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Why the Golden ratio 
appears in Plant Patterns



If you were a plant 
that grew in spirals...
Then you have limited space to plant your seeds/grow your leaves. 

How much would you turn between each consecutive seed to
maximize the number of seeds you grow?



A Model for Growth of a Sunflower (√n, nθ)
Note that the model is very inefficient when θ is a
rational number with a small denominator.
Spirals become apparent when θ is “badly
approximable”
We wish for θ to be the "farthest" possible from a
rational number. But what does that mean?

An accepted model for sunflower growth is as
follows: the n-th seed is placed at angle nθ and
distance √n from the center, for some fixed θ. 
In these examples, we observe the changes that
occur when θ takes on different values. 

Rotation: 1/4 Rotation: 0.24Rotation: 1/10 Rotation: π/10 Rotation: 1.618 = φ



What is a “good” approximation?

Diophantine Approximations
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What is a “good” approximation?

Diophantine Approximations

Dirichlet's approximation theoremExample: √2



A few observations...

Approximations for √2

Observation 1:  Recurrence relation



Observation 2: The determinant is ±1

These observations will be formalized as properties of continued fractions.

Observation 1:  Recurrence relation

A few observations...

Approximations for √2



Continued Fractions
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InfiniteFinite 

Defining a Continued Fraction



Convergents & Properties



Property 1

Property 2

Property 3

Convergents & Properties



The quadratic equation...

Representing the Golden Ratio



The golden ratio is the positive root

The quadratic equation...

Representing the Golden Ratio



The golden ratio is the positive root

Continued fraction of the golden ratio:

Representing the Golden Ratio
The quadratic equation...

Rearranging the equation...



A Relation to Fibonacci

 Fibonacci Numbers!

Definition of the Fibonacci sequence: Convergents of the Golden ratio: 





Fibonacci Spirals
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If point n is the closest to 0, then there will be n apparent spirals. 
same distance from 0 to n, n to 2n, ...
same distance from 0 to n, 1 to n+1, ..., n-1 to 2n-1

The number of apparent spirals is a denominator in a convergent
of the rotation (360/φ), which will be a Fibonacci number.

A cylinder of circumference 1
Add points by:

Placing the first point at the bottom. 
Rotating by 360/φ degrees and moving up a
vertical distance h, place the second point
Repeating ...

The apparent spirals within the points form as
each point connects to its two closest neighbours.

A model with 8 spirals

Brussels Sprouts



The number of spirals is also always a Fibonacci number.
Farther from the center, the numbers of apparent spirals increase and
they alternate directions.

Sunflower

Red: 34 spirals      Blue: 55 spirals



Golden ratio and phyllotaxis: 
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a clear mathematical link  

*Phyllotaxis is the study of plant patterns



θ 
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Buds on a cylindrical stem

The Lattice Model

Unfold

A lattice in ℂ
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Buds on a cylindrical stem A lattice in ℂ

The Lattice Model

Unfold

Draw a parallelogram around one of these buds...

We obtain the fundamental parallelogram:

Determining the maximum size of a bud on the
cylindrical stem is equivalent to finding the 
largest disk that can be inscribed within the

fundamental parallelogram. 
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The Lattice Model

Disk inscribed 
in the fundamental parallelogram 

,

Buds on a cylindrical stem A lattice in ℂ

Unfold
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The Growth Capacity Function
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The Growth Capacity Function
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The Growth Capacity Function



Explicit Formula



Explicit Formula



Finale: The Golden Ratio
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Finale: The Golden Ratio - A Visualization
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Finale: The Golden Ratio - A Visualization



Thank You for Listening

Jackie Liu    Lydia He
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