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Why Derive Black-Scholes?

Foundation of modern quantitative finance

Used to price European options

Combines arbitrage theory, stochastic calculus, and risk-neutral pricing

Our goal: derive it from fundamental principles
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What is an Option?

European Call Option: Right (not obligation) to buy the underlying
asset at strike price K on expiry date T .

European Put Option: Right to sell the underlying asset at strike K
on T .

Call Payoff: max(ST − K , 0)

Put Payoff: max(K − ST , 0)
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Arbitrage, Hedging, and No-Arbitrage Pricing

Arbitrage: Riskless profit from mispricing with zero net investment.

Law of One Price: Two assets with identical cash flows must trade
at the same price.

Replication: If a portfolio replicates an option’s payoff, it must have
the same price.

Hedging: Use of other assets (e.g., the stock) to offset risk in the
option’s value.

Delta Hedging: Core to Black-Scholes — construct a portfolio of
stock and options that eliminates risk over an infinitesimal time step.
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What is a Filtration?

When talking about random variables we must introduce a probability
triple (Ω,F ,P), where Ω is a set, the sample space, F is a collection
of subsets of Ω, events, and P specifies the probability of each event
A ∈ F .

the collection F is a σ-field, that is, Ω ∈ F and F is closed under the
operations of countable union and taking complements.
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What is a Filtration?

The probability P must satisfy the usual axioms of probability :

0 ≤ P(A) ≤ 1, for all A ∈ F ,
P(Ω) = 1,
P(A ∪ B) = P(A) + P(B) for any disjoint A,B ∈ F ,
if An ∈ F for all n ∈ N and A1 ⊆ A2 ⊆ ... then P(An) ↑ P(

⋃
n An) as

n ↑ ∞.

A real-valued random variable, X , is a real-valued function on Ω that
is F-measurable. In the case of discrete random variables this simply
means

{ω ∈ Ω : X (ω) = x} ∈ F

{ω ∈ Ω : X (ω) ≤ x} ∈ F

so that P assigns a probability to the event {X = x} and so that we
can define the distribution function, F (x) = P(X ≤ x).
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What is a Filtration?

To specify a stochastic process, we require not just a single σ-field,
F , but an increasing sequence of them. The collection {Fn}n≥0 is
then called a filtration, and the quadruple (Ω,F , {Fn}n≥0,P) is called
a filtered probability space.

Irene and Grace (University of Waterloo) Deriving Black-Scholes August 8, 2025 8 / 37



Stochastic Processes and Martingales

A stochastic processes is a sequence of random variables {Xt}t≥0.
We say that {Xt}t≥0 is adapted to the filtration {Ft}t≥0 if

E[Xt |Ft ] = Xt

for all t ≥ 0.

You can think about a filtration as something that encodes
information about the stochastic process until time t.

A stochastic process Mt is a martingale if:

E[|Mt |] < ∞,

E[Mt+s |Ft ] = Mt

But why are martingales important for pricing options?.
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Risk-Neutral Measure

Changes real-world probabilities under the probability measure P to
the ”risk-neutral world” under the probability measure Q.

Under Q: the expected return of all assets is r , the risk free rate,
EQ[CT ] = erTC0.

This would imply that:

V0 = EQ[e−rTCT ]

Where V0 is the discounted price of the option.

so multiplying our option, Cn, by the discount rate e−rT makes it a
martingale by definition as E[Xn] = E[Xn|F0] = X0 if Xn is a
martingale.

Irene and Grace (University of Waterloo) Deriving Black-Scholes August 8, 2025 10 / 37



Brownian Motion: Wt

Brownian Motion is a continuous-time stochastic process denoted by
Wt

A stochastic process is Brownian motion if:

W0 = 0
Has independent, normally distributed increments
Wt −Ws ∼ N (0, t − s)
Wt is continuous in t ≥ 0
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Brownian Motion: Wt

Even though Brownian motion is continuous everywhere, it is
differentiable nowhere. This is because of something called the Total
Variation of a function.
Let f : [0,T ] → R, π be a partition of [0,T ]. N(π) the number of
intervals that make up π and δ(π) be the length of the largest
interval in the partition. Write 0 = t0 < t1 < ... < tN(π) = T for the
endpoints of the intervals. Then the total variation of f over [0,T ]
is:

TV (f ) = lim
δ(π)→0

sup
δ(π)

N(π)∑
j=1

|f (tj)− f (tj−1)|


You can think of total variation as a measure of how much a function
moves up and down in total. So total variation is essentially looking
at the absolute value of the changes in f as the size of the intervals
go to 0.
A function is differentiable if it has bounded total variation,
TV (f ) < ∞.
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Brownian Motion: Wt

Brownian motion is not differentiable as it has infinitely many
oscillations in every time interval, no matter how small.

This means that between two points, no matter how close, Brownian
motion goes up and down in a wildly random jagged way. Each of
these up and down movements contribute towards total variation.

Even though the size of these movements are small, the number of
them is infinitely large, causing total variation to become infinite
when summing them up.
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Why Do We Need Stochastic Calculus?

Since Brownian motion is not differential with classical calculus, we
need to derive a new calculus so we can work with Brownian motion.

Even though brownian motion has unbounded variation, its quadratic
variation defined as:

Q(f ) = lim
δ(π)→0

sup
δ(π)

N(π)∑
j=1

|f (tj)− f (tj−1)|2


is bounded.

So we need to account for the changes of using quadratic variation
for our new calculus.
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The Stochastic Integral

Predictable Process Given a filtration {Ft}t≥0, the stochastic
process {Xt}t≥0 is {Ft}t≥0-predictable if Xt is Ft-measurable for all
t where

Ft− =
⋃
s<t

Fs

You can think of Ft− as the information known just before time t.

A predictable process is one where the value at any time t is
completely determined by past information , just before t.
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The Stochastic Integral

Define HT as the set of functions f : R+ × Ω → R for which f (t, ω)
is {Ft}t≥0-predictable for 0 ≤ t ≤ T and∫ T

0
E
[
f (s, ω)2

]
ds < ∞.

Stochastic Integral For f ∈ HT and a linear mapping, J, from HT

to the space of continuous (P, {Ft}t≥0)-martingales defined on [0,T ],

J(f )t =

∫ t

0
f (s, ω)dWs

is the stochastic integral of f w.r.t. {Wt}t≥0.
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The Stochastic Integral

Properties of the Stochastic Integral:
The stochastic integral is a continuous (P, {Ft}t≥0)-martingale

E
[(∫ t

0

f (s, ω)dWs

)2]
=

∫ t

0

E
[
f (s, ω)2

]
ds

E
[
sup
t≤T

(∫ t

0

f (s, ω)dWs

)2]
≤ 4

∫ T

0

E
[
f (s, ω)2

]
ds
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Geometric Brownian Motion

The basic reference model used for stock prices in continuous time is
geometric Brownian motion defined by:

St = S0 exp(µt + σWt)

With the associated stochastic differential equation:

dSt = µStdt + σStdWt

Geometric Brownian motion is used because we want our returns to
have stationary increments. Geometric Brownian motion is derived
from taking log(St).
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Itô’s Lemma

Itô’s Lemma: For Xt following geometric Brownian motion
dXt = µdt + σdWt , if f (t,X ) ∈ C 1,2:

df (t,X ) =

(
∂f

∂t
+ µ

∂f

∂x
+

1

2
σ2 ∂

2f

∂x2

)
dt + σ

∂f

∂x
dWt
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Girsanov’s Theorem

Girsanov’s Theorem Suppose that {Wt}t≥0 is a P-Brownian motion with
the natural filtration {Ft}t≥0 and that {θt}t≥0 is an {Ft}t≥0-adapted
process such that

E
[
exp

(
1

2

∫ T

0
θ2t dt

)]
< ∞.

Define

Lt = exp

(
−
∫ t

0
θsdWs −

1

2

∫ t

0
θ2s ds

)
and let P(L) be the probability measure defined by

P(L)[A] =

∫
A
Lt(ω)P(dω)

Then under the probability measure P(L), the process {W (L)
t }0≤t≤T ,

defined by

W
(L)
t = Wt +

∫ t

0
θsds,

is a standard Brownian motion.
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Girsanov’s Theorem

Lt is the Radon-Nikodym derivative of P(L) with respect to P.

Lt =
dP(L)

dP

∣∣∣∣
Ft

If we wish to calculate an expectation with respect to P(L) we have

EP(L)
[ϕt |Fs ] = EP

[
ϕt

Lt
Ls

∣∣∣∣Fs

]
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Black-Scholes Setup

Assumptions for Black-Scholes Model:
All options can be replicated with a portfolio of cash bonds and stocks
The portfolio is self-financing, i.e. the changes of value of the portfolio
are due entirely to changes in the value of the assets and not a change
in the number of assets.
No arbitrage opportunities
The rate of return on riskless assets is the risk-free interest rate, i.e. erT

Stock does not pay dividends
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Black-Scholes PDE Derivation

Assume that the stock price follows geometric Brownian motion:

dSt = µStdt + σStdWt

Denote the value of the call option at time t by C (S , t). By Itô’s
lemma

dC (S , t) =

(
∂C

∂t
+ µSt

∂C

∂S
+

1

2
σ2S2

t

∂2C

∂S2

)
dt + σSt

∂C

∂S
dWt

Irene and Grace (University of Waterloo) Deriving Black-Scholes August 8, 2025 23 / 37



Black-Scholes PDE Derivation

Consider a self-financing portfolio where at each time t we hold xt
units of cash bonds (Bt := ert) and yt units of stock (St). Then our
portfolio Pt satisfies

Pt = xtBt + ytSt

Choose xt and yt such that our portfolio replicates the value of the
option. This gives us

dPt = xtdBt + ytdSt

= rxtBtdt + yt(µStdt + σStdWt)

= (rxtBt + ytµSt)dt + ytσStdWt
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Black-Scholes PDE Derivation

Equating terms in dC (S , t) with corresponding terms in dPt we get

yt =
∂C

∂S

rxtBt =
∂C

∂t
+

1

2
σ2S2

t

∂2C

∂S2

=⇒ xtBt =
1

r

(
∂C

∂t
+

1

2
σ2S2

t

∂2C

∂S2

)

Irene and Grace (University of Waterloo) Deriving Black-Scholes August 8, 2025 25 / 37



Black-Scholes PDE Derivation

Since our portfolio is self-financing and replicates Ct , then Pt = Ct .
Substituting xtBt and yt into our portfolio Pt we obtain

Pt = xtBt + ytSt

Ct =
1

r

(
∂C

∂t
+

1

2
σ2S2

t

∂2C

∂S2

)
+ St

∂C

∂S

0 = rSt
∂C

∂S
+

∂C

∂t
+

1

2
σ2S2

t

∂2C

∂S2
− rCt

This is the Black-Scholes PDE.
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Solution to the Black-Scholes Model

Proposition 5.2.1 The value at time t of a European option whose
payoff at maturity is CT = f (ST ) is Vt = F (St , t), where

F (t, x) = e−r(T−t)

∫ ∞

−∞
f
(
x exp

(
(r − σ2/2)(T − t) + σy

√
T − t

))
×exp(−y2/2)√

2π
dy

Proof: We know that the value at time t is

EQ[e−r(T−t)f (ST )
∣∣Ft

]
(1)

where Q is the risk-neutral measure. By Girsanov’s theorem,
Xt = Wt + (µ− r)t/σ is a Brownian motion and

dS̃t = σS̃tdXt

Where S̃t is the discounted price of the stock, e−rtSt .
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Solution to the Black-Scholes Model

Solving dS̃t = σS̃tdXt , we get

S̃T = S̃t exp

(
σ(XT − Xt)−

1

2
σ2(T − t)

)
Substituting into (1), we obtain

Vt = EQ

[
e−r(T−t) f

(
Ste

r(T−t) exp

(
σ(XT − Xt)−

1

2
σ2(T − t)

)) ∣∣∣∣Ft

]
Under Q, conditional on Ft , XT − Xt is a normally distributed
random variable with mean zero and variance (T − t).
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Solution to the Black-Scholes Model

We can evaluate this as:

Vt =

∫ ∞

−∞
e−r(T−t)f

(
Ste

r(T−t) exp
(
σz − 1

2
σ2(T − t)

))
× 1√

2π(T − t)
exp

(
− z2

2(T − t)

)
dz

= e−r(T−t)

∫ ∞

−∞
f
(
St exp

(
(r − 1

2
σ2)(T − t) + σy

√
T − t

))
× 1√

2π
exp

(
− y2

2

)
dy

With the substitution z = y
√
T − t.
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Solution to the Black-Scholes Model

European Call Suppose that f (ST ) = (ST − K )+. Then writing
θ = (T − t),

F (x , t) = x Φ(d1) − Ke−rθΦ(d2)

where Φ(·) is the standard normal distribution function, given by

Φ(y) =

∫ y

−∞

1√
2π

e−y2
dy ,

d1 =
log( x

K ) + (r + σ2

2 )θ

σ
√
θ

and d2 = d1 − σ
√
θ.
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Solution to the Black-Scholes Model

Proof: Substituting for f and x in the last line of proposition 5.2.1
we have that

F (t, x) = E
[(

xeσ
√
θZ−σ2θ/2 − Ke−rθ

)
+

]
where Z ∼ N (0, 1). First we establish for what range of values of Z
the integrand is non-zero. Rearranging,

xeσ
√
θZ−σ2θ/2 > Ke−rθ

is equivalent to

Z >
log(Kx ) +

σ2

2 θ − rθ

σ
√
θ
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Solution to the Black-Scholes Model

Thus the integrand is non-zero if Z + d2 ≥ 0. Using this notation

F (t, x) = E
[(

xeσ
√
θZ−σ2θ/2 − Ke−rθ

)
1Z+d2≥0

]
=

∫ ∞

−d2

(
xeσ

√
θy−σ2θ/2 − Ke−rθ

) e−y2/2

√
2π

dy

=

∫ d2

−∞

(
xe−σ

√
θy−σ2θ/2 − Ke−rθ

) e−y2/2

√
2π

dy
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Solution to the Black-Scholes Model

Distributing the integral to both terms we get

= x

∫ d2

−∞
e−σ

√
θy−σ2θ/2 e

−y2/2

√
2π

dy −
∫ d2

−∞
Ke−rθ e

−y2/2

√
2π

dy

= x

∫ d2

−∞
e−σ

√
θy−σ2θ/2 e

−y2/2

√
2π

dy − Ke−rθΦ(d2)

To solve the last integral:

e−σ
√
θy−σ2θ/2 · e−

y2

2 = e−
y2

2
−σ

√
θy−σ2θ/2
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Solution to the Black-Scholes Model

By completing the square we get

e−
y2

2
−σ

√
θy−σ2θ/2 = e−

(y+σ
√
θ)2

2

Making the substitution z = y + σ
√
θ changes:

when y = −∞, z = −∞
when y = d2, z = d2 + σ

√
θ = d1

and dy = dz
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Solution to the Black-Scholes Model

And so we finally obtain the integral

x

∫ d2

−∞
e−

(y+σ
√

θ)2

2
1√
2π

dy = x

∫ d1

−∞

e−
z2

2

√
2π

dz = xΦ(d1)

This gives us the solution to the Black-Scholes model for a European
call option:

F (x , t) = xΦ(d1)− Ke−rθΦ(d2)
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Summary

We started with basics of options and financial theory

Introduced stochastic processes and risk-neutral pricing

Built stochastic tools: GBM and Itô calculus

Derived the Black-Scholes PDE and the formula for a European call
option
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Q&A

Questions?
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