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Continuum Hypothesis



Why we Need Mathematical Rigour in Set Theory

If we allow anything to be a set, this leads to problems. Consider:
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Why we Need Mathematical Rigour in Set Theory

If we allow anything to be a set, this leads to problems. Consider:

Russell's Paradox
R={z:z ¢z}
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Why we Need Mathematical Rigour in Set Theory

If we allow anything to be a set, this leads to problems. Consider:

Russell's Paradox
R={z:z ¢z}

Then
ReR < R¢R

A contradiction! We need better rules to solve this problem.
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ZFC - How we Solved This Problem

Zermelo-Fraenkel set theory combined with the Axiom of Choice
(ZFCQ) is a collection of 9 axioms that we can use to prove other
results.
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ZFC - How we Solved This Problem

Zermelo-Fraenkel set theory combined with the Axiom of Choice
(ZFCQ) is a collection of 9 axioms that we can use to prove other
results.

One such axiom is:

Axiom of Extensionality

Ve, Vy, [t =y < (Vt,t €z < t € y)]

This axiom says that two sets = and y are equal if they have the
same elements.
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Can we Prove Everything?

Using these axioms, we can prove other results!

Example
A = {x:x is a set}, the collection of all sets, is not a set.

Example
Va,z ¢ x — There is no set that contains itself.
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Can we Prove Everything?

Using these axioms, we can prove other results!

Example
A = {x:x is a set}, the collection of all sets, is not a set.

Example
Va,z ¢ x — There is no set that contains itself.

Ideally, we'd like to be able to prove all true statements and
disprove all false ones.
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Can we Prove Everything?

Using these axioms, we can prove other results!
Example

A = {x:x is a set}, the collection of all sets, is not a set.

Example

Vx,x ¢ x — There is no set that contains itself.

Ideally, we'd like to be able to prove all true statements and
disprove all false ones.

Definition
Completeness is the property that any statement is either
provable or disprovable.

Ellie Hamer and Gisele Huang PM-Reading-1: Infinite Structures



Overview of Model Theory

Definition
A formula is a string using set theory symbols (V,3, = , -, etc.)
and some variables.
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Overview of Model Theory

Definition
A formula is a string using set theory symbols (V,3, = , -, etc.)
and some variables.

Definition
A sentence ¢ is a formula in which every variable is quantified.
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Overview of Model Theory

Definition
A formula is a string using set theory symbols (V,3, = , -, etc.)
and some variables.

Definition
A sentence ¢ is a formula in which every variable is quantified.

Definition
A theory T is a set of sentences.
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Overview of Model Theory

Definition
A formula is a string using set theory symbols (V,3, = , -, etc.)
and some variables.

Definition
A sentence ¢ is a formula in which every variable is quantified.

Definition
A theory T is a set of sentences.

Definition
An infinite structure M = (X, E) is an infinite set X combined
with a binary operation E. Examples include (R, <) or (N, €).
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Overview of Model Theory

Definition
If M is an infinite structure, then M is a model of T if M
satisfies all of the sentences in T'.
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Overview of Model Theory

Definition
If M is an infinite structure, then M is a model of T if M
satisfies all of the sentences in T'.

Definition
A theory T is consistent if there is a model M of T
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Overview of Model Theory

Definition
If M is an infinite structure, then M is a model of T if M
satisfies all of the sentences in T'.

Definition
A theory T is consistent if there is a model M of T

Definition
If ¢ is a sentence, then T' implies ¢ if every model of T satisfies ¢.
Equivalently, T" implies ¢ if ¢ can be proved from 7.
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Overview of Model Theory — Example

Example

We could describe the theory of graphs using T}, which contains
the following two sentences:

1. Vz(—E(z,x))
2. VaVy(E(z,y) < E(y,z))

E(z,y) < there is an edge connecting the vertices x and y.

e

/" N\
]
c d
An example of a graph G.
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Overview of Model Theory — Why?

Using formal language, we can better describe what we want.
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Overview of Model Theory — Why?

Using formal language, we can better describe what we want.

Definition
If neither ¢ nor =¢ can be proven from T, ¢ is independent of T'.

Definition
If a theory T" has no independent sentences, then 7' is complete.

We would ideally like our math system to be complete.
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The Axiom of Choice

The C in ZFC stands for Choice. The ninth ZFC axiom is:

Axiom of Choice (AC)
Ve[o¢dx = A(f: X > U A):Vacuz, f(a) € d

acx

This axiom says that for any set « of nonempty sets, we can define
a function f that selects an element from each set in x.
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The Axiom of Choice

This axiom says that for any set x of nonempty sets, we can define
a function f that selects an element from each set in z.
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The Axiom of Choice

This axiom says that for any set x of nonempty sets, we can define
a function f that selects an element from each set in z.

Example

Suppose z is an infinite set of pairs of shoes:
48 = {SZ = {li,ri} 11 € N}

We can define f: 2 — |J S; by f(Si) = 7.
>0
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The Axiom of Choice

This axiom says that for any set x of nonempty sets, we can define
a function f that selects an element from each set in z.

Example

Suppose z is an infinite set of pairs of shoes:
x = {SZ = {li,ri} 11 € N}
We can define f: 2 — |J S; by f(Si) = 7.

i>0

But if z is an infinite collection of pairs of socks, there is no
obvious way to define such an f! So we need AC to guarantee its
existence.
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Infinite Cardinalities Revisited

We know about the existence of different types of infinite
cardinalities. In particular, we know |N| < |R].

Can we find an infinite set X such that |N| < | X| < |R|?
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Infinite Cardinalities Revisited

We know about the existence of different types of infinite
cardinalities. In particular, we know |N| < |R].

Can we find an infinite set X such that |[N| < | X| < |R|?

Continuum Hypothesis (CH)

There is no set whose cardinality is strictly between those of the
natural and the real numbers. Particularly, we have 2% = R;.

But is this hypothesis true?
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The Axiom of Choice and the Continuum Hypothesis

Interestingly, AC is independent of the other ZF axioms.
Generally, we include AC with ZF because it seems intuitively true.

But CH isn't as intuitive. Can we prove it true or false?
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Is the Continuum Hypothesis True or False?

Neither! If we assume that ZFC is consistent, then it can be shown
that both ZFC 4+ CH and ZFC 4+ —CH are consistent.
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Is the Continuum Hypothesis True or False?

Neither! If we assume that ZFC is consistent, then it can be shown
that both ZFC 4+ CH and ZFC 4+ —CH are consistent.

Kurt Godel showed that ZFC cannot prove CH.
Paul Cohen showed that ZFC cannot prove —=CH.

Thus, we can say that CH is independent of ZFC!
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Is the Continuum Hypothesis True or False?

Neither! If we assume that ZFC is consistent, then it can be shown
that both ZFC 4+ CH and ZFC 4+ —CH are consistent.

Kurt Godel showed that ZFC cannot prove CH.
Paul Cohen showed that ZFC cannot prove —=CH.

Thus, we can say that CH is independent of ZFC!

... But why do we have to assume ZFC is consistent?
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Assuming the Consistency of ZFC

In 1931, Kurt Godel published his two Incompleteness Theorems.
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Assuming the Consistency of ZFC

In 1931, Kurt Godel published his two Incompleteness Theorems.

Godel’s Incompleteness Theorems
If a theory T" can be described algorithmically, and can formalize
the math of N, then:

- T cannot be complete.
- T' cannot prove its own consistency.
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Assuming the Consistency of ZFC

In 1931, Kurt Godel published his two Incompleteness Theorems.

Godel’s Incompleteness Theorems

If a theory T" can be described algorithmically, and can formalize
the math of N, then:

- T cannot be complete.

- T' cannot prove its own consistency.

So we can't use ZFC to prove that ZFC has a model!
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There is Still Hope

We can use techniques outside the realm of ZFC to answer some
of these questions!

There is still no consensus on whether CH is absolutely
undecidable or not.
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There is Still Hope

We can use techniques outside the realm of ZFC to answer some
of these questions!

There is still no consensus on whether CH is absolutely
undecidable or not.

Key Takeaway

Whether any mathematical question can be solved is still an open
question!
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