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In this study an analytical solution was developed to predict steady radially-symmetric percolation rates
from an aquifer underlain by a variable thickness aquitard. The solutions consider an aquitard with con-
stant thickness and with radial-symmetrically increasing thickness outward from the center. The solution
was used to predict the percolation rate from a peat layer around a bedrock outcrop in the James Bay
Lowland near the De Beers Victor diamond mine. In this case the marine sediment layer limited the direct
connection between the peat layer and the bedrock as an aquitard. Our zero order solution with constant
marine sediment thickness showed the best fit to the steady state water level data of June 2012. It was
found that the enhanced recharge around bioherms (i.e., at rates greater than the regional average of
0.7 mm/day) will only occur in marine sediments less than 4.3 m thick, for extreme depressurization
of 30 m.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

In low-gradient systems, such as coastal plains, perturbations in
the groundwater flow-field may be caused by discontinuities in the
aquifer structure or by water withdrawals; the system response is
closely tied to the vertical structure of its aquifers and aquitards
[1–3]. A systematic change in sediment thickness may arise, for
example in a depositional marine environment where there are
cone-shaped bedrock extrusions. An analytical model of this set-
ting can be used to test its sensitivity to hydraulic conductivity
and boundary fluxes, hence potential responses to external stress-
ors such a water withdrawal.

Flow towards a water-sink in a surface aquifer underlain by a
layer of low-permeability sediments generates a radial flow
towards the sink. Where the aquitard is leaky, there may also be
a flow exchange between the perched surface aquifer and an
underlying deep aquifer. There are several studies of flow in leaky
aquifers solved through analytical [4–11], semi-analytical [12–16]
and numerical [17,18] methods. In most of these solutions the
aquitard is located above the main aquifer and recharges it.
However, a less common situation arises when the aquitard is
located at the bottom of the surficial perched aquifer, and controls
water discharge from it. As stated by Yeh and Chang [19] in some
of these studies the flow in the aquifer is significantly influenced
by the drawdown or flow in the adjacent aquitard [6–8,14,15,17].
In these studies the hydraulic conductivity of the aquitard is signif-
icantly smaller than that of the aquifer, and so assumes horizontal
flow in the aquifer and vertical flow in the aquitard [6–10,17]. In
some of these studies the solutions were conducted for two aqui-
fers and an intervening aquitard [13,16,20] but in all of them the
aquifer and aquitard thicknesses were constant.

Given the difficulty and expense of empirical studies, the sensi-
tivity of percolation rate to hydraulic head, variations in sediment
thickness and permeability are difficult to characterize directly,
but can be evaluated using a modeling approach, which is the focus
of this paper. In this study the contribution of a bedrock exposure to
the enhanced percolation of water from a surficial aquifer, through
an aquitard to an underlying depressurized aquifer was conceptual-
ized and evaluated by developing an analytical solution. The solu-
tion was conducted for steady and saturated radially symmetric
flow in a surficial perched aquifer around a leaky window (bedrock
exposure), by considering the pattern of aquitard thickness changes
and the head in different layers. In these solutions the first priority
was calculation of the percolation rate from the perched aquifer to
the bedrock through the aquitard. Secondly, the sensitivity of the
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rate of bedrock recharge to the degree of bedrock depressurization,
surface recharge rate and the surficial perched aquifer and aquitard
hydraulic conductivities, were evaluated.
2. Study area

While the solutions presented are generally applicable to bed-
rock exposures or windows in confining layers, we present the
results in the context of the peatlands surrounding the De Beers
Victor mine in the James Bay Lowlands (JBL). In this area the peat
layer thickness is 2–3 m, and is separated from the higher perme-
ability fractured bedrock by an aquitard formed of fine-grained
marine sediments (MS) [21–24]. The aquitard thickness is smaller
or absent near bedrock exposures, locally present as bioherms
(ancient coral reefs) [25], resulting in a zone of potentially high
connectivity, if hydraulic gradients are present. Cropping and
sub-cropping bioherms are present in 13% of the area, seated
directly on the regional mid-Silurian limestone [26]. Exposed bio-
herms are circular domes [16] with elevations up to �5 m above
the surrounding peatland, typically about 100–150 m in diameter.
In its undisturbed state this connection is unimportant, given the
very low hydraulic gradients between the surface and deep aquifer.
However, dewatering of an open-pit diamond mine (De Beers
Victor mine) by pumping 80,000 to 120,000 m3/day of groundwa-
ter from the bedrock aquifer [27], caused vertical gradients up to
0.45 in the vicinity of bioherms [28], resulting in local dewatering
of the perched aquifer [29–32]. On and adjacent to exposed bio-
herms aquitard thickness is zero and gradually increases away
from the exposure center. There exists a 10–80 m wide, ‘‘annular
ring’’ of peat (perched aquifer) around bioherms laying directly
over bedrock; beyond this the aquitard thickness increases from
zero to more than 20 m at greater radial distances [25], although
its thickness is highly variable because of the widespread presence
of sub-cropping bioherm formations. Consequently, bioherms and
adjacent areas with little or no aquitard can recharge up to several
orders of magnitude more water than surrounding areas, especially
in depressurization conditions [28]. The recharge rates around the
bioherm mainly depend on the general form of exposure cross-
section and consequently on the pattern of marine sediment
thicknesses, which typically increase with radial distance from
the bioherms. Given the depressurization of the regional aquifer,
and the relatively high permeability of the bedrock exposure
(0.01–3.7 m/day [27,33]) compared to the aquitard (2:5� 10�5 to
0.5 m/day [33]), radial-symmetric flow occurs toward its exposure,
similarly to flow toward a pumping well.
3. Theory and solutions

In this study the radially symmetric horizontal flow in a thin
shallow perched aquifer (the peat layer around bioherms) and
the vertical percolation rate through an aquitard layer (MS layer)
toward the bedrock layer were solved for several sets of
Fig. 1. The horizontal radial and vertical components of the
assumptions (Fig. 1). Solutions were sought for radial flow towards
the bioherm with constant saturated thickness, and constant sur-
face recharge and for different configurations of aquitard layer
thickness (Fig. 2), including constant (MSn0, Fig. 2c) as well as lin-
early changing (MSn1, Fig. 2d) and quadratically changing (MSn2,
Fig. 2e). In all solutions it is assumed that the perched aquifer
has constant thickness and infinite extent and flow is radial and
almost horizontal, whereas flow in the aquitard is vertical and
downward (Figs. 1 and 2). In reality the flow in such a perched
aquifer is not completely horizontal and is inclining downward,
but because of its comparatively high hydraulic conductivity [25]
its vertical component is assumed negligible compared with its
horizontal component. The effect of vertical flow through the aqui-
tard layer on the horizontal flow budget and its decreasing trend
with radial distance in the perched aquifer was taken into account
in this solution. The solutions were done for different cases of sur-
face recharge, bedrock head and saturated thickness of flow in the
perched aquifer and for different patterns of aquitard thickness. In
these solutions the perched aquifer and aquitard layer are
presumed to be saturated even when the water level in bedrock
is below the bottom boundary of the aquitard layer. This type of
perched saturated layer occurs where vertical downward
flow in the fine-grained sediments overlaying a more permeable
(e.g., fractured bedrock) layer is impeded by the capillary barrier
effect [34].

The solutions presented in this paper predict the radial flow and
vertical percolation around the bioherm exposure (Fig. 2a). They
are applicable for the ‘‘main part’’ of the domain where the aqui-
tard layer exists between the perched aquifer and bedrock
(Fig. 2) and not applicable for the ‘‘central exposure’’ (see Fig. 2a)
where neither perched aquifer nor the aquitard layer exist, nor
the ‘‘annular ring’’ where the aquitard is absent. The vertical perco-
lation rate from the perched aquifer to bedrock through the aqui-
tard layer, and the horizontal flow passing through the perched
aquifer from the ‘‘main part’’ (Fig. 2a) to the ‘‘annular ring’’ were
determined with these solutions. Constant rate surface recharge
was considered for all solutions. The first solution is analogous to
that presented by Todd and Mays [35], who simulated the radial
flow toward a pumping well (comparable with radial flow toward
a bioherm), and is added here to compare its results, dimensionless
curves and assumptions with our solutions. In the Todd and Mays
solution (Fig. 2b) the percolation rate from the perched aquifer to
bedrock is spatially constant. The second set of solutions is to test
how variable thickness and configuration of the aquitard layer
(Fig. 2c, d and e) affects the percolation losses away from the ‘‘cen-
tral exposure’’. In these solutions the vertical percolation rate is
controlled by the head difference between the perched aquifer
and bedrock, aquitard thickness and aquitard hydraulic conductiv-
ity. The solutions were transformed to their dimensionless forms
and their corresponding dimensionless curves were drawn. The
variations in horizontal flow rate, vertical percolation rate through
aquitard, ratio between horizontal and vertical velocities and gra-
dients along the radial distance were also investigated.
flow in peat layer (perched aquifer) around a bioherm.



Fig. 2. Schematic section of peat, aquitard and bedrock layers for (a) the idealized
geological profile; (b) the Todd and Mays solution and for various representations of
marine sediment geometry (c) MSn0, (d) MSn1 and (e) MSn2 in them Eq. (8) was
solved for n = 0, 1 and 2, respectively. Incoming flow and percolation rates and their
relative values in different radial distances are illustrated schematically by arrows.
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3.1. Todd and Mays [35] solution: constant vertical percolation rate

In this case the percolation rate from the perched aquifer to
bedrock is assumed spatially constant. Also the surface recharge
rates, in the form of rain, snowmelt or evapotranspiration can be
assumed spatially constant regardless of the hydraulic characteris-
tics of underlying layers. In the solution presented by Todd and
Mays [35] a constant net surface recharge or discharge rate was
added or subtracted from the radial flow toward the bioherm cen-
ter along its path (Fig. 2b). The advantage of this solution is that the
horizontal flow rate in the perched aquifer depends on both the net
recharge rate as well as the exploitation rate from an imaginary
vertical well at the center (Fig. 2b). For example if there is no net
recharge to/from the perched aquifer, the horizontal flow rate
would be spatially constant and equal to the flow rate toward
the imaginary well. This case was solved assuming variably satu-
rated thickness of horizontal-radial flow [35] in the perched
aquifer.

The constant net recharge rate to the perched aquifer, R(LT�1),
can be determined by subtracting the vertical downward percola-
tion rate through the aquitard layer, w(LT�1) from the surface
recharge rate, W(LT�1) (Fig. 3). R is positive for inflow and negative
for outflow from the perched aquifer. By considering the net
recharge rate, R, the horizontal flow rate, Q, in a given section is

Q ¼ Q 0 þ ðpr2
0 � pr2ÞR ð1Þ

where Q(L3T�1) is the horizontal flow rate, r (L) is radius from the
bioherm center; K (LT�1) is the perched aquifer horizontal hydraulic
conductivity and Q0 (L3T�1) is the horizontal flow rate entering the
section at radial distance r0(L). The calculated flow rate in Eq. (1)
can be written as

Q0 þ pr2
0 � pr2� �

R ¼ 2prKh
dh
dr

ð2Þ

in which h (L) is the saturated thickness of flow in the given section.
Eq. (2) can be solved for the saturated thickness, h, which varies
with radial distance, as

h¼
� Q 0 ln r0

r

� �� �
� Rpr2

0 ln r0
r

� �� �
þ Rp r2

0� r2
� �

=2
� �

Kp

� �
þh2

0

� 	0:5

ð3Þ

where h0 (L) is the hydraulic head at radial distance r0(L).
Fig. 3. The schematic flow domain in the peat layer for the Todd and Mays solution,
in which the saturated thickness of flow in the perched aquifer (peat layer) is
variable (h), but with constant vertical percolation (w).
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3.2. Solutions for constant and variable aquitard layer thickness (MS
solutions)

As discussed in the Todd and Mays solution, the MS solutions
are for the ‘‘main part’’ of the perched aquifer in the flow domain
(Fig. 2b, c, d and e). In this set of solutions the saturated thickness
of flow in the perched aquifer, b, is constant (Fig. 4) and the perco-
lation rate, w, through the aquitard is a function of the difference
between heads in the perched aquifer and bedrock (h1 and h2,
Fig. 4), the aquitard thickness, t, and aquitard vertical hydraulic
conductivity. Here, the main controlling factor on vertical flow is
the aquitard layer because of its low vertical hydraulic conductiv-
ity compared with the perched aquifer and bedrock. The head in
the bedrock is presumed to be spatially constant as measured at
the ‘‘central exposure’’. Also, it is assumed that there is a constant
vertical recharge (W) from the surface to the perched aquifer that,
along with the percolation loss (w), produces a net recharge, R (to
or from the perched aquifer). In this solution flow in the ‘‘main
part’’ of the perched aquifer is controlled either by the horizontal
flows at 95 and 170 m radial distances and/or the net recharge,
R, (Fig. 2c, d and e). In this solution the flow is radially symmetric,
the only in- and out-flows are horizontal at the 95 and 170 m radial
distances, as well as through the top and bottom boundaries
(recharge from the top and percolation from the bottom). In this
case, if R is equal to zero (no net flux across the top and bottom
boundaries) then the horizontal incoming flow to the perched
aquifer will be zero (i.e., it cannot accept any flow if it is not losing
any). There is no imaginary well in the center to receive the excess
flow as in the Todd and Mays solution. In this set of MS solutions, it
is assumed that in a thin cylindrical control volume that represents
flow between successive cylindrical rings in the perched aquifer
(Fig. 4) (only two rings shown for illustrative purposes) the differ-
ence between the flow rates in two successive sections,
DQ1 ¼ Q 1 � Q 2, is equal to the vertical outflow percolating down-
ward from that section, w1 (Fig. 4). Then, the vertical flow rate in
this section can be written based on the Darcy equation in the ver-
tical direction as

2prw1dr ¼ 2prKv
h1 � H

t
dr ð4Þ

in which KvðLT�1Þ is the vertical hydraulic conductivity of aquitard,
h1 (L) is the average hydraulic head in the given control volume, t (L)
is aquitard thickness, r(L) is the radial distance from middle of the
given volume to the center, dr is the radial thickness of the control
Fig. 4. The schematic flow domain in the peat layer (perched aquifer) for the MS
solution, in which the saturated thickness of flow in the perched aquifer (b) is
constant, and the vertical recharge or percolation rates (w) are variable. The vertical
percolation rate is a function of the head difference between the peat and bedrock
layers (h1 or h2), and MS (aquitard) thickness (t) and vertical hydraulic conductivity.
volume that is infinitely small and H (L) is the hydraulic head in
bedrock which is assumed to be constant. To simplify the equations
the water level in bedrock was assumed to be coincident with
datum plain (H ¼ 0Þ. Based on the Darcy and continuity equations
in the horizontal direction, DQ1 can be written as

DQ1 ¼
d
dr

2prbK
dh
dr

� �
dr ð5Þ

By considering H ¼ 0, Eqs. (4) and (5) can be merged to

2prKv
h
t

dr ¼ d
dr

2prKb
dh
dr

� �
dr: ð6Þ

For the condition where there is a constant vertical recharge
from the surface, W(LT�1), the percolation rate in Eq. (6),
w ¼ Kv

h
t , is replaced by the net vertical outflow rate which is the

sum of the percolation rate and vertical recharge from the surface
Kv

h
t �W

� �
, and then Eq. (6) can be simplified to a form of a

Modified Bessel function [36] as

r2h00 þ rh0 � r2 hKv

Kbt
�W

Kb

� �
¼ 0: ð7Þ

The minus sign before the W parameter in Eq. (7) is required
because recharge from the surface flows into the perched aquifer
and percolation flows out from it. The thickness of the aquitard, t,
can increase radially and symmetrically with different orders
(values of nÞ as presented in Appendix A, depending on the trend
of changes in aquitard thickness outward from the bioherm.
Therefore, t, in Eq. (7) can be replaced by Arn (Eq. A.1) so that

r2h00 þ rh0 � r2 hKv

KbArn �
W
Kb

� �
¼ 0: ð8Þ

Eq. (8) can be solved for different n values. In solutions MSn0, MSn1
and MSn2, Eq. (8) was solved for n = 0, 1 and 2, respectively, as
described below.

3.2.1. MSn0:n = 0, Constant thickness aquitard (see Fig. 2b)
Eq. (8) with n = 0 has a form of a Modified Bessel function. The

solution for Eq. (8) with n = 0 is in the following form:

h ¼
h1 � WAn0

Kv

I0

ffiffiffiffiffiffiffiffiffi
Kv

KbAn0

q
r1

� �
0
B@

1
CAI0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kv

KbAn0

s
r

 !
þWAn0

Kv
; ð9Þ

in which h1 is the head at a certain radius, r1.

3.2.2. MSn1: n = 1, Linear increase of aquitard thickness (see Fig. 2c)
The solution for Eq. (8) with n = 1 is

h¼ I0 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kv

KbAn1

s ffiffiffi
r
p

 !
h1�WAn1 KbAn1þKv r1ð Þ

K2
v

� �
I0 2

ffiffiffiffiffiffiffiffiffi
Kv

KbAn1

q ffiffiffiffiffi
r1
p� � þWAn1 KbAn1þKvrð Þ

K2
v

;

ð10Þ

where An1 corresponds to coefficient A in Eq. (A.1) for this Case, and
h1 is the head at a certain radius, r1.

3.2.3. MSn2: n = 2, second order increase of aquitard thickness (see
Fig. 2d)

The solution for Eq. (8) with n = 2 is

h¼ r

ffiffiffiffi
Kv
pffiffi

K
p ffiffi

b
p ffiffiffiffiffi

An2

p �h1Kv þ4h1KbAn2þWAn2r2
1

r

ffiffiffiffi
Kv
pffiffi

K
p ffiffi

b
p ffiffiffiffiffi

An2

p
1 �Kv þ4KbAn2ð Þ

0
BBB@

1
CCCA� WAn2r2

�Kv þ4KbAn2
; ð11Þ

where for this case An2 is coefficient A in Eq. (A.1) and other vari-
ables are as previously defined.
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4. Results and discussions

4.1. Dimensionless solutions

As previously noted, to create more general solutions, and to be
able to fit the curves to field data through optimization, dimen-
sionless solutions (Table 1) and their corresponding curves were
developed. By using these dimensionless variables, Eqs. (3), (9),
(10) and (11) were transformed to their dimensionless forms
(Table 2). For all such solutions, dimensionless head (hDÞ versus
dimensionless radius (rDÞ cross each other at hD ¼ 1 and rD ¼ 1,
which facilitates comparison of various values of R;W and dimen-
sionless hydraulic conductivity ðKKn0;KKn1;KKn2Þ.
4.1.1. Dimensionless curves
The dimensionless curves (Figs. 5 and 6) corresponding to the

equations in Table 2, were drawn by using different dimensionless
radii and dimensionless heads for the given parameter values. It
should be noted that hrD (Table 1) is the ratio between the average
of heads and radii of all observation points. The constant saturated
thickness of the perched aquifer here is assumed to be 2.41 m,
which is equal to the average saturated thickness of perched aqui-
fer in the 95–170 m interval, based on the field values.

It was found that some of the dimensionless variables consis-
tently used in the form of a ratio could be replaced by a single var-
iable to facilitate parameter optimization and fitting of the
dimensionless curves to field data. For MSn0, MSn1 and MSn2
the combined variables are KKn0 ¼ KvD

An0D
;KKn1 ¼ KvD

An1D
and KKn2 ¼ KvD

An2D
,

which are a combination of dimensionless hydraulic conductivity
and the thickness coefficient for aquitard. The dimensionless
curves can also be plotted according to their combined dimension-
less variables rather than their individual dimensionless variables.

To plot the field data on dimensionless curves the data points
were transformed to their dimensionless values using the equa-
tions in Table 1. Similarly, the heads and radii of observation wells
were normalized by the selected radius and head. Here the
selected radius and head were the average values of the heads
and radii of the observation boreholes. The head values for the
Todd and Mays solution were the difference between the head in
observation wells and the bottom of the perched aquifer, and for
the MS solutions was the difference between the heads in perched
aquifer and the bedrock. For the solutions of MSn0, MSn1 and
MSn2 the constant perched aquifer saturated thickness is 2.41 m,
as noted above. For all cases the average hydraulic conductivity
of the perched aquifer, K, is assumed to be 0.27 m/day [25,28].

To illustrate the fitting of the dimensionless curves and field
data the dimensionless curves were plotted (Figs. 5 and 6) beside
the field data (in dimensionless form) for June 27, 2012 (P. Whit-
tington, unpublished data), for the ‘‘North Bioherm’’ (see [25,28]).
Table 1
Dimensionless variables and their equations showing their relations to their corresponding
and n2 are for solutions with orders zero, one and two, respectively. For example An1 is th

Dimensionless variable Equation Dimension

Thickness coefficient for zero order An0D ¼ An0=h1 (MSn0) Aquitard co

Thickness coefficient for first order An1D ¼ An1 (MSn1) Aquitard co
order

Thickness coefficient for second order An2D ¼ An2h1 (MSn2) Horizontal
Perched layer saturated thickness bD ¼ b=r1 Horizontal

and Mays s
Head difference between perched layer and

bedrock
hD ¼ h=h1 (MS
solution)

Radial dist

Selected head and selected radius ratio hrD ¼ h1=r1 Surface rec
Vertical hydraulic conductivity in aquitard KvD ¼ Kv=K Net rechar
Aquitard conductance coefficient for zero order KKn0 ¼ KvD

An0D
On this date the water level in all mine-impacted peatland bore-
holes (M. Leclair, pers. comm.) were relatively steady, and repre-
sentative of the 2012 summer period; during this period the
average monthly surface recharge was 1:2� 10�3 m/day. It should
be noted that based on the previous work on the North Bioherm
[25], at some observation points closer than about 90 m to the bio-
herm, the perched aquifer directly overlays the bedrock, where the
MS solutions assumptions are not applicable. Therefore, the obser-
vation points further than 90 m from the bioherm center (bore
holes along transect 8 presented by Whittington and Price [25]),
were used in our calculations. In this transect r1 (Table 1) is
132.57 m and h1 (the average head) for the Todd and Mays as well
as MS solutions was 2.41 m and 8.97 m, respectively.
4.1.1.1. Dimensionless curves for the Todd and Mays solution. For the
Todd and Mays solution, dimensionless curves of heads versus
radial distance were drawn for different values of dimensionless
net recharge rate, RD (Fig. 5). Curves with negative RD values (net
discharge) are concave upward, while the curves with positive RD

values (net recharge) are convex upward. Also, for the curve with
RD ¼ 0, a small upward convexity occurs, due to radial flow in
which there is a decrease in flow cross-section and thus increase
in hydraulic gradients toward the bioherm center. For conditions
with negative RD values, the horizontal flow rate and horizontal
hydraulic gradient at relatively large dimensionless radial dis-
tances are decreasing toward the bioherm center and approaching
the point with zero gradient and zero horizontal flow rate. At smal-
ler radial distances, the horizontal flow is outward from the bio-
herm. In contrast, for cases with positive RD the heads in the
perched aquifer peak at dimensionless radial distance >1, repre-
senting a water divide; peak values are closer to the bioherm with
successively higher RD. The field data for 27 June, 2012 are plotted
in Fig. 5. This illustrates flow toward the bioherm, with water
divide at rD = 5.17 (r = 686 m). The points were fitted using the
optimization routine in Maple

�
; the best fit was at

RD ¼ 3:34� 10�6. The root mean squared (RMS) value, in the range
of 7:18� 10�5 to 1:27� 10�2, for the fitted curve is presented in
Table B.1.
4.1.1.2. Dimensionless curves for the MS solutions. Fig. 6a–f shows
the dimensionless curves of head versus radial distance for
MSn0, MSn1 and MSn2 solutions and June 27, 2012 field data.
The curves are drawn for a range of dimensionless aquitard
hydraulic conductivity ðKKn#Þ and surface recharge (WDÞ as they
vary over a range of aquitard thicknesses (i.e., associated with their
respective n parameter). The curves in Fig. 6a, c and e are drawn for
WD ¼ 4:45� 10�3 (corresponding to dimensional surface recharge
of 1:2� 10�3 m/day) and for different values of KKn0;KKn1 and
KKn2 (dimensionless vertical hydraulic conductivity for unit
dimensional variables. Subscript D refers to the dimensionless form. Subscripts n0;n1
e thickness coefficient for n1.

less variable Equation

nductance coefficient for first order KKn1 ¼ KvD
An1D

nductance coefficient for second KKn2 ¼ KvD
An2D

flow rate in Todd and Mays solution QD ¼ Q=2ph1Kr1 (Todd and Mays solution)
flow rate in certain radius in Todd
olution

Q1D ¼ Q1=2ph1Kr1 (Todd and Mays
solution)

ance rD ¼ r=r1

harge rate WD ¼W=K
ge rate RD ¼ R=K



Table 2
Dimensionless equations for Todd and Mays solution, MSn0, MSn1 and MSn2 (Eqs. 3, 9, 10 and 11, respectively) based on the dimensionless variables presented in Table 1.

Case Descriptions Dimensionless equation

Todd and
Mays

Constant percolation rate Variable saturate thickness flow
hD ¼ 1� 2Q1D

hrD
ln 1

rD

� �h i
� RD

1
h2

rD
ln 1

rD

� �� 	
þ 1

h2
rD

RD 1� r2
D

� �
=2

� �� �� 	1=2

MSn0 Constant thickness of aquitard (n = 0) Percolation rate depends on head
difference between perched aquifer and bedrock, aquitard hydraulic
conductivity and thickness

hD ¼
1� WD

KKn0

I0

ffiffiffiffiffiffiffiffi
KKn0

bD hrD

q� �
0
@

1
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Fig. 5. Dimensionless curves for the Todd and Mays solution and for different RD

values beside the field data for June 27, 2012. Variable are hD (dimensionless head),
rD (dimensionless radius) and RD (dimensionless recharge rate). The best fit value is
RD ¼ 3:34e�6.
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dimensionless thickness coefficient, or transmission rate ratio),
respectively. Fig. 6b, d and f are drawn for the optimum values of
KKn0 ¼ 4:55� 10�3;KKn1 ¼ 4:37� 10�2 and KKn2 ¼ 3:89� 10�1,
respectively, and different values of WD.

Fig. 6a, c and e are drawn for the aquitard thickness functions of
zero, first and second orders, or n = 0, 1 and 2, respectively that are
illustrated in Fig. 2. In MSn0 (Fig. 6a) the aquitard layer thickness is
constant and by increasing KKn0 the slope of the curves change
from decreasing with radial distance from the bioherm, to sloping
toward it. This is because increases in the transmission ratio, KKn0,
either due to higher aquitard hydraulic conductivity or smaller
aquitard thickness, cause an increase in percolation rate to the
bedrock hence greater horizontal flow toward the bioherm. For
smaller KKn0 values the percolation rate is lower so higher head
is maintained and thus the capacity of the bioherm to receive hor-
izontal flow is small and the surface recharge flows outward. In
Fig. 6a the curves with outward slopes are convex upward and
the curves with slopes toward the bioherm are concave upward.
The smaller absolute slope of the curves in the smaller radial dis-
tances is because in both inward and outward horizontal flow sce-
narios the flow rate in the bioherm center is zero. In the outward
flow solution the surface recharge rate is greater than the percola-
tion rate so horizontal flow increases outward. In contrast, with
inward horizontal flow the surface recharge rate is less than the
percolation rate so the flow decreases toward the bioherm.

In Fig. 6c and e, the curves are convex upward and those with
higher transmission ratios (KKn1 and KKn2Þ have an obvious peak
or water divide. The slope of the curves (thus flow rate) increases
with distance from the water divide. If visualized in three dimen-
sions the water divide points would form a circle around the bio-
herm representing a water capture zone, within which the
recharging water flows toward the bioherm, and beyond which
flows outward. In Fig. 6c and e, with increasing KKn1 and KKn2

the water divides shifts toward larger radii, rD, from 0 to about
1.5 (i.e., the capture radius of the bioherm increases).

Fig. 6b, d and f are drawn for constant and optimum values of
KKn0;KKn1 and KKn2 and different values of WD that range from
negative (discharge) to positive (recharge). The shapes of the
curves in Fig. 6b are distinctly different from those in 6d and f. In
Fig. 6b (solution for MSn0; constant aquitard thickness) the curves
change with increasing recharge rates, WD, from sloping toward
the bioherm center to outward from it, and with upward concave
curvature to convex upward curvature. In the case of negative sur-
face recharge (discharge) the flow has a decreasing trend and is
toward the bioherm center (i.e., less flow passes horizontally
through the perched aquifer). For dimensionless surface recharge
higher than 4:45� 10�3 (i.e. equivalent to actual recharge of
1:2� 10�3 m/day), the excess water flows outward, away from
the bioherm. In Fig. 6d and f the curves with WD less than
4:45� 10�3, or negative net recharge, are sloping toward the bio-
herm and in curves with positive net recharge there is a peak or
water divide.

The curves fitted to the dimensionless observed heads versus
radial distances for four boreholes along transect 8 (Appendix B)
are illustrated in Fig. 6. The root mean square (RMS) values of
the fits are shown in Table B.1. The RMS and plots illustrate that
the only acceptable fit is for the case MSn0 (RMS of 7:18� 10�5Þ.
For the MSn1 and MSn2 the fitted curves do not match the
observed points. A plausible interpretation of the better fit of the
observation points to the MSn0 curves, is that there is actually a
more uniform distribution of aquitard thickness, and consequently
percolation rates, along the radial distance. Alternatively, in spite
of subtle fluctuations in aquitard thickness that almost certainly
occur in the field, the transmissivity of the aquitard, for a given
head gradient, is controlled by the ratio Kv=t (vertical hydraulic
conductivity to thickness of the aquitard) [28], which may be more
homogenous than t, alone.

4.2. Dimensional variables

The dimensionless and dimensional variables for the Todd and
Mays as well as MSn0 solutions that produced the best fit with
field data (Figs. 5, 6a and b), are discussed further. The horizontal
flow rate, Q, in each radius was determined based on the derivative
of head on the given radius (Eqs. 1, 3, 9, 10 and 11), and vertical
gradients and velocities in each radius were calculated based on
the difference between heads in the perched aquifer and bedrock



(a) MSn0

(c) MSn1

(b) MSn0

(d) MSn1

(e) MSn2 (f) MSn2

Fig. 6. Dimensionless curves for MSn0 (a and b), MSn1 (c and d), and MSn2 (e and f) for a constant value of dimensionless surface recharge, WD= 4.45e�3 and different values
of relative hydraulic conductivity, KKn0;KKn1; KKn2 (a,c,e); and for the cases of constant and optimum values of KKn0 = 4.55e�3, KKn1 = 4.37e�2, KKn2 = 3.89e�1 and various
values for WD (b,d, f). The curves were fitted to the observation points of transect 8 for June 27.
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and the aquitard thickness, as discussed for Eq. (4). The surface
recharge was determined based on the monthly average of precip-
itation minus evapotranspiration, P�E of 1:2� 10�3 m/day (Leclair,
M., and Price, J., unpublished data), for June 27, 2012.

In the third and fourth columns of Table 3, DQ is the difference
between the horizontal flow rates at radius 170 and 95 m and Q f is
the horizontal flow rate at radius 95 m, toward the bioherm center
from the ‘‘main part’’ to the ‘‘annular ring’’ (Fig. 2). Therefore, the
total horizontal flow rate in the perched aquifer toward the bio-
herm at radius 170 m is equal to Q f � DQ . As can be seen in Table 3
for the Todd and Mays as well as MS solutions, respectively, Qf val-
ues are 1.31 and 0.49 m3/day and DQ values are 0.05 and
�1.79 m3/day. Thus in the Todd and Mays solution the horizontal
flow in the radial interval between 95 and 170 m increases toward
the bioherm center, while for the MS solution it decreases. The
results of the two methods (Table 3) show that almost all of the
surface recharge (Col. 12) percolated down through the aquitard
layer, at a negligibly different rate ð �w ¼ 1:19� 10�3 and
1:23� 10�3 m/day). Additionally, both methods reveal that the
horizontal flow rate through the perched aquifer at radial distance
of 95 m (Qf Þ is remarkably small and toward the bioherm (Col. 4).
However, in the MS solution the negative net recharge, R, (shown
by DQ = �1.79 m3/day, Col. 3, Table 3) points to a gradual decrease
in the horizontal flow rate toward the bioherm, whereas the posi-
tive R value in the Todd and Mays solution (shown by
DQ = 0.05 m3/day, Col. 3, Table 3) indicates a small increase.

Kv (vertical hydraulic conductivity in aquitard layer) and An0

(aquitard thickness coefficients) were calculated, alternatively,
based on the known value of each other (see Appendix C). The
results of the two approaches where either Kv was the known var-
iable (‘‘Known Kv ’’) or where An0 was the known variable (‘‘Known
An0’’), the resultant An0;Kv and RG (horizontal to vertical gradient



Table B.1
The optimum dimensionless variables and combined variables beside their corresponding optimum values for the dimensional variables by considering K = 0.27 m/day.

Cases Optimum dimensionless variables RMS Optimum dimensional variables based on K = 0.27 m/day

Q1D RD Q1 R
Todd and Mays 2:27� 10�3 3:34� 10�6 2:32� 10�3 1.28 9:02� 10�7

KK WD Kv=Aa W
MSn0 4:55� 10�3 4:45� 10�3 7:18� 10�5 1:37� 10�4 1:2� 10�3

MSn1 4:37� 10�2 4:45� 10�3 4:17� 10�3 1:18� 10�2 1:2� 10�3

MSn2 3:89� 10�1 4:45� 10�3 1:27� 10�2 9:42� 10�1 1:2� 10�3

a Kv=A are Kv=An0;Kv=An0 and Kv=An0 corresponding to their cases including MSn0, MSn1 and MSn2, respectively.
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ratio) values are presented in Table 3 (columns 5 to 10). By using
the measured value for Kv of 1:0� 10�4 m/day, in the ‘‘Known
Kv ’’ approach (columns 5 and 6 in Table 3), An0 was determined
as 0.73 m. Similarly, by using the fitted value of An0 (aquitard thick-
ness) equal to 1.2 m in the ‘‘Known An0’’, Kv was calculated as
1:6� 10�4 m/day (columns 8 and 9 in Table 3). It was found that
An0;Kv and RG values in the two approaches (Known Kv and Known
An0) were almost the same.

The smaller value of 1:77� 10�4 for RG (ratio between
horizontal and vertical gradients) in the first approach (Col. 7,
Table 3) compared to 2:7� 10�4, in the second approach (Col.
10, Table 3), is due to the comparatively smaller values for Kv

and An0 in the first approach. The value (horizontal to vertical
velocity ratio) of 0.47, reflects the smaller horizontal velocity in
comparison with vertical velocity in the MSn0 case. This occurs
because of the comparatively large hydraulic conductivity and
very small gradient in the horizontal direction, compared to the
relatively small hydraulic conductivity and huge gradient in the
vertical direction. The value of RV is independent of the approach
used to determine Kv and An0.

The average percolation rate through the aquitard layer in the
interval between 95 and 170 m, �w, (column 12, Table 3) is the aver-
age of the vertical percolation rates, w, in this interval. The vertical
percolation rate at each radial distance in the Todd and Mays solu-
tion was determined by subtracting the constant surface recharge,
W (based on P�E), from the calculated net recharge, R (Eq. 3); for
the MSn0 solutionw was determined by Eq. 4. The average perco-
lation rates determined from the Todd and Mays as well as MSn0
solutions are very similar (Table 3) at � 1:2� 10�3 m/day, which
is approximately 440 mm/y (if it is assumed recharge is negligible
during the �6 months frozen season, this would be �220 mm/y);
either value is higher than the range of 2.6 to 26 mm/y reported
for pre-mining conditions (HCI [33]; Table B-8).

The similarity in the estimated percolation rates for the Todd
and Mays as well as MSn0 solutions, which are independent and
dependent, respectively, on the hydraulic characteristics of the
underlying layer, lends support to the validity of the estimate. In
following sections the variations of hydraulic head, h; percolation
rate through aquitard, w; and horizontal discharge rate in the
perched aquifer, Q, versus radial distance, for the MSn0 and Todd
and Mays cases are discussed.
Table 3
The result of fitting curves for Todd and Mays as well as MSn0 Cases and their related param
DQ; horizontal flow rate to the bioherm passing through the radial distance of 95 m, Q f ; v
two approaches of known and values; horizontal to vertical velocity ratio, RV ; and the ave

Case Wð m
dayÞ DQ ðm3

dayÞ
Q

f ðm3
dayÞ

Known Kv (Appendix C)

Kvð m
dayÞ An0 RG

Col. 1 Col. 2 Col. 3 Col. 4 Col. 5 Col. 6 Co
Todd and Mays 1:20� 10�3 0.05 1.31 – – –

MSn0 1:20� 10�3 �1.79 0.49 1 � 10�4 0.73 1:
4.2.1. Hydraulic head
The MSn0 as well as Todd and Mays solutions are fitted to head

data for June 27, 2012 in Transect 8 [25] next to the Northern bio-
herm (Fig. 7). There is a good match between the plotted points
and the curves for both methods, in the 95–170 m interval. The dif-
ference between the curves in 0 to 90 m interval reflects the differ-
ent assumptions associated with the respective methods. In the
MSn0 solution the horizontal flow approaches zero toward the
center (curve almost flat), whereas in the Todd and Mays solution
the flow rate and its relevant drawdown remains above zero (curve
relatively steep) close to the center, due to the assumption of an
imaginary well (Fig. 2b). Hence, in the Todd and Mays solution
an excess amount of flow reaches the center (r = 0) and the water
was not completely gained by percolation through the bottom en
route to the center. The water divide, or where the slope of the
water level in the Todd and Mays solution is zero, is located at
radius of 686 m. This radial distance is the capture zone of the
northern bioherm when there is a recharge rate of 1:2� 10�3 m/
day. The head data in radial distance of 95 to 170 m were com-
pared with numerical simulation results (Fig. 7). There is a good
match between the numerical results determined with Hydrus
3D (Appendix D). The negligible difference between the MSn0
and numerical results is mainly due to the assumption of constant
saturated thickness for the perched aquifer.

4.2.2. Horizontal discharge rate
Fig. 8 shows the horizontal discharge towards the bioherm

(calculated according to saturated thickness and hydraulic gradi-
ent in each section) in the perched aquifer in the radial interval
of 0–170 m for the MSn0 and Todd and Mays solutions (whose
head values fit strongly – see Figs. 5 and 6). In the MSn0 solution
the horizontal flow rate decreases toward the bioherm center, from
2.5 to 0 m3/day, and in Todd and Mays solution is almost constant
at 1.35 m3/day. These patterns occur because the net recharge rate,
R (Eq. (1)), in the MSn0 solution is �3:0� 10�5 m/day (water loss)
and in the Todd and Mays solution is 9:02� 10�7 m/day (water
gain) ( �w�W , Table 3). Thus, the horizontal flow rate in the Todd
and Mays solution is increasing toward the bioherm at a very small
rate, and the total remaining flow rate is gained in the center by the
imaginary well. Another point is that the average horizontal flow
rates in the interval 95–170 m for both MSn0 and Todd and Mays
eters (K = 0.27 m/day). The variable are surface recharge, W; total resultant out-flow,
ertical hydraulic conductivity in aquitard, Kv ; horizontal to vertical gradient ratio, for
rage vertical percolation rate, �w in the radial interval of 95 to 170 m.

Known An0 (Appendix C) RV �wð m
dayÞ

Kvð m
dayÞ An0 RG

l. 7 Col. 8 Col. 9 Col. 10 Col. 11 Col. 12
– – – – 1:19� 10�3

77� 10�4 1:6� 10�4 1.2 2:7� 10�4 0.48 1:23� 10�3



Fig. 7. Variation of hydraulic head h along radial distance, r, for the field data of
June 27, 2012, with the curves for the Todd and Mays as well as MSn0 solutions.
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methods are similar (the curves intersect at �140 m), conse-
quently, the fitted and observed head values (Fig. 7) are almost
the same.

4.3. Effect of different parameters on percolation and horizontal flow
rates

The MSn0 solution was used to determine the variation of the
percolation (Fig. 9) and horizontal flow rates (Fig. 10) in the
perched aquifer for aquitard layer thicknesses up to �5 m. The
curves were drawn for various head differences between the
perched aquifer and bedrock, h (Eq. 6) (Figs. 9a and 10a); vertical
hydraulic conductivity in the aquitard layer, Kv (Figs. 9b and
10b); horizontal hydraulic conductivity in the perched aquifer, K
(Figs. 9c and 10c); and recharge rate from the surface, W
(Figs. 9d and 10d). In these figures the percolation rate and the hor-
izontal flow rates are calculated for the radial distances of 97 and
170 m, respectively. The common pattern evident in all cases is
that there is a decrease in percolation rates and horizontal flow
rates as the aquitard layer thickness increases. Furthermore, in
most cases the slopes of change in flow rates with aquitard thick-
ness are higher where the aquitard layer is thin and gradually
decrease as the aquitard layer thickens. Another common point is
that there is an aquitard layer thickness at which the percolation
rate is equal to surface recharge, 1:2� 10�3 m/day (Fig. 9a, b, and
Fig. 8. Variation of horizontal discharge rate, Q, versus radial distance, r, for the
Todd and Mays as well as MSn0 solutions fitted to heads on June 27, 2012 (Figs. 5
and 6).
c), which corresponds to zero horizontal flow rate in the perched
aquifer (see corresponding curves in Fig. 10a, b and c). This aqui-
tard layer thickness is the critical thickness on which the net
recharge rate, R (Eq. 1), to the perched aquifer is zero (Fig. 10a, b
and c). In aquitard layer thicknesses less than this critical value
the horizontal flow in perched aquifer is toward the bioherm and
the bioherm is active in gaining water from the surrounding parts
(Fig. 6a, KKn0 ¼ 6:0� 10�3Þ and for the thicknesses higher than that
the horizontal flow is outward from the bioherm, and the bioherm
is inactive (Fig. 6a, KKn0 ¼ 3:0� 10�3Þ. In Figs. 9 and 10, it can be
seen that for aquitard thicknesses smaller than the critical value,
the percolation rate and horizontal flow rate toward the bioherm
are remarkably more sensitive to aquitard thickness.

4.3.1. The effect of head difference between the perched aquifer and
bedrock

Fig. 9a shows that by doubling the head difference between the
perched aquifer and bedrock, h1, from 8 to 16 m, the percolation
rates increases by an average of 1.7 times. Reducing the head dif-
ference to the situation that was presented before mine dewater-
ing, from 8 to 2 m, the percolation rate reduces to about 0.45
times. The non-proportional change is a result of the changes in
heads in the perched aquifer along the radial distance toward the
bioherm caused by the percolation losses as well as the radial flow.
The progressively different hydraulic gradients in the perched
aquifer that occur along the radial distance towards the bioherm
creates a non-linear change in the percolation rate.

The effect of head differences on horizontal flow rates in the
perched aquifer is illustrated in Fig. 10a. By increasing head differ-
ences, the critical aquitard thicknesses (where horizontal flow goes
to zero) shift to larger values. For example, for head difference of
2 m the bioherm is inactive for almost all aquitard layer thick-
nesses. This means that in pre-mining conditions, the head differ-
ence of 2 m, and with surface recharge, P�E, of 1:2� 10�3 m/day,
the northern bioherm had no contribution on collection of water
from surrounding parts. However, for a head difference of 16 m
the bioherm is active (gaining water) where aquitard thickness is
less than about 1.4 m.

4.3.2. The effect of vertical hydraulic conductivity of the aquitard layer
Fig. 9b shows that by increasing Kv 10-fold, from 1:0� 10�4 to

1:0� 10�3 m/day, the percolation rates increase 1.3 and 6.7 times
for aquitard thicknesses of 0.2 and 5.2 m, respectively. The corre-
sponding values when Kv is increased from 1:0� 10�5 to
1:0� 10�4 are 4.9 and 9.4 times, respectively. This means that
where the aquitard layer is thicker and Kv values are smaller, the
percolation rates are more sensitive to Kv .

Fig. 10b shows that by increasing Kv from 1:0� 10�4 to
1:0� 10�3 m/day the critical aquitard layer thickness grows to
more than 7 m. In this case a large area around the bioherm with
aquitard thickness less than 7 m would be permeable similarly to
the bioherm. However, for Kv of 1:0� 10�5 m/day the critical aqui-
tard layer approaches zero and the bioherm is not active even for
MS thickness approaching zero.

4.3.3. The effect of horizontal hydraulic conductivity in the perched
aquifer

In Fig. 9c the curves are drawn for different values of horizontal
hydraulic conductivities in the perched aquifer. The curves here
intersect at aquitard thickness of about 0.7. This occurs because
in each case Kv and h1 and W are the same and consequently the
critical percolation rate would occur with the same aquitard layer
thickness (Fig. 10c). For higher K values and consequently smaller
horizontal gradients, the heads in the perched aquifer at different
radial distances are more uniform, and adequately available to sup-
ply percolation. With higher K values, both the controlling effect of



Fig. 9. Variations of percolation rate (m/day) versus aquitard layer thickness at r = 97 m, for various (a) head difference (h1) values between the perched aquifer and bedrock
in m, (b) vertical hydraulic conductivity in aquitard layer (Kv Þ, in m/day, (c) horizontal hydraulic conductivity in perched aquifer (K), in m/day and (d) recharge rate from
surface, W, in m/day, by the MSn0 solution.
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aquitard thickness on the percolation rate and the role of a bio-
herm with thinner aquitard in the collection of water would be
magnified (Fig. 9c). Insensitivity of the horizontal flow rates to
the K value in the perched aquifer and overlaying of curves with
different K value in Fig. 10c is due to the similarity of the average
head difference between the perched aquifer and bedrock in differ-
ent cases.

4.3.4. The effect of surface recharge rates
The curves depicting the effect of surface recharge rates on per-

colation through the aquitard layer of differing thicknesses
(Fig. 9d) are parallel and illustrate higher percolation rates corre-
spond to higher surface recharge rates. Doubling the surface
recharge rates from 1:2� 10�3 to 2:4� 10�3 m/day increases the
percolation rates by a factor of 1.27; increasing the surface
recharge 10-fold from 1:2� 10�5 to 1:2� 10�4 and from
1:2� 10�4 to 1:2� 10�3 m/day increases the percolation rates by
1.03 and 1.33 times, respectively. The percolation rates are more
sensitive to surface recharge rates larger than 1:2� 10�4 m/day.
For this rate the percolation rates approach a minimum of about
9:7� 10�4 m/day (for critical aquitard thickness of 0.7 m), which
is independent of the surface recharge rate and depends more on
the head difference between the perched aquifer and bedrock. This
minimum value should approach about 1:0� 10�4 m/day (37 mm/
year) for the aquitard thickness of 20 m (the upper range of thick-
ness for the whole area). Fig. 10d illustrates that for the cases with
surface recharge of 1:2� 10�5 and 1:2� 10�4 m/day the critical
aquitard layer thickness approaches infinity. So, in this case the
water would uniformly percolate over the entire area.

5. Excess percolation rate

To make our solution more general and applicable the average
surface recharge of 0.7 mm/day during mining conditions [33,37]
was selected as the surface recharge and also chosen as a limit
for identifying the enhanced percolation rate. With surface perco-
lation of 0.7 mm/day, the areas with percolation rates higher than
this value can act as a bioherm and collect water from surrounding
parts. Accordingly, the average excess percolation rate was defined
and calculated. It was determined as the difference between the
value calculated with our zero order solution, within a radial dis-
tance of 170 m, and 0.7 mm/day. The excess percolation rate can
be regarded as the enhanced percolation rate and shows how much
the area acts as a ‘‘leaky’’ bioherm. The excess percolation rates
were plotted for various amounts of average aquitard thicknesses
and a range of head differences between the perched aquifer and



Fig. 10. Variations of horizontal discharge rate (m3/day) versus MS layer thickness at r =170 m, for various (a) head difference (h1) values between perched aquifer and
bedrock, in m, (b) vertical hydraulic conductivity in aquitard layer (Kv Þ, in m/day, (c) horizontal hydraulic conductivity in perched aquifer (K), in m/day and (d) recharge rate
from surface, W, in m/day, by the MSn0 solution.
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Fig. 11. Average excess percolation rate (mm/day) within radial distance of 170 m from the bioherm center for different average aquitard (MS) thickness (m) and head
difference between perched aquifer and the bedrock (m).
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bedrock (Fig. 11). The zero line shows the maximum aquitard
thickness at which the area can act as a ‘‘leaky’’ bioherm for the
given difference between the heads in perched aquifer and the
bedrock.

6. Summary and conclusions

In this study sets of analytical solutions for the vertical down-
ward percolation of water from the perched aquifer through the
aquitard (MS) to the bedrock were developed, for different patterns
of aquitard thicknesses around a bedrock (bioherm) exposure. The
solutions are for saturated media and cylindrical coordinates that
represent the conditions occurring in peat (perched aquifer) sur-
rounding a bioherm, such as occur in the James Bay Lowlands. In
these solutions a constant thickness perched aquifer with high per-
meability overlies the aquitard layer whose thickness is constant
or radial-symmetrically increasing outward from the bioherm, rep-
resented by power functions of 0, 1 and 2 orders (MSn0, MSn1 and
MSn2, respectively). The solutions were conducted assuming con-
stant saturated thickness and variable piezometric head in the
perched aquifer, constant recharge/discharge rate to/from the sur-
face and that the head difference between the bottom of the satu-
rated perched aquifer and the top of the bedrock aquifer controls
the vertical flow in the aquitard layer. To generalize the solutions
and make them applicable for the bioherms with different dimen-
sions, the solutions were then transformed to their dimensionless
forms and their corresponding dimensionless curves of head versus
radial distances were drawn for different conditions. The field data
were fitted to the dimensionless curves. The best fit was between
the solution for constant aquitard thickness with order zero,
MSn0, with RMS = 7:18� 10�5 m2 for 4 measured field values.
For solutions with a higher order power function controlling aqui-
tard thickness away from the bioherm (MSn1 and MSn2 solutions)
and another approach using the Todd and Mays [35] solution, RMS
of the fits were 4:17� 10�3; 1:27� 10�2 and 2:32� 10�3 m2,
respectively. Based on the better performance of the MSn0 solu-
tion, and using the measured values of K = 0.27 m/day [25,28],
and then alternatively using either known values of
Kv ð1:0� 10�4 m/day) to fit An0, then known (fitted) values of An0

(1.2 m) to fit Kv , the best fit values were close to the measured
ones; Kv ¼ 1:6� 10�4 m/day and An0 = 0.73 m, respectively.

In our solution with constant aquitard layer thickness (MSn0), it
was found that the aquitard thickness reaches a critical value in
which the percolation rate from the bottom of the perched aquifer
is equal to the recharge rate from its surface whereby the water in
the perched aquifer is almost static because the water level is
horizontal. For this study area with field head observations, mea-
sured average perched aquifer hydraulic conductivity of 0.27 m/
day and measured surface recharge of 0.0012 m/day (around June
27, 2012), the critical aquitard layer thickness is about 0.7 m. For
aquitard thickness less than the critical value the horizontal flow
in perched aquifer is toward the bioherm (the bioherm is active)
but if aquitard thickness is more than 0.7 m the flow is outward
(the bioherm is inactive). The observed flow on June 27, 2012,
was toward the bioherm. The critical aquitard layer thickness is
the maximum thickness at which a bioherm is active and hence
plays a role in collecting water from the surrounding area. The per-
colation rate and the horizontal flow toward the bioherm are more
sensitive to aquitard thickness changes when the aquitard thick-
ness is smaller than the critical value. For the aquitard thicknesses
>20 m the percolation rate approaches to a negligibly small value.

On June 27, 2012, when conditions were relatively steady, and
with surface recharge of 0.0012 m/day the average percolation rate
within the radial distance of 97–170 m was calculated with the
MSn0 solution as 0.00123 m/day. From this it can be concluded
that the average aquitard layer thickness was less than the critical
value of 0.7 m. The total net outflow from top and bottom of the
perched aquifer for this area defined by the stated interval was
1.79 m3/day, and the horizontal flow rate toward the bioherm cen-
ter at a radius of 95 m was 0.49 m3/day.

By changing the head differences between the perched aquifer
and bedrock from pre-mining to current (27 June, 2012) and
post-mining, with head differences of 2, 8 and 16 m, respectively,
the average percolation rates would change from 5:0� 10�4 to
1:2� 10�3 and 2:0� 10�3 m/day, respectively. The pre-mining
value is comparable with the reported average percolation rate of
7:12� 10�6 to 7:12� 10�5 m/day (2.6 to 26 mm/year) for pre-min-
ing conditions (HCI [33], Table B-8).

The results also demonstrate that for the vertical hydraulic con-
ductivity of the aquitard layer of around 1:0� 10�4 m/day there is a
balance between the surface recharge and percolation rates; how-
ever, for vertical hydraulic conductivity of about 1:0� 10�5 m/
day, even for aquitard layer thickness approaching zero, the bio-
herm does not gain water from the surrounding area. When vertical
hydraulic conductivity was set to 1:0� 10�3 m/day, an extensive
area around the bioherm, with aquitard layer thickness of less than
about 7 m, would behave similarly to the bioherm and collect water
from the outer parts. The horizontal hydraulic conductivity in
perched aquifer is also an important factor in performance of a bio-
herm through its influence on the horizontal hydraulic gradient
around it. For horizontal hydraulic conductivities smaller than
about 2:7� 10�2 m/day, the percolation rate around the bioherm
is less sensitive to aquitard layer thickness around it.

Percolation rates are also sensitive to the rate of surface
recharge as long as the surface recharge is more than about
1:2� 10�4 m/day. For the surface recharge of less than
1:2� 10�4 m/day the percolation rate approaches a minimum
value of about 9:7� 10�4 m/day for the areas close to the bioherm
with aquitard layer critical thickness of 0.7 m; this minimum
approaches 1:0� 10�4 m/day (36.5 mm/year) for aquitard layer
thickness of about 20 m, which is similar to the reported value
for the un-impacted area. The important point is that for the aqui-
tard layer thickness of about 20 m the percolation rate is almost
independent of surface recharge.

It was found that the Todd and Mays solution, for its lack of
dependency on underlying layer hydraulic conductivity, and with-
out the limitation of keeping the flow rate zero at the center, is a
valid method for comparison to the case of constant aquitard layer
thickness (MSn0). The calculated average percolation rate by the
Todd and Mays method in the interval between 95 and 170 m is
1:2� 10�3 m/day and is very close to the value calculated using
the MS solution with constant aquitard thickness.

In other studies [20] the vertical recharge rate for the Northern
bioherm is reported in the range of 0.082–4.8 mm/day which
bounds the average recharge rate of 1.23 mm/day using the
MSn0 solution for June 27, 2012. Furthermore, in their study
they reported vertical hydraulic conductivity of the aquitard layer
as 1–10 mm/day, which is larger than our estimates of
0.10–0.16 mm/day. It is possible that the smaller vertical hydraulic
conductivity suggested by the MSn0 solution reflects the existence
of weathered bedrock below the aquitard layer that has a low
hydraulic conductivity (our visual field observations of exposures
show fractures in the upper bedrock layers are filled with marine
sediments, suggesting poor transmissivity), and the calculated
value is the resultant vertical hydraulic conductivity for aquitard
layer and weathered bedrock. Finally, for the case of an aquitard
layer with zero order, there is no water divide around the bioherm
and the water divide or the capture boundary of the bioherm can
be only defined from the cases with aquitard thickness of first or
second order and the Todd and Mays method. By the Todd and
Mays method the capture zone of the Northern bioherm for surface
recharge rate of 1:2� 10�3 m/day is 686 m.



Fig. A.1. The aquitard thickness versus the radial distance from the bioherm center
based on the bore hole data around Northern bioherm, beside the fitted functions
with orders 0, 1, 2.
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One of the most important results here is that if the water is
sufficiently available on the surface and by presuming the homoge-
neous aquitard layer and head difference of 8 m between the
perched aquifer and bedrock, the areas with enhanced percolation
rates (more than 1:2� 10�3 m/day) are where the aquitard layer
thickness is less than 0.7 m. By increasing the difference between
the heads in the perched aquifer and the bedrock to 16 m, the
threshold aquitard layer thickness for enhanced percolation rates
increases to 1.3 m. The average percolation rate within a radial dis-
tance of 170 m from the bioherm, for average regional surface
recharge of 0.7 mm/day, calculated by our zero order solution for
various average aquitard thicknesses and head differences
(between the perched aquifer and bedrock) were calculated. By
gradually increasing the head difference between the perched
aquifer and bedrock from 2 to 30 m, the minimum aquitard thick-
ness required to constrain excess percolation through the aquitard
layer changes from 0.3 to 4.3 m. For the mining industry, the mes-
sage to the regulatory bodies concerned about desiccation of peat-
lands surrounding bioherms is that the area of potential concern is
only where aquitard thickness is less than several meters, in areas
of low to moderately high bedrock aquifer depressurization. The
solution for the variable thickness aquitard is applicable for areas
where it separates a surficial unconfined leaky aquifer and a highly
permeable bedrock, particularly where local thinning of the aqui-
tard creates radial flow toward the thinner part.
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Appendix A. Radially symmetric changes in aquitard layer

In symmetric bioherms the depth of bedrock or the aquitard
layer thickness is radial-symmetrically increasing outward from
its center. For the sake of simplicity different trends of change in
aquitard layer thickness around a bioherm were approximated
by the power functions with different orders as follow:

t ¼ A� rn ðA:1Þ

in which t is the aquitard thickness, n is the order of function that
can be equal to 0, 1 and 2 for MSn0, MSn1 and MSn2, respectively,
r is the radius from the bioherm center, and A is a coefficient show-
ing the relation between the layer thickness and radius.

The coefficients A and its substitutes An0;An1 and An2 which are
used in Eq. (A.1) for the Todd and Mays solution, MSn0, MSn1and
MSn2 were determined by fitting the functions to the borehole data
for aquitard thickness (Fig. A.1). An0;An1 and An2 are aquitard layer
thickness, rate of change in aquitard layer thickness with radial dis-
tance and the rate of change of aquitard thickness along the radius
per unit radial distance, respectively. The An0;An1 and An2 values
determined for MSn0, MSn1 and MSn2 cases are 1.2, 6:3� 10�3

and 3:7� 10�5, respectively. Fig. A.1 shows the plots of aquitard
layer thickness versus radial distance from the bioherm center by
Eq. (A.1) and optimum values for their corresponding A values.
Appendix B. Optimum dimensionless parameters

The optimization results for the dimensionless curves based on
their best fit with the field data are illustrated in Table B.1. The
data for transect 8 in June 27, 2012 were fitted to the dimension-
less curves of Todd and Mays solution, MSn0, MSn1 and MSn2
and for both conditions of variable KKn0;KKn1 and KKn2 and vari-
able KKn0;KKn1 and KKn2 and WD. The optimum values for com-
bined dimensionless variables have an infinite number of
solutions for their corresponding dimensional variables. That is,
when an optimum value for a dimensionless variable such as WD

is determined, it means that there are an infinite number of values
for dimensional variables W and K whose ratios are equal to the
optimum value of WD, and all of these values can be an answer.
Therefore, to determine the exact values for a dimensional vari-
able, the values for the other dimensional variables should be
known or assumed. For example in MSn0 by knowing
h1 = 8.97 m, r1 = 132.57 m and assuming K = 0.27 m/day, and tak-
ing into account the optimum values for KKa ¼ 4:55� 10�3 and
WD ¼ 4:45� 10�3 for MSn0 (Table B.1), the dimensional variables
Kv=An0 and W were determined as 1:37� 10�4 day�1 and
1:2� 10�3 m/day (Table B.1), respectively, based on the equations
given in Table 1.
Appendix C. Determination of dimensional variables

The dimensional percolation rates from perched aquifer to bed-
rock were calculated by using the optimum dimensionless vari-
ables presented in Table B.1. As discussed in Appendix B the
optimum values for the dimensional variables were determined
by measuring or assuming the values for other variables. Here,
by using the measured average value of K = 0.27 m/day, according
to the field measurements presented in Whittington and Price [20],
the optimum values for n;W and the ratios Kv=A;Kv=An0;Kv=An1

and Kv=An2 were determined for different cases (Table B.1). In
the Todd and Mays and MS solutions, by knowing the ratios
Kv=A;Kv=An0;Kv=An1 and Kv=An2 the percolation rate from perched
aquifer to the bedrock were determined and it was not necessary
to know the values of Kv ;A;An0;An1 and An2 individually. However,
to assess the values of Kv ;A;An0;An1 and An2, one of Kv or A (includ-
ing An0;An1 and An2Þ values should be known or presumed. Here, in
the first approach, ‘‘Known Kv ’’, the values of An0;An1 and An2 were
determined based on the measured value of Kv , equal to
1:0� 10�4 m/day [25,28,38]. In the second approach, ‘‘Known
An0’’, the Kv values were calculated based on A (An0;An1 and An2)
values approximated by fitting functions, with corresponding
orders, to the aquitard thickness data measured in the field
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(Appendix A). The results of this approach for the MSn0 solution
are presented in Table 3.

Appendix D. Numerical solution for MSn0

By using Hydrus 3D in a cylinder with 300 m radius and 20 m
thickness, a perched aquifer on the top with 3 m thickness and
hydraulic conductivity of 0.27 m/day was considered. Below the
perched aquifer an aquitard layer with thickness of 0.73 m and
permeability of 1:0� 10�4 m/day was considered. A surface
boundary with constant recharge of 1:2� 10�3 m/day and a lateral
constant head boundary with head of 3.86 m from the perched
aquifer bottom, calculated by MSn0 method, was reserved on
radial distance of 300 m. The same head difference between the
perched aquifer and the bedrock layer (8.86 m), below the aquitard
was set at the bedrock bottom on the model.
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