UNIVERSITY OF

Alice Shimiao Zhang"* & Elisa Liang WATERLOO

&

Introduction to Semigroup Theory for Differential Equations

Mentor:
Shri Lal Raghudev Ram Singh

WiM Directed Reading Program, 2026

* BSc Mathematical Physics

t BMath Mathematical Physics



@ Motivation

@ Preliminaries
°

@ Semigroup Theory
°

® 66 6 o

@ Conclusion

@ References

igroup Methods for ion Equations University of Waterloo




Consider the 1D ODE given by

u=au, a€R
u(0) =u € R.
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Consider the 1D ODE given by

u=au, a€R
{u(O) =u€R. @)

The solution map u : [0, 00) — R of (1) is given by u(t) = e**u (well-posed!).
Now consider the n-dimensional ODE given by

l:lZAlL A EMan (2)
u(0) =u € R™

The solution map u : [0,00) = R™ of (2) is given by u(t) = e*tu

(well-posed!).
» Interestingly, the family {e \'},;[) of bounded linear maps from R" to R",
for all t > 0, enjoys the algebraic properties of a Semigroup under
composition; that is, e® = I and e2(tts) = At . g4,
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Consider the 1D ODE given by

u=au, a€R
{u(O) =u€R. @)

The solution map u : [0, 00) — R of (1) is given by u(t) = e**u (well-posed!).
Now consider the n-dimensional ODE given by

1:1:141.17 AEMan (2)
u(0) =u € R™

The solution map u : [0,00) — R™ of (2) is given by u(t) = e**u

(well-posed!).

» Interestingly, the family {e ”},;[) of bounded linear maps from R" to R",
for all t > 0, enjoys the algebraic properties of a Semigroup under
composition; that is, e® = I and e2(tts) = At . g4,

» When studying differential equations on infinite-dimensional abstract
function spaces, one may therefore expect analogous properties to hold for

well-posedness.
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» Many important linear systems involve infinite-dimensional spaces, such as
the Heat Equation
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than a matrix, and it may be unbounded.
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» Many important linear systems involve infinite-dimensional spaces, such as
the Heat Equation
u=Au
(Note that A = A)

» In these partial differential equations, A is a differential operator rather
than a matrix, and it may be unbounded.

» Semigroup theory provides a natural framework for analyzing abstract
differential equations on infinite-dimensional spaces.

» In particular, we study the existence and uniqueness of a solution
u: [0,00) — X, where X can be an abstract space (e.g., a Banach or

Hilbert space), of the first-order ODE (or a PDE formulated as an ODE)

u(t) = Au(t), (t>0),

u(0) = u, S

where u € X is given, and A is a linear operator with domain D(A).
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Preliminaries

Definition (Normed Linear Space)

A norm on a vector space X is a map || - || : X — [0, 00) such that:
1. ||z|]| >0
2. ||z]| =0 <= =0
3. [laz|| = |ef |l«]|, a€cK
4 |z +yll < el +[lyll
A normed linear space is a pair (X, || - ||) where X is a vector space and || - || is

a norm on X. Complete normed space is called a Banach space.
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|- llx) = (V] - [lv) is:
» bounded if AM such that ||Tz||y < M||z||lx Vz € X.
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4 |z +yll < el +[lyll
A normed linear space is a pair (X, || - ||) where X is a vector space and || - || is

a norm on X. Complete normed space is called a Banach space.

A linear operator T : (X, || - [|x) = (Y, || - [|v) is:
» bounded if AM such that ||Tz||y < M||z||lx Vz € X.

» continuous at a point zg € X if for every € > 0 there is a > 0 such that:
|Tz — Tzolly <e for all z satisfying ||z — zo|| < 6.

For a linear operator, bounded <= continuous.
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A is in the
Contil
A is in the A is in the Son [nuots
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Point Residual N -
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Po(T), of T Ro(T), of T
no
no no
Is the inverse

Is (AL — T yes Is the range yes of (\I —1T)
one-to-one: dense in X7 its range

continuous?

yes

A is in the
Resolvent Set,

p(T), of T

If X € p(T), then resolvent operator of A is defined as:
R\T) =\ -T)""
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Semigroup Theory

Definition (Strongly Continuous or Cy-Semigroup)
A family {S(t>}t20 of bounded linear operators mapping from X to X which

satisfies:

> S(0)=1

> S(s+t)=5S(s)S(t), (s,t<0)

» For each u € X the mapping t — S(t)u is continuous from [0, 00) — X
A Semigroup {S(t)},~ is a contraction Semigroup if in addition, ||S(t)|| < 1.
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Semigroup Theory

Definition (Strongly Continuous or Cy-Semigroup)

A family {S(t)},-, of bounded linear operators mapping from X to X which
satisfies: :

> S(0)=1

> S(s+t)=5S(s)S(t), (s,t<0)

» For each u € X the mapping t — S(t)u is continuous from [0, 00) — X
A Semigroup {S(t)},~ is a contraction Semigroup if in addition, ||S(t)|| < 1.

Definition (Uniformly Continuous Semigroups)

A Semigroup {S(t)}tzo is uniformly continuous if: lim;—q ||S(t) — I|| = 0.
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Semigroup Theory

Definition (Infinitesimal Generator, (Definition 7.4.1%))

? L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, 2nd ed.,
American Mathematical Society, Providence, RI, 2010.

Given a strongly continuous Semigroup {S(t)},-,, we call A: D(A) — X the

infinitesimal generator of the Semigroup, where D(A) is the domain of A such
that:

t—0+4

D(A) = {u € X: lim % exists}

then we have: .
Au := lim M
t—0+ t

A is the generator of {S(t)},5,
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Semigroup Theory

Definition (Infinitesimal Generator, (Definition 7.4.1%))

? L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, 2nd ed.,
American Mathematical Society, Providence, RI, 2010.

Given a strongly continuous Semigroup {S(t)},-,, we call A: D(A) — X the
infinitesimal generator of the Semigroup, where D(A) is the domain of A such
that:

t—0+4

D(A) = {u € X: lim % exists}

then we have:
Al o= T Stu—u
t—0+ t

A is the generator of {S(t)},5,

For example, in n-D ODEs (2), matrix A is generator of the Semigroup

{Cjt}lzﬂ-
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Semigroup Theory

Let u € D(A), then we have the following properties:
1. S(t)u € D(A) for eacht > 0
. AS(t)u = S(t)Au for each t > 0

2
3. The mapping t — S(t)u is differentiable for each t > 0
4. %S(t)“ =AS{Ht)u, (t>0)
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Semigroup Theory

Let uw € D(A), then we have the following properties:

1. S(t)u € D(A) for eacht > 0

2. AS(t)u = S(t)Au for each t > 0
3. The mapping t — S(t)u is differentiable for each t > 0
4

S(t)u \ =A ] S(t)u \ (t > 0)

d
todt
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Semigroup Theory

Proof idea:
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Semigroup Theory

Proof idea:

1. 1-2 can be proved directly by invoking the definition of D(A) and using
the semigroup property:

S(s)S(t)u — S(t)u S()S(s)u — S(t)u

lim = lim
s—0+ S s—0+ S
_ S(#) lim S(s)u —u
s—0+ S
= S(t)Au.
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Semigroup Theory

Proof idea:

1. 1-2 can be proved directly by invoking the definition of D(A) and using
the semigroup property:

S(s)S(t)u — S(t)u S(t)S(s)u — S(t)u

lim = lim
s—0+ 8 s—0+ S
_ S(#) lim S(s)u —u
s—0+ S
= S(t)Au.

2. 3-4 can be proven using the limit definition of the derivative:

lim ———————— = 5(¢) lim S =

R 3 A N = S(t)Au = AS(t)u.

8/15

Alice Shimiao Zhang & Elisa Liang igroup Methods for i i University of Waterloo




Semigroup Theory

Let A: D(A) — X generate a contraction Semigroup. Then
1. The domain D(A) is dense in X .
2. A is a closed operator.

Note: A is a closed operator if, for every sequence uy € D(A) such that
ur — u and Auy, — v, we have u € D(A) and v = Au.
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Semigroup Theory

Proof idea:
1. For u € X, define

t
u ::/ S(s)uds.
0

Then note that u*/t — u as t — 07, and moreover u* € D(A).
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Semigroup Theory

Proof idea:
1. For u € X, define

t
u ::/ S(s)uds.
0

Then note that u’/t — w as t — 0T, and moreover u* € D(A).

2. Letup € D(A), (k=1,...),ur — u, Aur — v, and use:

t t
St)ur —ug = / S(s)Auy ds =ty Stu—u= / S(s)v ds.
0 0
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Semigroup Theory

Proof idea:

1. For u € X, define

t
u ::/ S(s)uds.
0

Then note that u’/t — w as t — 0T, and moreover u* € D(A).
2. Letup € D(A), (k=1,...),ur — u, Aur — v, and use:

t t
St ur —up = / S(s)Auy ds =ty Stu—u= / S(s)v ds.
0 0

Divide by ¢ and let ¢t — 0™ to obtain Au = v.

Alice Shimiao Zhang & Elisa Liang
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Semigroup Theory

A linear (unbounded) operator A is the infinitesimal generator of a C
Semigroup of contractions S(t),t > 0, if and only if:

1. A is closed and D(A) = X.

2. The resolvent set p(A) of A contains R™ and for every A\ > 0 we have:

[1R(A, Al < (4)

>
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Semigroup Theory

Proof idea:

Ay = =M + N2R(\, A)
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Semigroup Theory
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Semigroup Theory

Proof idea:

Ay = =M+ XN2R(), A>J [ A

rlg 0 W
E,“";"Jiﬁr
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Conclusion

From this project, we have learned that Semigroup theory serves as a powerful
tool for studying the well-posedness of ODEs/PDEs.

» This talk covered only linear Cy-Semigroups and the Hille-Yosida
generation theorem.

» Future directions:
1. Regularity properties of Semigroups
2. Stability properties of Semigroups

3. Applications to: Parabolic Equations (L2, LP Theory), Wave/heat equation,
Schrddinger equations, Korteweg-de Vries Equation, etc.

13/15

Alice Shimiao Zhang & Elisa igroup Methods for i i University of Waterloo




References

% A. Pazy, Semigroups of Linear Operators and Applications to Partial
Differential Equations, Applied Mathematical Sciences, Vol. 44,
Springer-Verlag, New York, 1983.

L. C. Evans, Partial Differential Equations, Graduate Studies in
Mathematics, Vol. 19, 2nd ed., American Mathematical Society,
Providence, RI, 2010.

E. Kreyszig, Introductory Functional Analysis with Applications, John
Wiley & Sons, New York, 1978.

J. C. Robinson, An Introduction to Functional Analysis, Cambridge
University Press, Cambridge, 2020.

¢ & & ¢

K. J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution
Equations, Graduate Texts in Mathematics, Vol. 194, Springer-Verlag,
New York, 2000.

14/15

igroup Methods for i i University of Waterloo

Alice Shimiao Zhang & Elisa Liang




References

Thank you for your kind attention!
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