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A Motivating Example

How can we find the area of this polygon?

Example

A=(0,2)
2@

E=(8 3)
)

F=(81)

_C=(4.0

3 4 5 6 7 8 9

Figure 1: A Lattice Polygon

We'll present a surprising way to find the area of this polygon through discrete

methods!
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Two Definitions of Polytopes

There are two equivalent definitions of polytopes:
1. H-representation: Intersection of Finite Halfspaces

Example

y=2x+2

\55 L+ 2

Figure 2: One Halfspace
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Two Definitions of Polytopes

There are two equivalent definitions of polytopes:
1. H-representation: Intersection of Finite Halfspaces

Example

Figure 3: Intersections of Halfspaces
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Two Definitions of Polytopes

2. V-representation: Convex Hull of a Finite Set of Points (Vectors)

k
P=conv(v1,v2,...,vk)={Alvl +Aovo 4.+ AV A 20, Z)\,-zl}
i=1

Example

C=(3,5) D=(4,5)
®

B =(174)

A=(0,2)

F=(81)
)

0 1 2 3 4 5 6 7 8 9

Figure 4: P is represented as the convex hull of A,B,C,D,E,F,G.
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An Important Property of Polytopes

In our example, A, B, C, D, E, F, G are the vertices.

Notice: Any line joining two vertices of a polytope is inside its convex hull.

Example
C=(3,5) D=(4,5)
5
-
5}
B=(1,4)
4
. JEROE)
A]D
(0,
4
y .FZ(S,W)
N0
‘62(4‘ 0)
0 1 2 3 k1 5 6 7 8 9

Figure 5: Linear combination of vertices

7/36



Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

C=(3,5) D=(4,5)
5 ® ®

B =(174)

A=(0,2)
)

F=(81)
®

_G=(40

@
4

0 1 2 3 5 6 7 8 9

Figure 6: Triangulation of a Polygon

8/36



Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

o 1 2 6 7 8 9

Figure 7: Triangulation of a Polygon
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Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

G
o 1 2 3 k4

5 6 7 8 1

Figure 8: Triangulation of a Polygon
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Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

G
[ 1 2 3 7 5

3 7 & 1

Figure 9: Triangulation of a Polygon
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Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

o 1 2 3 4 5

Figure 10: Triangulation of a Polygon
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Triangulation

We want to reduce our polygon into simple parts, via triangulation.

For 2-D Polytopes: Select any vertex and connect every other vertex to the selected
vertex.

Example

Figure 11: Triangulation of a Polygon
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Pick's Theorem

Theorem (Pick, 1899)

Let P be a lattice polygon. Denote by | the number of lattice points in the interior
of P, B the number of lattice points in the boundary of P and Ap the area of the
polygon. Then

AP:I+§—1.
o o
o ° ° ° ° .
° ° ° ° ° ° ° °
. ° ° ° ° ° ° ° .
. ° ° ° ° ° o

Figure 12: Lattice Points of a Polytope
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Sketch of Pick's Theorem Proof for Convex Polygons

1. Pick's Theorem holds for rectangles and right-triangles (that have sides parallel
to the axes).

2. Pick's Theorem is “additive” (and “subtractive”)

3. Since every lattice triangle is a “sum/difference” of rectangles and
rectangle-triangles, Pick's Theorem holds for all lattice triangles.

4. Since convex lattice polygons can be triangulated into lattice triangles and Pick'’s
theorem is “additive”, we conclude that Pick's theorem holds for all convex polygons.
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Pick's Theorem Proof: Rectangle

We begin by showing that Pick’s Theorem holds for rectangles that have sides
parallel to the axes.

Suppose that € is the length of the rectangle and w is the width. We have that
I=(-1)(w-1) and B=2(0+w)
Thus,
B 1
I+5—1=(2—1)(W—1)+§-2(€+w)—1
=0lw—Ll-w+1+0+w—-1=0w=Arect.
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Pick's Theorem Proof: Right Triangle

Next, we will prove that Pick's Theorem holds for right triangles.

Example

Figure 13: Right Triangle

We will separate the boundary points into two groups:

Bp+Bh=B
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Pick's Theorem Proof: Right Triangle

Comparing to the rectangle that the triangle is embedded in:

Example

I

Figure 14: Right Triangle with Rectangle

Notice that

2Bp -2= Brect and 2/+ Bh = Irect
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Pick's Theorem Proof: Right Triangle

Rearranging, we get

Bp Brect 1 B/ Irect
— == d I+—==—
2 4 2 " 2 2

Thus,
B Bh BP
——1=/+—=—+—-1
I+ 5 + > + 5
l}
_ lrect . Brect +l
2 4 2
1
= E(Ired + ';Ct +1)
1
= EArect
= Atriangle~
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Pick's Theorem Proof: Additive Condition

Next, we show that Pick’'s Theorem has an additive character:
Proposition (“Additivity")

Assume that polygons Py and P5 satisfy Pick's Theorem, and their intersection is a
polygonal curve. Then, the polygon P =P u P, also satisfies Pick's Theorem.

”

Figure 15: Additivity and Non-Additivity Examples
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Pick's Theorem Proof: Additive Condition

Let L be the number of lattice points on the edge common to P; and P».

Figure 16: In this example, Py is green and P, is purple

Notice that
I=h+h+L-2 and B=By+By—2L+2.
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Pick’s Theorem Proof: Additive Condition

Thus,

B1+By-2L+2 1

B
I+=-1=h+bh+L-2
+2 1+hh+ + 5

By B
:Il+12+L—2+71+72—L+1—1

By B>
=h+—=-1+h+—=-1
]_+2 +2+2

:A]_ +A2
=A.

We can also prove a similar "subtractive" property of Pick’s Theorem. That is, if
we assume that the intersection of P; and Py is a polygonal curve, and we assume
that P and P; both satisfy Pick's Theorem, then P> also satisfies Pick's Theorem.
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Pick's Theorem Proof: Lattice Triangles

Every lattice triangle is the "sum" and/or "difference" of rectangles and right
triangles.

Example

Figure 17: Lattice triangles as the sum and/or difference of rectangles and right triangles
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Pick's Theorem Proof: Summary

In short, by additivity:

Lattice rectangles and right triangles satisfy Pick’'s Theorem

= All lattice triangles satisfy Pick's Theorem, since they are the sum and/or
difference of rectangles and right triangles with sides parallel to the axes.

= All convex polygons satisfy Pick’'s Theorem, since we can triangulate any convex

polygon into lattice triangles.
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Pick's Theorem for Convex Polygons

Example
o o
o ° ° o ° .
° ° o o ° o o o
. o ° ° ° ° o o o
. o o o o o o

Figure 18: Pick's Theorem Example

In this example: / =23, B =10, so Pick's Theorem says

B 10
Ap=l+2 12034+ _1=07.
p=it3 2
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Pick's Theorem for Convex Polygons

An example for you to try!

Example

Figure 19: Suspiciously Thin Parallelogram

Pick's Theorem:

B
Ap=l+—-1
P +2

26/36



Pick's Theorem for Convex Polygons

An example for you to try!

Example

Figure 20: Suspiciously Thin Parallelogram

In this example: /=0, B =4, so Pick's Theorem says

B 4
Ap=l+2_1=0+2_1=1.
P=i*3 *3
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Pick's Theorem for Convex Polygons

In fact, this parallelogram is behind the famous missing square optical illusion!

A A

Figure 21: Missing Square lllusion

Image taken from https://en.wikipedia.org/wiki/Missing_square_puzzle.
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Generalizations of Pick's Theorem

Does Pick’'s Theorem only hold true for lattice polygons with interior angles greater
than n? Let's look at an example!

Example

Figure 22: Polytope with an interior angle greater than n

Can we triangulate this?
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Generalizations of Pick's Theorem

We first choose one vertex to which we connect all other vertices, but we notice

that we cannot reach two vertices while staying within the bounds of the polygon.

Example

Figure 23: First Triangulation of polygon with an interior angle greater than n

So, how do we further triangulate this?
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Generalizations of Pick's Theorem

We choose another vertex to which we connect remaining vertices!

Example

Figure 24: Second Triangulation of polygon with an interior angle greater than nt
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Generalizations of Pick's Theorem
We now have a triangulated polygon, which are again each the "sum" and/or

"difference" of rectangles and right triangles.

Example

Figure 25: Second Triangulation of polygon with an interior angle greater than nt
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Generalizations of Pick's Theorem

Example

Figure 26: Polygon with interior angles greater than n

In this example: /=19, B =10, so Pick's Theorem says

B 10
Ap=l+2_1=10+—_1=23
pP=i*3 3
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Further Investigation of Pick's Theorem

There is much more to investigate!

More Generalizations of Pick’'s Theorem:
@ Does Pick’s Theorem hold for 2-D objects with one or more holes?
@ Does Pick's Theorem hold for other non-convex subsets of the plane?

@ Are there similar theorems for higher dimensions? (Search: Reeve's Theorem)

Other proofs of Pick's Theorem:
o via Ehrhart Theory (algebraic)

@ via Euler Characteristic (graph theoretic)
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Thank you!
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