.Becauseur approachs
basedn statisticalmodelsof slopeandcoherencestimatespur methodcanalready accommodatéuture
developments suchasimproved slope and coherenceestimatorsor statisticalterrain heightinformation

providedby approximatedigital elevationmodels.
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Test# Minimum GapWidth % Pixelsin Error % Pixelsin Error
Coherence (Pixels) (ConstanCosts) (ML WeightedCosts)
1 0.1 20 20.6 20.8
2 0.2 20 20.6 211
3 0.3 20 19.5 215
4 0.4 20 19.4 20.3
5 0.1 30 19.5 5.2
6 0.2 30 19.4 5.7
7 0.3 30 19.2 5.2
8 0.4 30 19.0 20.5
9 0.1 38 18.9 4.9
10 0.2 38 18.4 4.6
11 0.3 38 17.0 4.7
12 0.4 38 18.8 4.1
13 0.1 45 15.0 4.8
14 0.2 45 155 4.6
15 0.3 45 18.0 3.5
16 0.4 45 16.9 3.9
Tablel:
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Figure Captions

Figurel:

Figure?2:

Figure3:

Figure4:

Figure5:

Figure6:

A simple,syntheticphase-unwrappingxkample.The128 x 128 pixel surfaceg(a) is composedf two
rampswith differentslopesthe pixel noiseis Gaussianwith single-lookSAR variance[18 consistent
with thecoherencéb), whichislow (0.4) neardiscontinuitesin thesurfaceandhigh(0.98)elsavhere.

Thewrappedphas€c) is computedrom the noisy surfacein (a).
A loop of four arcs;theintegratedphasg4) abouteachsuchloop mustequalzero.

(a) A samplechage map,composedf two oppositechages. (b) The resultingpath producedby

networkflow, givenavariablesurfaceof costs(white representtowestcost).

PDF’s of two adjacentpixels,shovn in (a). The peaksarelocatedat = /4 and 3= /4, andy = 0.7.
The vertical lines shav the wrappingboundariest~ andzeroasa reference.Note how the PDFs
exceedthoseboundaries. The PDF of the noisy phasedifferenceobtainedby corvolving the two
curvesshowvnin (a), accordingto equation(8), is shovn in (b). The shadedoolygonsrepresenthe

integralsin equation(9), from left to right p{ ), p'*) andp{™.

Pre-compute@-D look-uptablesshowving the probability distributionsusedto computethe costsus-

ing equation(24). This examplecorrespondso thesingle-lookcaseandusingaMaximumLikelihood

estimatorfor the slope. The probability of a zero residualpflo) is shovn in (a), the probabilityto be
(+1)

positivep, '’ is shavnin (b). Thelook-uptableforp(_l) is symmetricwith (b), andcanbefoundby

reversingtheverticalaxis.

Differencedetweenthe unwrappedandthe noisy “horseshoe’surfaceof Figure 1 for (a) constant
costsand(b) theproposedMaximum Likelihood” costs.Theminimumcoherencés 0.4andthegap

is 38 pixelswide.
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Tablel:

Figure7:

Figure8:

Several testswererun in orderto assesshe “horseshoe’exampleof Figurel. Two parametersire
varied: the minimumcoherenceralue at the discontinuityandthe gap(measuredn pixels) between
the two endpointsof the discontinuity The lasttwo columnsshav the percentagef incorrectly
unwrappedpixels, when measuredagainstthe original surface,for both constantand ML-varying

costs.

Two syntheticexamplestakenfrom [13]. The coherencanapsare shown in (@) (low coherenceas
black,high coherencés white). Theinterferogramsreshovnin (b), andtheunwrappeghasdields
obtainedby our methodaredisplayedn (c). Theremainingpanelsshow the differences betweerthe
original surfaceandfour unwrappingalgorithms:(d) constant-costgge) our proposedVL costs,(f)
Flynn’smethod{g) minimum LP-norm. Thelattertwo representhebestmethodselectedy Ghiglia

& Pritt[13].

ERS-1/2Tandempair over Mount Etna, in Sicily, Italy; a 512x512 subsetof the interferogramis
shavnin (a),thecoherencén (b). Thesurfaceunwrappedisingour costsis shovnin (c). Thediffer-
encebetweerour ML costsresultandthoseof Flynn’salgorithmandthe Minimum LP-normmethod
areshown in (d), (e) respectiely. Finally the differencebetweenthesetwo referencealgorithmsis

depictedn (f).
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