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Set-Up

GAME:

e 2-player game
e Strategies: a set of moves/actions a player follows during a game
o Pure Strategy: always choose the same action
o Mixed Strategy: randomized; probability distribution corresponds to
how often each move is played
e (Outcomes: the result of a combination of player strategies
o Payoffs: way to quantify a player’s motivations by using a number



Payoils Motivate Players

Dominant Strategy: a strategy that earns a player a larger payoff than any
other, for any profile of other players' actions

Payofl Matrix of Prisoner’s Dilemma

Cooperate

Player

Player B
Cogperate Defect
A-3, B>3 A-0, B-5

Reward for mutual
cooperation

Sucker’s payoff and
temptation to defect

Defect

A-5, B-0

Temptation to defect

and sucker’s payoff

A-1, B>1

Punishment for
mutual defection




Key definitions

Definition (Utility Function): maps every possible game outcome to a number

Definition (Equilibrium): set of strategies, each player having one, where it is
not beneficial to any of the players to change their course of action

e Players are in equilibrium if changing their strategy results in a loss
e Strategyis mixed if randomized

Player B
Cogperate Defect
A-3, B-3 A—-0, B-5
Cooperate
Reward for mutual | Sucker’s payoff and
cooperation temptation to defect
Player
A A-5, B0 A-1, B-1
Defecs
Temptation to defect Punishment for
and sucker’s payoff mutual defection




Do Equilibria Exist in Dynamic Games?

Dynamic (Repeated) Game : When players interact by playing a similar stage
game numerous times

e Players change their play on information from past moves

Definition (Regret) : how much better you could have done in hindsight
compared to the best fixed strategy

Player B

Cooperate Defect

A-3, B-3 A-0, B-5
Cogperate

Reward for mutual | Sucker’s payoff and
cooperation temptation to defect

Player

A-5, B-0 A->1, B->1
Defecs
Temptation to defect Punishment for
and sucker’s payoff mutual defection
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Regret minimization problems

Understanding the Model:

e letAbeasetofactions(n = 2)
e Atsteptimet=12..T:
o Decision-maker: picks mixed strategy p'
o Adversary: picks a cost vector ¢t A - [0,1] (allowed to pick after
decision-maker chooses a mixed strategy)

o Anaction, a', is randomly picked based on p', which has respective
cost ct(ah)




Regret minimization problems

Q: Is it possible for strategic players to reach an equilibrium of a game?

Definition (External Regret): compares performance with the performance
of a fixed strategy (unchanging)

Time-averaged:

> ele)- 3¢

t=1 =1

1
T

e c'a') - costofactions
e c'(a) - cost of best fixed action in hindsight



A~

Regret minimization problems

Applications: Google Maps, route selection

Examples of a “set of actions”: possible driving routes between home and
school



No-Regret Algorithm

Recall: The “adversary” in the no-regret minimization problem

e Adaptive: previous definition of external regret
e Oblivious: c¢' only depends on t and the algorithm

No-Regret Algorithm: Let A4 be an online decision-making algorithm.

(@) Adversary forA:
INPUT: day t, the mixed strategies of A p',...p!, and realized actions
al,..at"!

OUTPUT: ¢!

(b) Online decision-making algorithm has no external regret if for every
adversary, the expected regret (1) w.rt. everya € Aiso(l) as T »



Q: Why are actions
randomly picked based
on the mixed strategy?



Regret minimization problems

Q: Why are actions randomly picked based on the mixed strategy?

o Atsteptimet=12..T:
o Pick action a*
o Costvector: ct(ah)=1, c'(a’)=0 fori#t



No-Regret Algorithms

» Introduction
» External Regret

» Multiplicative Weights

Algorithm

Presented by: Angela Xu, Maria Gharabaghi and Lillian Mo



Important Remark: No Regret Algorithms Exist

Theorem 2.1: There exists no-regret algorithms such that the expected regret is
O0(v(In(n)/T))

Corollary: There exists an online decision-making algorithm that, for every € >
0, has expected regret at most € with respect to every fixed action after O((In
n)/e?) iterations.



Guidelines for the Algorithm

1. Past performances of actions should impact the current choice of action
2. To optimize no-regret algorithms, actions that have a bad result should
decrease exponentially



The Algorithm

Let w(a) represent the weight of a specific action.

1. Initialize w'(a) =1for all a

2. Fort=12 .,6T:
a. Choose an action from the distribution p':= w'/Tt, where I' is the sum of the weights
b. Given the cost vector ¢!, decrease the weights using this formula:

wtl(a) = wh@) * (1-¢)°*® for all a
E.g. If you had two actions, and the cost vector was [0, 1]:
WZ(al) — Wl(al) * (]_E)cl(al) =1* (]-E)O -1

w2(@2) = wl@?) * (1-€)9@ = 1* (1-¢)! = 1-¢



The Analysis

Proof of Theorem 2.1:

e Restrict the adversaries to oblivious adversaries with a fixed set of cost
vectors
e Note that the weight of the actions can only decrease over time



If there is a good fixed action, the final sum of weights
should be pretty big

Define OPT to be:
Zle c*(a*)

where a* is the best action for the cumulative cost over all T actions

Thus, T
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The sum of weights decreases exponentially fast with
the cost of the MW algorithm

e Algorithm can only have large cost if all fixed actions are bad
e The expected cost at time t of the MW algorithm is:
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The sum of weights at t + 1is:

Ft+1
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Upper Bound on the Cumulative Cost
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Using Taylor’s expansion, we can upper bound In(l-ev') by -ev":

15
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e Now set the free parameter e to be vin(n)/T
e Thus, the cumulative expected cost of MW algorithm is at most 2vIn(n)/T






