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Abstract—This paper presents two mathematical formulations
to represent uncertainties in self-scheduling models of a price-taker
Compressed Air Energy Storage (CAES) facility. The proposed
model is from the point of view of the plant owner participating in
the energy, spinning, and idle reserve markets. The first described
formulation is based on Robust Optimization (RO) and the second
one is based on Affine Arithmetic (AA) techniques, which are both
range arithmetic methodologies, and consider the thermodynamic
characteristics of the CAES facility for a more realistic represen-
tation. The implementation of both methods are tested, validated
and compared with each other and with Monte Carlo Simulations
(MCS) using prices from the Ontario market. From the simulation
results, it can be observed that both methods have some similarities,
presenting lower computational burden compared with MCS, and
demonstrate the advantage of applying the proposed models for
CAES plant owners to hedge against price uncertainties.

Index Terms—Affine Arithmetic (AA), compressed air energy
storage (CAES), price uncertainties, robust optimization (RO), self-
scheduling.

NOMENCLATURE

Indices

0 Center value.
h Noise terms.
s Segment.
t Operation intervals from 1 to T .

Parameters

ang
D/H
s Slope of the Discharged Power/Heat Rate

function at segment s.

b
D

Length of each segment (MW).
CA Max. mass of air the cavern can store (kg).
Δπ Max. price mismatch (%).
Ds Min. air discharged for segment s (kg/s).
Γ Budget of uncertainty.
HRn Nominal heat rate of the facility (GJ/MWh).
M Large number, for the Big M method.
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NGs Min. heat rate of the facility for segment s
(MBTU/h).

πY
t Price of Y , i.e., energy E, spinning SR and

idle ID reserve, at time t ($/MWh).
πNG Price of natural gas ($/MBTU).

PC/D, P
C/D

Charging/Discharging min. and max. limits of
the CAES facility (MW).

q
s

Min. power discharged for segment s (MW).
QSC Quick start capacity of the facility (MW).
SOC, SOC Min. and max. limits for the State Of Charge

(%).
SOCf Final State of Charge (%).
V OM c/e Variable operation and maintenance cost of the

compressor c or expander e ($/MWh).

Variables

A Revenue from energy arbitrage ($/h).
airC/D Amount of air charged/discharged (kg/s).
αY Dual variables.
B Revenue from spinning reserve ($/h).
bDs Fractional value of segment s (MW).
CONG Cost of natural gas ($/h).
ΔπY Price deviation of Y (%).
ΔπY+/− Upward/Downward price deviation of Y (%).
εY Noise term of Y .
OC Operation cost ($/h).
PX Power in X mode, i.e., discharging D, charg-

ing C, spinning reserve discharging SRD,
spinning reserve charging SRC or idle ID
(MW).

SOC State Of Charge (%).
uD
s Binary variable to identify the operating seg-

ment s.
w Variable used to linearize bi-linear terms.
xC/D Binary variable indicating Charg-

ing/Discharging mode.
·̂ Affine representation of an uncertain variable.

Functions

AFRC(SOC) Charging air flow rate as a function of the SOC
(kg.MW−1.s−1).

AFRD(PD) Discharging air flow rate as a function of PD

(kg.MW−1.s−1).
f(PX) Revenue equation as a function of the power

dispatch ($/h).
HR(PD) Heat rate as a function of PD (GJ/MWh).
F Objective function.
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I. INTRODUCTION

POWER systems are faced with the challenge of maintaining
demand-supply balance while operating under secure con-

ditions, i.e., maintaining voltages and frequency within limits
and ensuring stability [1]. With the increasing penetration of
intermittent Renewable Energy Sources (RES) in recent years,
new challenges have come to the fore in power system operation.
To tackle these challenges, Energy Storage Systems (ESS) are
being deployed for various applications such as energy arbitrage,
peak shaving, and others [2]. Thus, ESS facilities can either be
an asset of the system or owned by a private investor and it
can operate either as a price-taker or price-maker, depending
on its capacity compared to the system capacity [3]. From the
owner’s point of view, one of its main challenges is to obtain the
optimum schedule that maximizes its daily profit. In this context,
a novel Battery Energy Storage System (BESS) operational cost
structure, considering its degradation cost is proposed in [4],
presenting a market auction model for these types of facilities
assuming that they participate and bid in energy and spinning
reserve markets. A study evaluating non-strategic (price-taker)
and strategic (price-maker) participation of a Pumped Hydro
Storage (PHS) in energy and performance-based regulation mar-
ket is proposed in [5], considering uncertainties on demand and
competitors’ offers, and assuming that the facility can charge
and discharge simultaneously.

Of the existing ESS technologies, Compressed Air Energy
Storage (CAES) is one of the most appropriate for bulk power
system applications [6], with two large CAES facilities existing
in the world [6], [7]. However, despite being a known technology
that is being actively considered for wider deployment [8],
not many studies on their operation in electricity markets are
reported. In [9], a mathematical model for the representation of
CAES systems in steady-state and dynamic studies is presented.
A self-scheduling model to maximize the daily profit of a
CAES facility, considering its thermodynamic characteristics is
presented in [10]; however, the work does not take into consid-
eration the presence of uncertainties. A risk-constrained bidding
and offering strategy for a CAES facility using information gap
decision theory is proposed in [11], while [12] proposes a Robust
Optimization (RO) approach to obtain the optimal bids and offers
and a robust self-scheduling model for a wind producer paired
with a CAES system is proposed in [13]. Despite presenting
uncertainty immunized solutions in [11]–[13], the CAES model
used do not consider minimum charge and discharge limits nor
the CAES thermodynamic characteristics, and the facility is
assumed to participate only in the energy market.

Uncertainties in load and RES generation have been an issue
for power systems operation. Thus, in [14], a chance-constrained
unit commitment (UC) model considering wind uncertainty is
presented. A stochastic Local Marginal Price (LMP) market
model considering uncertainties in wind power generation is
proposed in [15]. Both [14] and [15] represent uncertainties
using probability density functions (pdfs), which despite being
robust, have non-linear characteristics and require large amounts
of data to achieve accurate representations, with lack of data
resulting in assumptions that lead to poor results [16]. Hence, to

avoid the use of pdfs, methods based on range arithmetic, such
as RO and Affine Arithmetic (AA) have been proposed in the
literature.

An energy management system for isolated microgrids us-
ing RO is proposed in [16], representing the uncertainties in
wind power generation, while reducing load interruptions and
increasing energy reserves. An algorithm to obtain the optimum
hourly bid/offer prices for a price-maker ESS facility using
RO, considering uncertainties in demand and supply curves,
is proposed in [17]; the authors conclude that the proposed
approach provides a higher level of financial protection when
compared to a risk-neutral strategy.

An AA-based methodology for power flow analysis consider-
ing uncertainties is proposed in [18], where it is shown that de-
spite the method being more conservative than the Monte Carlo
Simulation (MCS) approach, it presents lower computational
burden and can be applied to large-scale systems. In [19], the
authors apply AA to solve the optimum power flow problem with
uncertainties in RES generation; benchmarked with MCS, the
method is shown to have much lower computational costs, and
yields similar results for both small and large systems. An UC
problem using the AA method is introduced in [20], considering
uncertainties in demand and RES generation, demonstrating that
it provides robust results at a reasonable computational burden.

Even though both RO and AA methods are based on range
arithmetic, only a few studies have been published in the lit-
erature that explore their similarities and differences, as for
example in [21], where RO and AA models minimize micro-
grid operating costs are proposed and compared considering
uncertainties in demand and RES generation. To the best of the
authors’ knowledge, no works have been reported where these
methods are compared in a self-scheduling model of a storage
facility. Thus, two mathematical tools based on range arithmetic
are explored for a self-scheduling, price-taker CAES facility
model, i.e., for a small plant that does not affect the system
dispatch and electricity prices, which can vary by up to 36% from
their forecasted values [22]. As a market participant, the CAES
facility operational strategy can be risk-averse or risk-taking;
however, even though the risk-taking approach yield higher
profits in an optimistic scenario, in a pessimistic scenario it
can result in much lower profits, and even losses. Therefore,
to ensure a safe margin of profit, the CAES facility is assumed
to be risk-averse, as most market participants [23].

Based on the aforementioned discussion, the main objectives
of the paper are the following:
� Present a self-scheduling model for a price-taker CAES

facility participating in electricity markets, including the
thermodynamic characteristics of the facility.

� Propose an RO model that considers uncertainties in prices
to optimize the CAES owner’s profit under the worst-case
scenario.

� Propose an AA model considering uncertainties in prices
to determine the dispatch schedule and profit margin of the
CAES facility.

� Compare the results and performances for RO and AA
models using a realistic test case.

With the main contributions being the following:
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� A new formulation for representing the thermodynamic
characteristics of the CAES model is proposed based on
a linearization of the corresponding nonlinear functions
presented in [10]. This reduces the number of binary
variables in the mathematical model, thus improving the
computational performance and allowing the AA based
approach to keep track of correlated uncertainties.

� Novel self-scheduling mathematical models for CAES fa-
cilities are proposed based on two different uncertainty
modeling approaches, namely, RO and AA, comparing
them in detail. These techniques would help CAES facility
owners to choose the most appropriate self-schedule taking
into account price uncertainties.

� The proposed self-scheduling model considers CAES fa-
cilities participating in both energy and spinning reserve
markets simultaneously, while considering uncertainties in
market prices. This would allow CAES facilities to avail of
greater market opportunities to improve its value stream.

The rest of the paper is organized as follows: Section II
presents the deterministic mathematical model to maximize the
daily profit of the CAES facility, introducing its thermodynamic
characteristics. The RO and AA models are presented in Sec-
tions III and IV, respectively, and the results and comparisons for
both models are presented and discussed in Section V. Finally,
Section VI summarizes the main contributions and conclusions
of the paper.

II. DETERMINISTIC CAES OPERATING MODEL

In this work, the CAES facility is assumed to be a price-taker,
i.e., it does not affect the market price by its actions. The facility
participates in the day-ahead market, providing energy, spinning
and idle reserves to the power system, seeking to maximize its
daily profit as follows:

max
PX

t

F =

T∑
t

[
f(PX

t )−OCt

]
(1)

where:

f(P x
t ) = Atπ

E
t +Btπ

SR
t + P ID

t πID
t ∀t (2)

At = PD
t − PC

t ∀t (3)

Bt = PSRD
t + PSRC

t ∀t (4)

OCt = CONG
t + PD

t V OMe + PC
t V OM c ∀t (5)

All variables and parameters in these and other equations are
defined in the nomenclature section. In (2), the first term rep-
resents the revenue from energy arbitrage, where the facility
is remunerated for the energy it discharges while it pays for
the energy consumed during charging, as per (3); the second
and third terms denote the revenues from spinning, as per (4),
and idle reserves, respectively. The operational cost is given by
(5), where the first term denotes the cost of natural gas in the
discharging stage, as discussed in detail later; the second term is
the Variable Operational and Maintenance (VOM) cost for the
expander during discharging; and the third term is the VOM cost
of the compressor during charging.

The operational constraints of the CAES facility can be de-
fined as follows:

xC
t + xD

t ≤ 1 ∀t (6)

PC
t ≤ P

C
xC
t ∀t (7)

PCxC
t ≤ PC

t − PSRC
t ∀t (8)

PD
t + PSRD

t ≤ P
D
xD
t ∀t (9)

PDxD
t ≤ PD

t ∀t (10)

0 ≤ P ID
t ≤ QSC[1− (xC

t + xD
t )] ∀t (11)

Equation (6) constraints the CAES to operate in either charging,
discharging, or idle modes. Equations (7) to (11) represent the
maximum and minimum power capacities of charging, dis-
charging, spinning, and idle reserves, respectively. The upper
and lower limits of the compressor charging power must be
between 40%-100% of the rated power, where its efficiency
is approximately constant, whereas for the turbine limits, the
discharging power must be between 30%-100% of the rated
power, where its efficiency is not compromised [24].

The relationships governing the CAES facility State of Charge
(SOC) and cost of natural gas are given by:

SOCt+1 = SOCt +
airCt 3600

CA
− airDt 3600

CA
∀t (12)

airCt = AFRC(SOCt)P
C
t ∀t (13)

airDt = AFRD(PD
t )PD

t ∀t (14)

CONG
t = HR(PD

t )PD
t πNG ∀t (15)

SOCt+1 ≥ SOCf ∀t = T (16)

In (12), the SOC of the cavern is calculated for time t+ 1,
given the SOC and the amount of air charged or discharged
at time t, which are calculated in (13) and (14), respectively,
where the charging/discharging power is multiplied with the
charging/discharging Air Flow Rate (AFR) of the facility. Since
the facility is set to participate in the next day electricity market,
the SOC is forced to be at least at the minimum limit SOCf in
(16), so that it is better prepared for the next day opportunities.

In (13), the charging AFR is a function of the SOC, since as
the SOC of the cavern increases, so does the pressure, making
it difficult to store more air inside the facility, thus reducing
the AFR; the function AFRC(SOCt) is illustrated in Fig. 1(a).
In (14), the discharging AFR is a function of the discharged
power, given as AFRD(PD

t ) and depicted in Fig. 1(b). This
behavior is associated with the efficiency of the high pressure
turbine reducing when the facility operates below its nominal
power (below 100 MW in Fig. 1), and thus a greater AFR is
necessary to generate one unit of power. Since a greater AFR is
required to generate one unit of power when operating below the
nominal value, more natural gas is required; thus, the Heat Rate
(HR) of the facility increases for lower discharge. The function
HR(PD

t ) is shown in Fig. 1(c). The data illustrated in Fig. 1
was obtained from the Huntorf CAES facility in Germany [6].
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Fig. 1. CAES thermodynamic characteristics: a) AFRC vs SOC, b) AFRD

vs Discharging power, and c) HR vs Discharging power.

The aforementioned functional relationships are represented
as step functions in [10], which complicates the mathematical
model, since the number of binary and auxiliary variables in-
creases, thereby increasing the computational burden. Further-
more, when using methods that keep track of correlated uncer-
tainties, as in the case of methodologies such as the proposed
AA model, the discontinuities in the step functions increase
the model complexity. Therefore, in this work, the following
new approximation functions are proposed, using linear inter-
polations to represent the thermodynamic characteristics of the
CAES facility, as shown in Fig. 1:

AFRC(SOCt) = −0.3SOCt + 1.95 ∀t (17)

AFRD(PD
t ) = −0.9

70
PD
t +

18.8

7
∀t (18)

HR(PD
t ) = −1.25

70
PD
t +

457.5

70
∀t (19)

Note that, since the compressor efficiency remains fairly con-
stant in the operating range considered (40-100%), the AFR can
be assumed to be a linear function of the SOC, as in (17).

Thus, the equation for the mass of air charged at time t, is
given by:

airCt = −0.3SOCtP
C
t︸ ︷︷ ︸

Bi-linear term

+1.95PC
t ∀t (20)

where the bi-linear term in (20) can be linearized to make the
model a Mixed-Integer Linear Programming (MILP) problem.
Thus, given the intervals of the variables, the bi-linear term can
be relaxed into a set of linear constraints using McCormick
Envelopes as follows [25]:

wt = SOCtP
C
t ∀t (21)

wt ≥ SOCPC
t + SOCtP

C − SOC PC ∀t (22)

wt ≥ SOCPC
t + SOCtP

C − SOC P
C ∀t (23)

wt ≤ SOCPC
t + SOCtP

C − SOCP
C ∀t (24)

wt ≤ SOCPC
t + SOCtP

C − SOCPC ∀t (25)

Hence, (20) can be reformulated as:

airCt = −0.3wt + 1.95PC
t ∀t (26)

Constraints (22)-(25) are valid when the CAES facility is charg-
ing, i.e., for PC

t within its lower and upper limits. However,
when the facility is not charging (PC

t = 0) the problem becomes
numerically infeasible, since (22) and (25) would force wt to be
positive and negative, respectively. Thus, the big M approach is
used in the model to avoid numerical infeasibility, as follows:

wt ≤ MxC
t ∀t (27)

wt ≥ SOCPC
t + SOCtP

C − SOC PC

−M(1− xC
t ) ∀t (28)

wt ≥ SOCPC
t + SOCtP

C − SOC P
C

−M(1− xC
t ) ∀t (29)

wt ≤ SOCPC
t + SOCtP

C − SOCP
C

+M(1− xC
t ) ∀t (30)

wt ≤ SOCPC
t + SOCtP

C − SOCPC

+M(1− xC
t ) ∀t (31)

The above set of constraints ensure that when the CAES facility
is not in charging mode, i.e.,wt = 0, no numerical infeasilibility
arises from the constraints.

The relationships for the mass of air discharged and the cost
of natural gas are obtained from replacing (18) and (19) in (14)
and (15), respectively, as follows:

airDt = −0.9

70

(
PD
t

)2
+

18.8

7
PD
t ∀t (32)

CONG
t

πNG
= −1.25

70

(
PD
t

)2
+

457.5

70
PD
t ∀t (33)

Observe that these functions are quadratic, which can be lin-
earized using a piece-wise linearization approach, as shown in
Fig. 2. Thus, the mass of air discharged by the facility and the
cost of natural gas at time t can be determined as follows:

PD
t =

2∑
s=1

(
bDt,s + q

s
uD
t,s

)
∀t (34)

2∑
s=1

uD
t,s = xD

t ∀t (35)

0 ≤ bDt,s ≤ b
D
uD
t,s ∀t, s (36)

airDt =

2∑
s=1

(
angDs bDt,s +Dsu

D
t,s

) ∀t (37)

CONG
t =

2∑
s=1

(
angHs bDt,s +NGsu

D
t,s

)
πNG ∀t (38)
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Fig. 2. Linear approximation of the quadratic functions.

where from (34) to (36), the power discharged is expressed in
terms of variables and parameters that are used to identify the
operating point of the CAES facility. Hence, (37) and (38) de-
termines the air discharged and cost of natural gas, respectively.

III. RO FORMULATION OF CAES OPERATIONS MODEL

In this work, since the optimization problem seeks to maxi-
mize the daily profit of a price-taker CAES facility, the main
source of uncertainty are electricity prices, i.e., energy and
reserve market prices. To this effect, the prices can be expressed
in terms of their center values (forecast price) and the deviation
from it, as follows:

πY
t = πY

0,t(1 + ΔπY
t ) ∀t, Y (39)

In the RO formulation, the objective is to maximize the profit of
the facility under worst case scenarios. Thus, substituting (39)
in (1), the objective function and additional constraints of the
optimization problem can be stated as follows:

max
PX

t

min
ΔπY

t

F =

T∑
t

[
f(PX

t )−OCt + ΔπE
t At︸ ︷︷ ︸

Bi-linear term

πE
0,t

+ ΔπSR
t Bt︸ ︷︷ ︸

Bi-linear term

πSR
0,t +ΔπID

t P ID
t︸ ︷︷ ︸

Bi-linear term

πID
0,t

]
(40)

where:

ΔπY
t = ΔπY+

t −ΔπY −
t ∀t, Y (41)

ΔπY+
t −Δπ ≤ 0 ∀t, Y (42)

ΔπY −
t −Δπ ≤ 0 ∀t, Y (43)

T∑
t

ΔπY+
t +ΔπY −

t

Δπ
− Γ ≤ 0 ∀Y (44)

ΔπY+
t ,ΔπY −

t ≥0 ∀t, Y (45)

The modified objective function (40) represents a max-min
problem, where the profit is maximized in terms of power
arbitrage variables and minimized in terms of price deviation.
Equation (41) calculates the energy, spinning and idle reserve
price deviations, and (42) and (43) limit the upward and down-
ward deviations to their maximum allowed levels, respectively.
Finally, (44) provides the flexibility of conservatism in the model
through the budget of uncertainty Γ, which limits the number
of times the prices deviate from their forecast values. Choosing
a higher Δπ provides more financial protection against larger
price mismatches.

Equation (40) presents a max-min structure, which is a saddle-
node problem and usually non-convex [16], including a new set
of bi-linear terms that do not allow the problem to be solved as
an MILP problem. Using the dual of the minimization problem
(40)-(44), one has:

max
PX

t ,αY
1,t−αY

3,t,α
Y
4

F =

T∑
t

[
f(PX

t )−OCt +Δπ(αE
2,t

+ αE
3,t + αSR

2,t + αSR
3,t + αID

2,t + αID
3,t )
]

+
(
αE
4 + αSR

4 + αID
4

)
Γ (46)

where:

αY
2,t, α

Y
3,t, α

Y
4 ≤ 0 ∀t, Y (47)

αE
1,t = Atπ

E
0,t;

αSR
1,t = Btπ

SR
0,t ; α

ID
1,t = P ID

t πID
0,t ∀t (48)

− αY
1,t + αY

2,t +
αY
4

Δπ
≤ 0 ∀t, Y (49)

αY
1,t + αY

3,t +
αY
4

Δπ
≤ 0 ∀t, Y (50)

Observe in (46) that the objective function is now a maximization
problem without bi-linear terms, and hence the problem can be
solved as an MILP problem.

In RO, a constraint with n uncertain parameters has a proba-
bility p of being violated, which can be determined for a given
value of Γ as follows [26]:

p = 1− Φ

(
Γ− 1√

n

)
(51)

where Φ is the cumulative distribution of a standard normal
function. Thus, based on the results obtained and the probability
of violation corresponding to Γ, the CAES facility operator
can choose a schedule that ensures profit maximization while
protecting it from a given level of uncertainties.

IV. AA FORMULATION OF CAES OPERATIONS MODEL

A. Affine Arithmetic Overview

AA is a range analysis technique that keeps track of correlated
uncertainties between the variables [27]. It handles both exter-
nal and internal uncertainty sources, with imprecise data and
uncertainty in the mathematical model being an external source,
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and truncation and round-off errors being internal sources. Each
uncertain variable χ is represented in its affine form as follows:

χ̂ = χ0 + χ1ε1 + χ2ε2 + · · ·+ χpεp = χ0 +

p∑
h=1

χhεh (52)

where χ0 denotes the center value of the variable χ, whereas εh
and χh are the noise variables and magnitude of the correspond-
ing uncertainty component, respectively; the noise variables
are within the interval [−1, 1]. Hence, when all variables are
represented in their affine forms, they all share the same noise
variables, thus tracking correlated uncertainties.

In AA, there are affine and non-affine operations. Thus,
considering the affine quantities â = a0 +

∑p
h=1 ahεh and b̂ =

b0 +
∑p

h=1 bhεh and the parameter λ, affine operations are the
following:

ẑ = â± b̂ = (a0 ± b0) +

p∑
h=1

(ah ± bh)εh (53)

ẑ = λâ = λa0 + λ

p∑
h=1

ahεh (54)

ẑ = â± λ = (a0 ± λ) +

p∑
h=1

ahεh (55)

and a non-affine operation is:

ẑ = âb̂ = a0b0 +

p∑
h=1

(a0bh + b0ah)εh + zkεk (56)

where the resulting variables contains the information provided
by â and b̂, and the approximation error is denoted as zkεk.
Despite being conservative, εk is usually assumed to be 1 and
zk =

∑p
h=1 |ah|

∑p
h=1 |bh|. Thus, (56) can be rewritten as:

ẑ = a0b0 +

p∑
h=1

(a0bh + b0ah)εh +

p∑
h=1

|ah|
p∑

h=1

|bh| (57)

Optimization problems using AA can be represented in gen-
eral form as follows [28]:

max
ẑ

F̂(ẑ) (58)

s.t. ĝl(ẑ) = 0 ∀l ∈ L (59)

ĥm(ẑ) ≤ 0 ∀m ∈ M (60)

where equality â = b̂ and inequality â ≤ b̂ constraints can be
respectively presented as follows:

a0 = b0 ∧ ah = bh ∀h (61)

a0 +

p∑
h=1

|ah| ≤ b0 −
p∑

h=1

|bh| (62)

with (61) stating that one affine variable is equal to the other
if all their terms are equal, and (62) indicating that one affine
variable is less than the other if the upper boundary of the
left-hand side is less than the lower boundary of the right-hand
side.

Since the objective function (58) can be expanded as follows:

max
ẑ

F̂(ẑ) = F0(ẑ) +

p∑
h=1

Fh(ẑ)εh +

p+pna∑
h=p+1

Fh(ẑ)εh (63)

it is shown in [28] that this can be represented as the following
multi-objective problem:

max
ẑ

{
F0(ẑ),

p+pna∑
h=1

|Fh(ẑ)|
}

(64)

where the first term is denoted as the center, and the second
term is denoted as the radius from the center to the boundaries of
the objective function. Thus, (64) essentially allows maximizing
the center value (deterministic problem) or the radius of the
objective function (uncertain problem).

B. AA Model of the CAES Facility

As previously mentioned, for a price-taker CAES facility, the
main source of uncertainties are the electricity prices, which can
be expressed in their affine forms as follows:

π̂Y
t = πY

0,t(1 + εYt Δπ) ∀t, Y (65)

And the power dispatch variables can be expressed as follows:

PX
t = PX

0,t + PX
1,tε

E
t + PX

2,tε
SR
t + PX

3,tε
ID
t ∀t,X (66)

Equation (64) can be maximized using a decoupled approach,
i.e., maximize the center and radius of the objective function
separately; however, this is valid for a problem with continuous
variables only. Hence, since the CAES model has binary vari-
ables xC

t and xD
t and inter-temporal constraints (12), it cannot

be guaranteed that the solution of one maximization would be
feasible for the other [20]. Therefore, the objective function be
re-formulated as follows:

max
P̂X

t

T∑
t=1

(
F0(P̂

X
t ) +

p∑
h=1

|Fh(P̂
X
t )| −

pna∑
h=p+1

|Fh(P̂
X
t )|
)
(67)

where the center and radius are maximized simultaneously,
while the non-affine radius is minimized to reduce the con-
servatism of the process, obtaining a single and a reasonably
conservative result for the optimum daily schedule of the CAES
facility, which can then be readily compared with the RO results.
The terms F0(P̂

X
t ) and Fh(P̂

X
t ) are obtained by substituting

(66) in (2), executing the affine and non-affine operations, and
separating the center and radius terms. Note that the noise of the
non-affine terms in (63) are assumed to be -1 in the objective
function, since, as previously explained, these non-affine terms
are internal source of errors, and thus this minimizes the con-
servative internal error associated with the non-affine terms, so
as not to obtain a large uncertainty radius.

Constraints in Section II can then be written in their AA form
according to (61) and (62). Thus, the inter-temporal constraint
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(12) can be formulated as follows:

SOC0,t+1 = SOC0,t +
(airC0,t − airD0,t)3600

CA
∀t

(68)

p∑
h=1

SOCh,t+1 =

p∑
h=1

SOCh,t

+

p∑
h=1

[
(airCh,t − airDh,t)3600

CA

]
∀t

(69)

SOC0,t+1 −
p∑

h=1

|SOCh,t+1| ≥ SOCf ∀t = T (70)

where (68) and (69) denotes the center and radius of the SOC,
respectively. Note that the equality of noise symbols is not
guaranteed in (69), but it assures that no operating limits are
violated. To be able to better participate in the electricity market
the next day, (70) guarantees that the SOC at the end of the day
will be at least equal to SOCf .

The proposed AA model determines the center and radius, i.e.,
it provides an interval of the daily profit and power dispatches.
Hence, if the price mismatch at hour t is known, then the
noise term can be readily calculated, which allows to deter-
mine the power dispatch and profit values corresponding to the
known errors in prices, thus yielding single values for these
variables.

V. RESULTS AND DISCUSSIONS

For simulation, validation, and comparison purposes, the
CAES facility is assumed to have a maximum charging and
discharging of 60 MW and 100 MW, respectively, while the
minimum charging and discharging are 25 MW and 30 MW,
respectively, and a quick start capacity of 40 MW, as per [10].
To operate within the pressure limits, the SOC of the cavern is
maintained between 33% to 100% as in [10]. For all simulations
carried out, the initial and final SOC of the facility was assumed
to be 60%. The maximum mass of air the cavern can store is
assumed to be the amount of air the cavern would discharge
if operated at full power for eight straight hours. Electricity
prices are taken from the Ontario electricity market historical
data [29]. The simulations were executed for two different
volatile days denoted as Day 1 (February 6, 2019) and Day 2
(January 19, 2019, which is less volatile), with different price
profiles depicted in Fig. 3. All simulations were performed in
GAMS interfaced with MATLAB.

A. Comparison Between Thermodynamic Models

To validate and evaluate the performance of the proposed
linear thermodynamic model, the results obtained for the deter-
ministic case are compared with the CAES model of [10], where
the thermodynamic characteristics of the facility are represented
by step functions. Thus, Table I presents a comparison of the
profit and computational costs for the proposed linear model

Fig. 3. Prices profile for Days 1 and 2.

TABLE I
COMPARISON BETWEEN LINEAR AND STEP MODELS

Fig. 4. SOC comparison of the Linear and Step models.

compared to the model in [10], which are denoted as Linear
and Step Models, respectively. Note that both methodologies
yield similar profits, with a maximum mismatch of 1%, but
the Linear Model is much faster computationally. Thus, for
both days, the Linear Model converged in seconds, while the
Step Model took much longer, with significant solution time
differences between Day 1 to Day 2, which suggests that the
Step Model computational performance be quite sensitive to
price input data.

Fig. 4 presents the optimum schedule obtained from each
model for both days. Note that the optimum schedules are very
similar throughout the day for both models.
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TABLE II
CAES PROFIT FOR ROBUST OPTIMIZATION ($)

Fig. 5. Day 1 SOC for different Δπ and Γ.

B. Robust Optimization Results

For each day, the simulations of the RO were carried out
for different values of Δπ and Γ, assuming for each pa-
rameter the following values: Δπ ∈ [8%,15%,20%], and Γ ∈
[0,5,10,15,20,24]. Thus, 18 scenarios were simulated for each
day.

Table II presents the daily profit for the CAES facility for
each day, for different combinations of Δπ and Γ. For Γ = 0,
which is the deterministic case, the profits for different values
of Δπ do not change. As Γ increases, the number of times the
prices deviate from their forecast increases, and consequently,
the profits decrease. Also, the sensitivity of profit reduces as
Γ tends to the most conservative scenario, i.e., Γ = 24. As
expected, greater values of Δπ lead to lower profits. Note also
that the facility’s profit on Day 1 are generally higher than on
Day 2, which can be attributed to the overall higher market price
profile on Day 1, as shown in Fig. 3.

As prices deviate from their forecast values, the optimum
daily schedule is susceptible to changes. Thus, in Fig. 5 and
Fig. 6 the SOC for different combinations of Δπ and Γ for
Day 1 and Day 2, respectively, are presented; for both days, it
can be observed that in the deterministic scenario the facility
charges and discharges more, whereas for the scenarios with
uncertainties, the facility is more conservative, operating in idle
mode for more hours, as expected.

As presented in (51), for each Γ there is a probability of viola-
tion p given in Table III. Note that a higher financial protection

Fig. 6. Day 2 SOC for different Δπ and Γ.

TABLE III
PROBABILITY OF VIOLATION

TABLE IV
CAES PROFIT FOR AFFINE ARITHMETIC ($)

level, i.e., a low value of p, is achieved in less conservative
scenarios, i.e., for low values of Γ; for instance, Γ = 10 yields
a probability of violation lower than 5%.

C. Affine Arithmetic Results

For the proposed AA model, simulations were carried out to
maximize the center and the radius of the profit simultaneously,
as per (67). Since there are no parameters to control the level of
conservatism, AA obtains a single optimum interval schedule
for each Δπ.

Table IV presents the center, upper and lower bounds of the
profit for each day. Observe that as Δπ increases, the center and
radius of the profit increases, i.e., a larger difference can be seen
between the upper and lower bounds with respect to the center
value, as expected.

For different Δπ, the optimum daily schedules of the facility
are sensitive to changes, as illustrated in Fig. 7 and Fig. 8. Note
that the SOC solution is an interval, as expected; depending
on the magnitude of PC

h,t/P
D
h,t, the SOC have tighter or larger

intervals. Compared with the deterministic schedule, observe
that the dispatch decisions are similar most of the time but with
different Depth of Discharge (DoD).

When operating the CAES facility, the power dispatch vari-
ables need to be obtained from the intervals computed with the
AA model. Thus, when the actual price mismatch with respect
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Fig. 7. Day 1 SOC for different Δπ.

Fig. 8. Day 2 SOC for different Δπ.

to the forecasted center value εYt is known, the power dispatch
of the facility can be determined. For example, assuming that
the CAES facility is following the optimum schedule obtained
from Δπ = 8% in Day 1, and that for t = 2 h the facility is
discharging, for a mismatch of -5% in the energy price and
no mismatches in the other prices, the noise values can be
determined to be εEt = − 5%

8% = −0.625, εSR = 0 and εID = 0.
Thus, the SOC at t can then be computed to be SOC2 = 0.464.
If the mismatch is lower than -8% or greater than 8%, εEt can
be set to -1 or 1, respectively.

D. Comparisons

To validate the results obtained from RO and AA, both are
compared here with the MCS approach, assuming uniform pdfs.
Thus, three random uniform distributions were generated, each
with a thousand data points. The MCS results for the uniform
pdfs with the ranges of [0.92,1.08], [0.85,1.15], and [0.8,1.2] for
the three market prices were compared with the RO and AA, for
Δπ of 8%, 15%, and 20%, respectively.

Fig. 9 presents a comparison between the MCS, AA and
RO, for both days, depicting the upper and lower bounds of

Fig. 9. MCS, AA and RO comparison.

the MCS (MCS-UB and MCS-LB, respectively), AA (AA-UB
and AA-LB) and RO (RO-UB and RO-LB). For RO, the upper
and lower bounds corresponds to the results of the deterministic
case and the most conservative scenario, i.e., Γ = 0 and Γ = 24,
respectively. Observe for both days and all values of Δπ that the
AA solution profile envelops both the MCS and RO solutions.
Since the RO objective is to optimize the profit for the worst-case
scenario, its profits are higher in the lower bound, as compared
to AA. The MCS approach incurs the highest computational
burden while RO has the lowest, converging in a few seconds.
Since a large number of variables are used to keep track of the
correlated uncertainties, the AA approach has a larger compu-
tational burden than RO; however, it still converges in a few
seconds. Therefore, given a Δπ which the CAES facility seeks
to be protected from, the plant operator determine the optimum
schedule using either RO or AA. If RO is employed, given the
probabilities of violation in Table III, the operator choose a
schedule with the desired protection level. However, if AA is
used, there is a unique optimum schedule, where, given the
real-time mismatch in prices, the power dispatches of the facility
can be determined.

E. Effects of Different SOC Levels

In this section, the impact of the initial and final SOCf

value of the CAES facility optimal operation is analyzed. Since
electricity prices are usually lower at the early hours of the day,
the facility typically starts the day by charging and reaching a
high value of SOC, and when prices increase it starts discharging.
Thus, a higher initial SOC would yield a conservative schedule
wherein the range of operation will be constrained. If the final
SOC is held at a relatively high value, then the facility would not
have a high DoD, resulting in low profits. Therefore, different
initial and final SOC levels are tested here using the price profile
of Day 1, to demonstrate the impact of theSOCf value on profits
and optimum daily schedules.

Table V presents the profits of the CAES facility using the RO
approach for values of SOCf equal to 0.7 (70% SOC) and 0.8

Authorized licensed use limited to: University of Waterloo. Downloaded on October 18,2021 at 04:00:51 UTC from IEEE Xplore.  Restrictions apply. 



3616 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 36, NO. 4, JULY 2021

TABLE V
CAES PROFIT FOR RO FOR DAY 1 ($)

Fig. 10. Deterministic schedule for Day 1.

TABLE VI
CAES PROFIT FOR AA FOR DAY 1 ($)

(80% SOC). When compared to Table II, which used an initial
SOC of 60%, note that the profits from the deterministic schedule
(Γ = 0) to the most conservative scenario (Γ = 24) decrease
for higher levels of SOCf , for all price mismatch scenarios.
Fig. 10 illustrates the optimum deterministic schedule for the
CAES facility for different values of SOCf . Observe that when
SOCf = 0.6, the CAES facility operates with a larger DoD as
compared to the cases with initial and final SOCs of 70% and
80%.

Table VI depicts the CAES facility profits using the AA
approach for different SOCf values. Observe that the center,
lower, and upper boundaries of the profit profile decrease for
higher values of initial and final SOC, as expected, since the
interval of operation is tighter, as shown in Fig. 11. Note that
compared to the deterministic schedule, the dispatch decisions
remain similar but with different DoDs. Therefore, operating
with high SOCf values is not advantageous for the CAES
facility, since it yields conservative schedules and profits to
ensure that the desired final SOC value is met at the end of
the day, thus missing opportunities to maximize the daily profit.

Fig. 11. AA schedule for Δπ = 8% for Day 1.

VI. CONCLUSION

This paper presented RO and AA-based self-scheduling mod-
els to maximize the daily profit of a price-taker CAES facility
under price uncertainties, considering its thermodynamic char-
acteristics. The RO model presented the lowest computational
burden and the simulations yielded multiple possible schedules,
from which the operator has to choose an appropriate one
based on the budget of uncertainty. In AA, despite a higher
computational burden, an optimum schedule was obtained, with
the center value and the radius of the bounds of the profit and
power dispatch variables. For validation purpose, both methods
were compared with the MCS approach, showing that both
methods were computationally faster than the MCS, while also
capturing a wider interval range of results. For future work, the
authors intend to examine the operation of a CAES facility as a
price-maker, using both RO and AA to model the uncertainties in
RES generation, load, and bids/offers of the market participants.
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