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Classical additive divisor problem

Fix a positive integer k. Estimate the convolution

> d(n)d(n+ k)

n<X

where d(n) is the number of divisors of n.
How does shifting by an integer (addition) influence the number of
divisors?
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What are we estimating here?

A twisted additive divisor problem (Cowan, 2025):

0'2u(n7 X)U2v(n + k, w)
Z nu+v
n<X

where

os(n,x) = Y_ x(d)d®
d|n

d>0
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What are we proving?

Assuming some mild hypotheses,

X
o2u(n, X)oau(n — k) _ L(1—2u,x)L(L = 2v,¢) x1-u—v
= — k B
"2:; Tl L(2 —2u —2v,x)) ot rzutav(kioc) l1—u—v
7-(W) L(l + 2”7 X)L(l A 2V7 7]}) 01+2u+2v(k7 Xd}) X1+u+v
T(X)T(¥) L2+ 2u+2v, x¥) Kit242v 14 ut v

14+2|R(u) | +2| R(v
+0 (xl+l%(u)|+|§re<v)|—43%('”&{"1'4?(52‘”'+5)

There is a “main term” and an “error term"”.
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L-Series construction

Assume N is prime and some mild hypotheses. Define

V(z) = Ei; <z, 5 + u) Ei s (z, 5 + v)
where

NS - 1 1
B} 5(e:8) = oy s D)y + ; 20l =021 (n,w)y K, (2x|nly)e(nx)

is the completed Eisenstein series ([Youl9, Thm 4.1])
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o Let V(z) = Efy (2, % + u) El*,E (2, % +v).

e Express V(z) by two different methods. Calculate the Mellin
transform of the kth Fourier coefficient of both forms of V/(z), then
take an inverse Mellin transform (Perron’s formula). Distinct
expressions for the same thing gives identities for the shifted
convolution.

@ Method 1: Look up the Fourier series expansion of each E* to
calculate the Mellin transform of the kth Fourier coefficient directly.

@ Method 2: Use a known basis (in terms of spectral decomposition)
for square integrable functions.
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/Ooo (/01 V(2) e(—kx) dx) b1 g

T(X) N, (k, 1) s+u+v stu—v
A(l +2 )2 S+U fes+utv r 2 r 2

- VN

7(¢) NYoo,(k, x) s+utv s—u+v
+ RN 2v, w)25+vk5+u+vr( . )r( . )
M) r () r =) r (=)

2msT (s)

) 12y T T T 5

2 2 n n?

Z o2u(n, x)o2v(n — k, ) £ (s+u+v stu—v 2k k2)

e \n\5+”+"

ZO’Zu(”;X)O?v(”*kWUJ)F stu+v s+u—v 2k k2
S e T T T

Li(s) :=
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Method 2

For a square integrable U, we have its spectral decomposition in terms of
Maass forms (spooky) and Eisenstein series,

g‘h

+loo

e Z / Bl ) Ealz A x)dA

U(z) = 3 S0

f
j <]7

'\‘H

Problem: (V. E. (-, A\, x1)) is not finite.
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Regularizing function

If we choose R as a linear combination of two Eisenstein series

T(x¥) A1+ 2u, X)A(1+ 2v, 1))

R(z) := 0@ N2+ 20t 2v%0) E17W(2,1+u+v)
AL =20, )AL = 2v,9) -,
N2 — 20— 2v,x0) E’Xw(z,u—i—v).
then

V — R € L?(To(N)\H; x¥)
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Spectral decomposition of V — R

Then

,Rf 2+loo
Ea 47”2/ (V = Ry Eals A x8)) Eal2: A 1)
T

/0°° (/01 V(z) e(—kx) dx) S

y

- (] (V(2) — R(2)) e(—k¥) #) ¥
+ /OOO (/01 R(z) e(—kx) dx) yol %

We calculate the contributions from the continuous spectrum and discrete
spectrum separately.
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Contribution from continuous spectrum

oo 1 1 %+ioo il dx dy
L LWZ Jo o Vo RECA D E ) dx} el —ko)y* 1 =Y

_/°° /\(%—i—iw—i—u—l—v)/\(%—i—iw—u+v,x)/\(%+iw+u—v,1/1)/\(%+iw—u—v,xw)
) AL + 2iw, xP)A(L — 2iw, x1)

7(x¥) 021 (k, x1) p(satiw (s—3-iw)
’ 1 iw—u—v 1 1_; 2 -
\/N (2 . )7rs+§k57§7“"1
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Contribution from discrete spectrum

/ / |:XJ: lej o (z)} e(_kX)y5‘1¥

u 2
= Z \fg ilrlféggi?il;)f L(%-l—u-i—v )L( +u—v,pxF)

f even '

- u+v+§+irj - u—v+%+irj - u+v+%—irj = u—v+%—irj
2 2 2 2
o s—%-i—irj - s—%—irj .
2 2
v
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Contribution from regularizing function

e
[ ([ o) 2

T(x¥) A1+ 2u, XML+ 2v, ) o2ur2v41(k, xy) T (5557)

T(X)7(¥) N2+ 2u+2v, xi)) r(=5=y)
AL = 2u, X)ML = 2v, $)oaurav—1(k, x0) T (5=5=Y)
A2 —2u —2v, x1) F(Sfp“%)
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Putting all the terms together

We write
Lu(s) = L™ (s) + L™ () + L (s) + 1)

where Lg(')(s) are results from the last few slides multiplied by the constant
term

27°T (s)

M=) T(=) T () T (5)
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Perron's Formula

Lemma (Perron)

L X°— =4
x(s) s Tl T

/1+\R<u)\+m<v)\+e—fr . ds i o2(N, oz (n— k%) | ) XLHR()|+IR(v)| +e
1+ R(u) [+ R(v) | +e+iT por g

v

Lemma (contour integration)

L+ R(u) |+ R(v)[+e+iT X . ds ' X5 LtetiT .ds
/l Li(s)x* = > 2miRes, Li(s) - + /1 Li(s)X*

+IR(u)[+|R(v)|+e—iT a>%+s 1ie—iT
L[ R(u) [ +|R(v)|[+e—iT 1+ R(u) [+ R(v)|[+e+iT ds . .

— / _/ L:(S)X57+O(X§+ET§+E)'
3+e—iT ItetiT s

v

The main term comes from > 2w/ Res; Lk(s)§

O'>%+E

DRP Group 5 (Mentor: Alex Cowan) Shifted Convolutions August 11, 2025



Final Step

1 .
s +e+iT ds 1
/2 R x* 2 « xIBlutlte | xege  xater—1,
s

l i
5 +e—iT

l .
/2+€+'T L(kV)(S)Xsf < x|RW=V)+e | y—R(utv)te | ye (T%“’%“” o T%+?R(v))
JIte—iT s

+X%+s (T7%+W(u) " Tf%wa(v)) )
1 .
lieriT ds 11 1
/12 T teMEx 2 « (Xz T2 +X£T+X2+5> 7.
>+e—i s
2

1 .
S+e+iT (4 ds 1_1 1 [ R(u+) [+ R(u—v)|
/12 Lg(dlsc)(s)xsi < <X2 T2 +XET+X2+5) T 5 +5‘
1 s

2

+e—iT
1+ | R(u) |+ |R(v) |+ —iT 1+ | R(u) [+ | R(v) | +e+iT - s ds
/1 i _/1 . L (s)X° —
te—iT 2 +te+iT s
@ R L LS 4 XIHIR@ R e =1
v
14+2|R(w) [+2|R(v)]
. . 14+ |R(u) |+ |R(V) | = s v o7 €
Balancing the error terms gives O | X IR RO = 53wl G-
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A generalization?

In this problem we defined

. 1 . 1
V(z) = Ei; <z, 5 + u) Ei s (z, 5 + v)

ko, k\ . k
V(Z) = y2 EXLXZ <Z’ 2) Ewlwa <Z, 2>

(Holomorphic Eisenstein Series)

Consider

Work in progress...
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Thanks for listening!

|

Figure: Alex
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